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Abstract:

The problem of strong uniqueness of best approximation from an RS-set in a Banach space is considered. For a

fixed RS-set G and an element x € X, we proved that the best approximation g* to x from G is strongly unique.
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Let X be a real Banach space and G be a closed
subset in X. For a point x € X, an element g~ € G
is called a best approximation to x from G if it satisfies
that

lv -g < lx- gl Vg€ G

The set of all best approximation to x from G is

denoted by P;(x), that is
Pi(x) ={g" € G:lx-g"|
where d(x,G) = inf|x — g||
gEG

=d(x,G)}

For a convex subset G in X, there has been
systematic theory on characterization and uniqueness of
best approximation from G in the spaces with some
convexity '™ . In order to obtain the uniqueness result
in arbitrary spaces, we need to make further restriction
on the set G. Motivated by the work of Rozema and
Simith®', Amir™ introduced the concept of RS-sets
and gave the uniqueness for restricted Chebyshev
center of any compact set with respect to an RS-set.
Recently, there are several papers concerned with the
uniqueness of best approximation from an RS-set %' .
As is well known, strong uniqueness is an important
property in approximation theory and applied in
continuity of the best approximation operator as well as
convergence analysis of the algorithm. However,
because of the difficulty, there is almost no research
concerned with the strong uniqueness of the best
approximation from RS-sets. The purpose of the present
paper is to give the strong uniqueness of the best
approximation from RS-sets.

1 Preliminaries

Let B" denote the closed unit ball of the dual X"
and extB " the set of all extreme points of B .

Definition 1
is called an interpolating subspace if no nontrivial

An n-dimensional subspace G of X
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linear combination of n linearly independent extreme
points of the ball B" annihilates G.

Definition 2 Let {y,,,,"""
independent elements of X. We call the set

n

G = {g = Zciyi: ¢ € Ji}

i=1

an RS-set if each J; is a subset of the reals R of one of

s ¥+ be n linearly

the following types:

(I) The whole of R;

(I) A nontrivial proper closed (bounded or
unbounded) interval of R;

(III) A singleton.
And in addition every subset of {¥i,y,,"", ¥, }
consisting of all ¥, with J; of type (1) and some y; with
J: of type (II) spans an interpolating subspace.

For convenience, define

a; = infJ;, B, = supJ; i=1,",n
Then
a; =— ®,f3 =+ ®© if J; is of type (I)
-® <a < B+ ® if J; is of type (II)
a; = Bi #+ ®© if J. is of type (III)
For g* = chyi € G, set
i=1
I, = {i;a,; = ﬁl}
J. (g*) ={ie; = ai}\lo
J- (g*) = {L‘:C; = Bi}\lo

Jg) =T, (g ) UJ (g")
ando,(g") =1,ifi € J+ (g );0,(g") =-1,
ifie J (g ).
Finally, let

n

P={g=>cy,€6:c, =0,Vi€ I}

i1
The following characterization theorem, which
proof is similar to that of theorem 2 in [ 7], plays a key
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role for strong uniqueness of the best approximation
from RS-sets in the next section.

Theorem 1  Suppose that G is an RS-set in X
and x € X. Then g~ € P.(x) if and only if there

exist A(x — g7 ) = {a/ ,ya) b E(x - g ),
B(g") = Ui jntc J(g") and m positive

numbers A, ,--, A, with ZAL- =1(1< ms<dimP +
iz

1) such that

m

I
Dialal  g) + Zl‘tiajt(g* >Cf,- =0,
i=1

i=1+1
n

Vg:ZCiyiep (1)

i=1
where

E(x—g*) ={a" € extB™:
(a"yx-g")=la-g"

|3

2 Strong Uniqueness of the Best Approximation

Lemma 1 Suppose G is an RS-set in X, x €
X\G and g° € Py(x). Let A(x - g") =
{a/ ,ya; }c E(x - g7) and B(g") =

Uissjntc J(g ) be given by theorem 1. Then
there is at least N = dimP - m + [ linearly
independent elements in A(x — g~ ).

Proof Let m positive numbers A, , -+, A, satisfy

Z/Ii =1(1< m<dimP +1) with A(x - g~ ) and
o1
B(g" ) such that (1) holds. Set

Q = {g = Z:C,yj 6 P:cji = O,l =1 + 1,"',m}
7=
Then () is an interpolating subspace of dimension
N = dimP - m + [. With no loss of generality, we
may assume that a, ,***,a, are linearly independent

and (1) can be rewritten into

l m
2/1;<a;" g+ 2 A0 (g e =0,

i=1+1
n

Vg=20iyi€P (2)

i-1
where all A; > 0. In order to complete the proof, it
suffices to show that [ = N. Suppose on the contrary
that [ < N. Since Q is an interpolating subspace of
dimension N = dimP — m + [, there exists an element
go € Q \ {0} such that
<a:"g0> = A; I = 1’“"[
which implies that (2) does not hold for g = g,. This
yields a contradiction and completes the proof.
Lemma 2 Suppose G is an RS-set in X, x €
X\ Gand g° € P.(x). Then

max (a ,g" —g)>0 VYg€ G\ig'}

o S E(x—g’w )
Proof Suppose that there exists g, € G\ {g" |

such that
max (a’ ,g - gy) <O

o GE(xfg* )
N m 0
Assume that g° - g, = 2 ¢.y; . Then from theorem
i=1

1, we have

1 m
ZAi<a; 9g% - g()> + Z’L’Uji(g* >C(J)}' =0
i=1

i=1+1

since gy — g € P. In addition lemma 1 implies that
l =dimP -m+ 1, A, >0, i =1,---,m. Note that
o‘jv(gX )c?_ <0,i =1+1,,m, it follows that

1
0= > a{a,g" - g0
i=1

= - z:)tiojl(gX )c?i =0

i=1+1

so that
(a; ,g" —go) =0 i=1,-,1
CQ =0 i:l+1,"',m

Ji

This implies that g° — gy € Q sothat g~ = g,
which contradicts that g, € G \ {g" }, and completes

the proof.

Now we are ready to give the main theorem of this
section.

Theorem 2  Suppose that G is an RS-set in X

and x € X. Then g¢° € P;(«x) is strongly unique,

that is, there exists a positive number ¢ > 0 such that

lx-gl=lx-g l+clg-g"| Vg e G
Proof Let
Io={i:a #—- o} \ 1,
[_:{l::,gi;é+w}\10
Forany i € I, U I_, define
H ={> ey, € 6: ¢ = a,, ifi €1,
j=1
H = {> ey, € 6: e, = 8,} ifi € 1.
j=1
Furthermore, let
H=AH! ;i€ ,L}U{H;: i€ I}

U H

HEM g )
Then G’ is a closed nonempty subset of G so that

t" = d(g" ,6%) > 0.

g ) ={HE€ X:g" € H},G =

n

Claim 1 For any g = Zciyi € G\ {g 1}, set

i=1

T

[e" - gll/® g —gHg
ST P
i=1 g — & Hg —g|
Then g+ € G.
Proof Write
IF=di:e(t’) <}, I =1i:¢;(t7) > B}

where

82

ci)yi
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I S e I
lg" - ¢l lg" - gl
i=1,",n

Suppose that g, & G. Then, from
¢(t") = a Vie-h(g*)
ci(t%)$ﬂi Vie]—(g*)

we have that
rurxg,(rur)ng)

Forany i € I"U I", let 0 < A7 ,A; < ¢

c; (A1) = a;, ¢;(A7) = B, respectively, and define

%)

satisfy

A = min{mmk[ mind; } It follows from the fact
el e
that ¢;(A) = a; = B forany i € I, and A that g, €

dG, the boundary of G, and J(g,) N (I"U ") #
5. Take iy € J(g,) N (I"U I"). With no loss of
generality, assume that i, € J, (g.). Then g~ &
Hfo, g € H;O. Hence
= dg ") < le - a
This is a contradiction and so g,*

€ G, complete

the proof.
Claim 2 Define
" (a" gt -
r(g) =  max <||a % g “ g>
a” GE(xfgx) g - &
Then r = inf r(g) > 0.
gecr{g ¥

Proof Suppose on the contrary that there exists a
sequence {gn}c G\ {g" } such that r(g,) — 0 as
n —> % . Due to the compactness, we may assume that
t (g - &)

> — g = 0. Let
g™ - &
o (1 _ t ) .,
U T e -l T - e l®
Then
. .ot (g - g) . =
& =8 - Te —al —~ 8 -8
In addition, it follows from claim 1 that gt,: & G so

that g° — g € G\ {g" }. Observe that

<a ’g _gn,>

max

o €E(x- g

* *

- max <a g
a” €E(x—gx)

r(g,) =
-(g" -g)
it follows that
_ max (a",g" -g)) =
a €E(x-g )

which contradicts to lemma 2. This proves the claim.

(g

Now let us return to the proof of the theorem. Note
that claim 2 implies that

_ max <a%,g% —g>>rt*||g& —g” Vge G
(L'€E<X*g:)
Thus, we have that
s - el> max (0 r-g)
a €E(x-g
+ max <d ,g —g>
a EE(

- gl
is a strongly unique best

> lx-g ||+ g
forall g & G, that is, g~
approximation to x from the RS-set G and proves the
theorem.
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