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Abstract :

The circular chromatic number of a graph is a natural generalization of the chromatic number. Circular

chromatic number contains more information about the structure of a graph than chromatic number does. In this paper we

obtain the circular chromatic numbers of special graphs such as Cj and C; — v, and give a simple proof of the circular

chromatic number of H,,_, .
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Let G be a graph with vertex set V and edge set
E . The chromatic number X( G) of a graph is the least
number of colors required to color the vertices of G
such that adjacent vertices are assigned different
colors.

The circular chromatic number of a graph, also

number, is a natural

generalization of the chromatic number""*?’ .

named star chromatic

Definition 1  Let & and d be positive integers
such that & = 2d. A (k,d)-coloring of graph G =
(V,E) is amapping ¢c: V— Z, = {0,1,--,k - 1},
such that d < | ¢(x) — ¢(y) | < k — d for any edge
xy in E. The circular chromatic number XC(G) of
graph G is defined as

Xn( G) = infik/d: G has a (k,d)-coloring|

An equivalent definition of the circular chromatic
number of a graph G is given by Zhu'*'. It is easy to
see that a (k,1)-coloring of G is just an ordinary
k-coloring of G. Refs. [1,3,4] have discussed the
foundermental perspectives of the circular chromatic
number.

Theorem 1" If G is a simple graph on n
vertices, then

Xt-( G) = min{k/d: G has a (k,d)-coloring and

k< ni

Theorem 2'"

x-(6) < x(G).

Theorem 2 tells that two graphs with the same

For all graphs, ¥(G) - 1 <

chromatic number may have different circular chromatic
numbers. In some sense, XC(G> is a refinement of
X(G) and it contains more information about the

structure of the graph G than y (G) does.
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*  Born in 1964, male, master, lecturer.

circular chromatic number, graph Cy, graph C.-v, graph H,

m,n

To estimate the circular chromatic number of a
graph G, Guichard”' gives the following definition and
theorem.

Definition 2  For a (%, d)-coloring ¢: V — Z,
of a graph G, define the digraph D, ( G) which has the
same vertex set as G and a directed arc from vertex u
to vertex v if u is adjacent to » in G and ¢(v) =
c(u) + d(modk) .

Theorem 37 y,(G) < k/d if and only if
D, (G) is acyclic for some (k, d)-coloring ¢ of G.

In order to understand the circular chromatic
number of general graphs, it is necessary to investigate
the circular chromatic number of some special classes
of graphs.

Our main results are theorem 8, theorem 9 and
theorem 10.

1 Circular Chromatic Number of C} and C} — v

Definition 3 Let k& and d be positive integers
such that k = 2d, G} is the graph with vertices set V
= {x9,%,,""»%_, | in which xx; is an edge if and
onlyifd <li-jl<sk-d.

Theorem 4% For any positive integers k£ and d
such that k¥ = 2d, we have XC(GZ[) = k/d.

Ref.[2] shows that a graph G is (k, d)-colorable
if and only if there exists a homomorphism from G to
Gi. Therefore, in the study of circular chromatic
numbers, graphs Gj play the role of the complete
graphs as in study of chromatic numbers.

Definition 4 Let k, d and ¢ be positive integers
such that £ = td + i,t =2,d =2and0 < i < ¢, C,
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is the graph with vertex set V = %xo,xl STty Xy I in
which x.x; is an edge if and only if | i = j | < tor |
-JjlI>k-t.

Definition 5
homomorphism of G to H is a mapping f from V(G) to
V(H) such that (f(u),f(v)) € E(H) whenever
(u,v) € E(G).

Craiy and C3,,; are called odd cycles and square

Suppose G and H are graphs. A

cycles, respectively. Comparing definition 3 and
definition 4, we can find C} is the complement of G}.
At the same time, by using function f(i) = id(modk)
to change vertex order of Cj, we get to know that Cj is
a subgraph of GZ , when (k,d) = 1, and there exists a
homomorphism from C, to CZ/ when (k,d) = s > 1,
where & = k/s, d = d/s. It is clear that G} is a
subgraph of G{ with the same circular chromatic
number. It follows X(.(Cir) < X(-<GZ) = k/d.

In this section, we will discuss the circular
chromatic number of C} and C; — v. First we introduce
some results on the circular chromatic number of a
graph[z’ﬂ .

Theorem 5'*° Let v(G) and «(G) be the
numbers of vertices of graph G and the independence
number of graph G, then Xc( G) = o G)/ alG).

Theorem 6> For any vertex v € V( G;’) , we
have ¥, (Gy - v) < kid.

Theorem 77 Let (k,d) = 1 and ad = Bk +
1, then for any vertex v € V( GZ) , we have

v (Gl = v) = (k-a)/(d-p)

Then we give the circular chromatic number of C,
and C, - v.

Theorem 8 Let k = td + i, then x,(C}) = ¢ +
il/d = kld forany 0 < i < min(t,d).

Proof We prove the theorem according to the
different bounds of Xc< Cy).

Claim 1 y,(C,) < k/d.

From the definition of circular chromatic number
we know if there exits a (k,d)-coloring of G then
Xﬁ.( G) < k/d. It means we can use the value of k/d
as the upper bounds for y,(G). According to the
definition of C}, either Cj is a subgraph of G! when
(k,d) = 1 or exists a homomorphism from C} to the
subgraph of G! when (k,d) > 1. We both have
2.(C) < x.(G) = k/d.

Claim 2 X¢<CZ) = kid.

Now we can consider the lower bounds of the

circular chromatic number of y, (C}). The parameters

of graph C} in theorem 5 are: a(C;) = d and v(C})
= td + i. Then we learn

x.(C) =v(C)/a(C) = (td +i)/d = k/d

From the result of claim 1 and claim 2, we have
x.(C) =t+i/d = k/d.

Theorem 9 For any vertex v € V/( C.), we have
. (Ch=v) = (k-1)/d =t +(i-1)d.

Proof
can identify the upper and lower bound of y,(C} - v).

Similarly to the proof of theorem 8, we

The number of vertices of graph C.-visv(C, -
v) = td + i — 1, and the independence number of

graph C}, — v is still a(C, — v) = d. According to

theorem 5
t v(Ch-v)  id+i-1
WGz e T d
i
=t + p

On the other hand, C, — v is the subgraph of
graph C;_, . From theorem 8, we learn
2(Ci—v) < x.(Ciy) = (k-1)/d
=t+(i-1)/d
So it follows that XC(CZ —v)=(k-1/d =1¢t+ (i

-1)/d.

2 A Simple Proof of the Circular Chromatic
Number of H,, ,

Wheel W

n

Definition 6
C, by adding a center vertex v adjacent to all vertices
of C,. Now let two edges ab & E(W,,,,) and cd €
E(W,,.,) be not incident with the centers of W,,,,

is a graph from a cycle

and W,,,, respectively. The Hajés sum H, , of W,,,,
and W,,,, is the graph obtained from the disjoint union
of W,,,,1 and W,,,, by identifying @ and ¢, deleting
the edges ab and c¢d, adding an edge bd .

Ref. [6] gives the circular chromatic number of

graph y,(H, ,). Later we give a simple proof of this

result.

Theorem 10'°  For any integers m,n = 1,
x.(H, ) =17/2.

Proof We prove the theorem according to the

following two claims.

Claim 1 y, (H

m,n

) < 72

Fig.1 gives a (7,2)-coloring of H,,. By mapping
vertex vy, (i = 1,2,°*,m) to v,, uy, (i = 1,2,
eon) to uy, vy, (i =1,2,1,m) to v, and u,; (i =
1,2, ,n) to u,, H

have y.(H, ,) < 7/2.

is homomorphic to H, ;. So we
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1 6 Vam+1 Udn+1
2
5 3 4
0 v =u
(a) Hl‘l (b) Hm.n

Fig.1 Graph H, ,

Claim2 . (H,,) = 17/2.

By theorem 3 it is enough to show that for any (7,
2)-coloring of H, ,, D.(H, ) contains a directed
cycle. Suppose c¢: V— Z, is a (7,2)-coloring of H, ,
such that ¢(v,) = ¢(u,) = 0, then {c(v,),c(v),
c(u),celuy)t c 12,3,4,5!.

If c(v,) = 2and ¢(v) = 4, then ¢(v,,) € {1,
2t and ¢(vy,,) € 10,61 forany 1l < i < m.

If ¢c(v,) = 4and ¢(v) = 2, then ¢(v,;) € {4,
5! and c(v,;,,) € 10,6} forany 1 < i < m.

If ¢c(v,) = 2and ¢(v) = 5, then ¢(v,;) € {2,
3! and c(vy,,) € 0,1} forany 1 < i < m.

If c(v,) = 5Sand ¢c(v) = 2, then ¢(v,,) € {4,
5( and ¢(vy,,) € 10,6f forany 1l < i < m.

If c(v,) =3 and ¢(v) = 5, then ¢(v,,) € {2,
3t and ¢(vy,,) € 10,11 forany 1l < i < m.

If ¢c(v,) = Sand ¢(v) = 3, then ¢(v,;) € {5,
61 and c(v,;,,) € 10,1} forany 1 < i < m.

It is to say that c¢(v,,,,) € {0,1,6].
arguments applied on W,,,,, we have ¢(v,,,,) € {0,

1,6}, too.

Thus we may assume, without loss of generality,

Similar

c(vypy) = 6 and c(v,,,,) = 1.
arguments, we distinct the following cases. When
c(v,) =2and ¢(v) = 4, if c(u) =3 and ¢(u,) =

5, then the cycle v, = v, = v —=> vy,01 > Vspyy > Vs

From above

— u— v, is a directed cycle in D, (H,, ,); if c(u) =
5and ¢(u,) = 3orc(u) = 5and ¢(u,) = 2, then
c(uy,) =3 and v, > v, > v > 0y, > Va0 > 1,
— u —> v, is a directed cycle.

Similarly when c(vy,) =4 and ¢(v) =2 or c(v,)
= 5and ¢c(v) = 2, then ¢(v,,) = 4.

So we have a directed cycle either v; = v = v,,,
T Vg1 T Vgl T U T Uy T U OF V) TV T Vg, T
Vomet 7 Vapy1 ~7 Vg —> U~ Uy

All cases show that D,(H, ,

any (7,2)-coloring of H, , and x.(H,,) =T7/2.
So it follows y, (H,

m,n

) is not acyclic for

) = 7/2 for any integers m,

n=>=1.

=
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