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Abstract:

Two new sufficient conditions for hamiltonian claw-free graphs are given. Some known results become corollaries

of the conclusion, the conditions of theorem are the best possible in a sense.

Key words:

We use Bondy and Murty'" for terminology and
notation not defined here and consider only simple
graph. Let G be a graph of order n, if G has a
Hamilton cycle, the G is called hamiltonian. A graph
is called claw-free if it does not contain a copy of K| 3
as an induced subgraph. The connectivity of G and its
independence are respectively denoted by %£(G) and
a(G). For k < a(G), let 5, denote the minimum
value of the degree-sum of any % pair-wise nonadjacent
vertices. For & = 1, we use the usual notation 6(G)
or 0 if there is no confusion. The neighborhood of a
vertex v is denoted by N(v) and d(v) = | N(v)| is
the degree of the vertex v. If A, B are subgraphs of
G, we define

N(A) = U N(v)
vE V(A)
Ng(A) = N(A) N V(B)
A cycle C is called a longest cycle if there is no

cycle €’ such that V(C) c V(C’). If C is a cycle of
a graph G, we denoted by C the cycle C with a given
orientation. If u,» € V(C), then uC v denotes the
consecutive vertices on 6 from u to v, the same
vertices, in reverse order, are given by vEu. We use

1" to denote the successor of u on C and u” to denote
its predecessor, denote u*> = (u*)*, v = (u” ).
For A C V(G) and a subgraph B of G, G[A] and
G\ B denote the graph of G induced by A and V(G)
- V(B), respectively.

There are many results concerning hamiltonism
and claw-free graph, the following results are known.

Theorem 1%’ A 2-connected claw-free graph
with 6(G) = (n - 2)/3 is hamiltonian.

Theorem 2> Let G be a k-connected (k=2)
claw-free graph. If 6,,, = n - k, then G is
hamiltonian.

Theorem 3" Let G be a 2-connected claw-free
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graph of order n = 14. If for any pair of nonadjacent
vertices u and v of G, | N(u) U N(v)| = (2n -
5)/3,then G is hamiltonian.

Theorem 4

graph of order n = 3 with connectivity k. If for any

Let G be a 2-connected claw-free

pair of nonadjacent vertices u and v of G, | N(uw) U
N(v)| > (2n =3k + 1)/3, then G is hamiltonian.

In fact, these results are motivated by the following
conjecture of Matthews and Sumner in [6].

Conjecturem Let G be a 4-connected claw-free
graph, then G is hamiltonian.

In this paper, we shall prove a stronger result,
since it shows the existence of two vertices satisfying
the given condition in any independent set is enough to
guarantee the hamiltonicity. It also generalized many
results above, including [1] and [5].

The principal results of the paper are as follows.

Theorem 5 let G be a 2-connected claw-free
graph of order n = 3, with connectivity k. If for every
independent set of cardinality £ + 1, there exists u =
v in S such that

| N(u) U N(v)|
or | N(uw) N N(v)]
then G is hamiltonian.

Theorem 6 let G be a 2-connected claw-free

n-0-k

=
=n-06-3k

graph of order n = 3, with connectivity k. If for every
independent set of cardinality £ + 1 and for every pair
of nonadjacent vertices u and v
dlu) + d(v) = 2n -3k + 2)/3
then G is hamiltonian.
By theorem 6, consider the graph G, with
connectivity £ = 2. It suffices to show that for every
pair of nonadjacent vertices u and v implies that d(u)

+d(v) = (2n - 4)/3, so the condition of theorem 6

is the best possible in a sense.
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2 Proof of Theorem 5

Let G be a 2-connected claw-free graph of order n
= 3 with connectivity k. If G is hamiltonian, we have
proved. By contradiction, we assume that G is
nonhamiltonian. Let C be a longest cycle of G with a
fixed orientation, B be any component of G\ V(C).
Let N.(B) = {vl,vz,"',vm}, N~ = {1}1' sV 5ttt
v, | and N* =

2-connected, k = m = 2. Let x; be a vertex of B and it

to,",0," 0,0, |. Since G is
is adjacent to v; (for i s j,possibly x; = x;). For any
v, v; € N, (B) with i = j,let v;Bv; be a path of length

at least 2 which join v; and v; with all internal vertices
of path in B, the following claim is clear.

Claim 1
« jwithl < i, j< m, we have © N"U {x} and
N~ U {xf are independent sets; @ v;jv; € E(G);
@ vi,v; € N(v,) and v} ,v; & N(v;).

For any j with 1 < j < m,by claim 1, suppose

For any vertex x € V(B) and for any i

that there exists a vertex v,; € {v],, 1/;-',21 EENEE
such that vyv; ¢ E(G) with h; of largest possible value
(indices taken modulo m), we have the following
claim.

Claim 2 Forany j with 1 < j < m,vy; # v;,
and v, % v .

Proof Otherwise, if v, = v;, then yp; €
E(G), by claim 1®), a contradiction. And if vy =

v/, then v, , € E(G), thus C' = vhjvj_lejé

x vyv; Cvj v, is a longer cycle than C, a contradiction.

Let

H; = {vg, 0,001

H={UHNHIU VB U iy

Claim 3 Forany j withl<j<m,N(v,;) N H
- .

Proof Suppose otherwise. Let v € N(v,,j) N
H ,obviously, v FV(B).Ifv=n0(r ;éj), then C’ =
v, Bop; C&v;jv; 5v:v: 6U,U~ is a longer cycle than Cj if
v € H \ {v}, then C" = vhjv(jv}v;j(?vav,(jfvr

X 6%- is a longer cycle than C. And if v = v;, then
the G[x_,- s Vj s Vg s 1/;'] is a claw, this contradicts the
hypothesis of the theorem. Therefore claim 3 holds.
For any v, ,v; € N,(B) with i 5 j, without loss
of generality, assume that i < j, denote R(v,;) =
{vl v € N(y,)\V(C); or v* € N(wy,) N {v},
vziz,"',v;j}; or v € N(v,) N %v;j,v;jz,"'

Claim4 N(v,) N R(v,) = .

sv;:;}}-

Proof Suppose otherwise. Let w & N(U,,j) N
R(v,), if w € N(v,;) \ V(C), it is easy to verify

that there exits a cycle longer than C in G, a
contradiction; if w € V(C), where w & N(v,) N
ok, Uzj-z ,o v, then €' = vw” Cv;vy; CvBy, C
x vy, C vyww® Cp, is a longer cycle than C, a
contradiction.

For w*€ N(v,) N %vzi,v,fiz,"',v;j} , by a
similar proof as the above. This is a contradiction too,

so claim 4 is proved.

Consider the vertex v,; and the neighborhood union
|N(vy) UN)|. Let F = N(vy) U N(x),
assume w € F. A function f(w) is defined by

w w € V(G)\ V(C)

+ —2}

fw) = W E tokoilsoy
w = vy
w we%v;j’vl-;'z’.“’vl_zi}

Since C is the longest cycle in G, by claim 3 and
claim 4, it is easy to check the following claim.

Claim5 N(v,) N f(F) = (.

Assume, without loss of generality, that S =
{ Vpts Unas """ s Upp x} isa dependent set of cardinality k&
+ 1, we have the following claim.

Claim 6 For any pair of vertices u and v is S,
[IN(w) UN) | <n-6-k-1.

Proof By claim 3 and the define of the f, if k
=2, clearly : = 1, j = 2, then {v,,,l , Uy ,vzf N
(N(vy) U f(F)) = (. Thus

|N(Uh2) U N(x)‘ = ‘f(F)‘

=n - d(”hl) - HWH”I”JZH

= n—d(v;,1>—3sn—8—3
Andif k = 3, then (( UH N\ {o7,00) U Loy, o,
t# i, ]

”j%) N (N(v,) U f(F)) = ¢. Thus
[ N(o) U N [ = [f(F)| < n - d(u,)

_(|[£J]Hr\{v;,1j,€‘+ ‘{'Uhi’vi7vj}‘>
sn—@L(k—2+3) =n-0-k-1
Similarly, consider the neighborhood union N(wv, ) U
N(uv,). By claim 2 and claim 3, if k& = 2, then

| NCo) U N(vo) | < n - (1 V(B) ]
+ “”1,7)2”)— “”hn”hz”
<sn-(dx)+1)-2=n-86-k-1

And if £ = 3, then
|N(Uhi) U N(Uhj)‘ sn- (‘ V<B)‘

+ NGB = [ UH A ot = ool
<sn-(d(x)+1)-2(k=-2)-2
=n-d(x)-2k+1<n-06-k-1
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We now consider the neighborhood intersections
N(”hj) N N(x) and N(Uhi) N N(Uhj)a
N(Uhj) N N(x) = @

Claim 7 For any pair of vertices u and v in S,
[N(w) N N(w)l<n-06-3k-1.

Proof Since C is the longest cycle of G,
N(v,) N N(v,lj) c V(C). By claim 2 and claim 3
and the hypothesis of theorem 5, we have (N (v, ) N

clearly,

N(v,)) N (v(B) U N(B) U N ) N
(lL:JlH, \ {v,{) = . Thus
| N(v) N N(w) [ < n - (| V(B)]

# [NBY) = (IN* [+ [UH N Lol ])
<sn-(dx)+1)-3k<n-0-3k-1
Using claim 6 and claim 7, we can obtain a

contradiction by the hypothesis of theorem 5.

The proof of theorem 5 is complete.
3 Proof of Theorem 6

We can use some arguments of theorem 5.

By the proof of claim 4, JYUNG) | <n
- d(v,;) -k -1. Since N(vhj) N N(x) = (7 and by
the hypothesis d( v, ) + d(x) = (2n - 3k +2)/3, we
have

d(”hi)

<n-(dy) +dx)) -k-1
<n-0Qn-3k+2)/3-k-1
=(n-5)/3

Since d(x) + d(v,;) = (2n -3k +2)/3

d(x) = 2n -3k +2)/3 - d(v,)
and so

d(x) = (2n -3k +2)/3-(n-5)/3
=(n-3k+7)/3
By claim 2 and claim 3, if v}, € N(v,,j) , then vy,
& N(v,; ). Thus

d(v,) + d(vy) < n-([V(B)]+|N(B)])

- (‘t#LiJth \ évt}“" ‘ {Uhi,”hj%‘) +1
n—-d(x)-1-2(k-2)-2+1
n—d(x)-2k+2
n—(n-3k+7)/3-2k+2

(2n -3k -1)/3 < (2n -3k +2)/3
this is contrary to the hypothesis of theorem 6.

nA

A

Theorem 6 is proved.
Corollary
graph of order n

Let G be a 2-connected claw-free

3 with connectivity k. If for any

=
pair of nonadjacent vertices u and v of G,
IN(uw) U N(w )| min{ (2n - 3k + 1)/3,
n—-08-2k+2f
then G is hamiltonian.
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