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Abstract:

Slodkowski joint spectrum is similar to Taylor joint spectrum, but it has more important meaning in theory and

application. In this paper we characterize Slodkowski joint spectrum and generalize some results about tensor product.

Key words:

1 Preliminaries

Let H be a complex Hilbert space, L(H) denotes
the Banach algebra of all bounded linear operators on
H. The space LCH)™ consists of all n-tuples of
bounded linear operators T = (r,,~+,T,) on H.
L(H)fforﬁ,z denotes the subset of all commuting n-tuples
in L(H)<") (i.e., T, = T,T,, i # ]), clearly
L(H)in';z is closed in L(H)(") .

U7T=(1,"T)€ LCH)", then E(T,H)
represents the Koszul complex associated with T
From [3], we have that E(T,H)
isomorphic to the following complex £’ (T, H):0— H,

D(nu) D(k”) Din)

—»Hn_l > eee —> Hk —»Hk_] > tee ——> HO —> 0’

is naturally

where H, = H ® C(Z) = HQ® C(n/:l) d H®

n-1

C(k—l) , for £k =0,1,,n.

P DYV (= 1)™'diagT,

0 Dy

for k = 0,1,-*-,n, and
(- 1)n+] T

D" = (T, T,), D) = :

T,

D\ =0
forall k <Oork = n.

Let H,(T,H) = KerD!\"” /RanD'"; denote the
k-th homological vector space. The straightforward
calculation implies that

Hn,(T7H> = kerT :[n)lkerTi

Hy(T,H) H/Z T.H
o
On the other hand, let
DT H) = 1A € CH(T -2, H) =0
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operators, joint spectrum, tensor product, Koszul complex

={AXE C:E(T-21,H) is notexactatj%
k n
Ga,k(T,H) =_U()Z}.(T,H>,Un,k(T,H) = U Ej
s

jemk

(T,H) Ui{r€ :RanDE,'i)k( T — 1) is not closed} ,

Vi = 0, 05,0, are called Slodkowski joint
spectrumm .

Remark 1  Slodkowski joint spectrum has the

polynomial spectral mapping theorem and o, , (T, H)
= o‘b\,k(T,H) = o;,(T)(k = n), where ¢,(T) is
Taylor joint spectrum.

Remark 2 o, ,(T,H) = 0,(T), which is the
left joint spectrum, and 63,0( T,H) = 65,(T), which
is the right joint spectrum.

Remark 3 o, ,(T,H) = 6, ,(T" ,H)" .
2 Main Results

In this section, first we generalize a result of [3],

and possess an equivalent characterization of
Slodkowski joint spectrum.

Theorem 1
(1) 0€ 0, (T.H)eD" D + DD s

Some notions are as above, then

invertible on H ® C(’:) Ji= 0,1, k.
(iD) 0€ o, (T, H)esD\"; DY + D\ DY,

n—i n—i

is invertible on H ® C(n,ii) ,1 =0,1,,k.

Proof We will only need to show (i), for
o, (T H) = 0,,(T" ,H)" . 0& 0,,(T,H)=H,(T,
H) =0(i =0, ,k). Since D" = 0and E'(T,H)

is exact at i = 0, D!" D"

DE") DE") + D' D™ is invertible for i < k — 1.

i+1 i+1 =
Now, we claim that Di”)‘Di") + DEZ)ID;Z)] is
invertible. Using the exactness at k of E'(T,H), we
obtain that H, = KerD'" ) RanD\"” . Then, for V ¥
., there exist x erD)"” and x anD)" =

€ H,, th t % € KerD{" and », € RanD"

is invertible. Suppose

KerD'\", such that y = % + D\ «x,. Since x, €
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KerD\" , there exists an x, € H,,, such that x, =

D;f,ﬂ %, and y = D(ILL x, + D" x,, it follows from the

that (1) y = Di’i)lxz +

DWH D(”) for some y, & H,. RanD;fﬁ =
Ran(D\", D A'i)] )2 implies that (2) D\"x, =
(DET'L)IDETTI )7 x5 for some x, & H,.
exist x; € KerD\"” and x, € H,_, such that x} = x; +
D<,L."'>x x4, and x; € KerD!|" implies that for some x5 €
Hisxy = Dilxs € RanD{%) = Ran(D{2Di2 )7

Thus (3) x, = (D, D" 1) )5 ¥, , for some y, € H, .
From (1), (2) and (3), we have y = D\"x, +
DYDYy, = (DY D)2 &+ DYDYy, = DY,
DY)y, + DV Dy, (since DV, DV, DI =0,
(Di"leir"flx )7 D\ x =0), therefore, y = Di.")k Di.'”yl
+ DEY:)IDA+1 ¥z, and ¥y, ¥, € H;.

From H, = KerD\" @ RanDil.")'x , we can choose
that y, € RanD(k"P , v, € KerD'\" . Hence, \V y € H,,
there exist y, € KerD'", ¥y € RanD'"
(D;.")*D(.") + D\, DZ'f: ) (¥, + ¥,), whence
D™ D+ D D™ s invertible on H, .

Conversely, if DE") D" + Dii'r)lDiZ)l is invertible
on H, i =0,1, -, k, then for x € KerDE'L),
(D" DY + DL DY )
= (D" D + D DY, ) DY DY x = DY,
DY (DY D+ DI D)k € RanDlt,
whence Keer;") = RanDEil. Therefore, H,(T,H) =0,

exactness at 1 = k£ - 1,

However, there

such that y =

= DEZ)IDf'i)I x, we have x

= p

i=0,1,"",k, i.e., 0& o,, (T, H). This completes
the proof.
Let A; € L(H), B€E L(H,), forl<i<m,
Av@B - A, @B
l<j<n,and A = : : S
A, QB A, QB

L(H QH,® C',H ® H, ® C"), then there exists
a unitary operator U, € L(H, @ H, ® C",H, ® C"
® H,) to satisfy that U, ((x;, ® 1, s %, ® Yu)) =
(%,,0,,0) ® v, + -+ (0, ,x,) ® ¥»» and such

that the following diagram is commuting:

HeHtgCl - H @t gl
v U, v U,
A ® B
H @ CQH, H @ C @ H
Ay Ay,
where A" = € L(H @ C",H, ®
A, - A,

C"). By the above preparation, we have the following
result.

Theorem 2
Hilbert spaces, T = (T,,-,
T, ® Iy, € L(H ® H,),j =1, ,n.

5 T',) € L(H, @ Hy)e, , then

(i) 0, (T, H, ® H,) = 65,(T,H,);

(ii) 0, ,(T",H, @ H,) = o, ,(T,H,), where k
= 0.

Proof With the above discussion, it is easy to
see that the complex E' (T, H, ® H,) is isomorphic

DY @ Iy,

Suppose H,, H, are the complex
7)€ L(H), T) =
T = (Tll )

to the following complex 0> H, ® H, H,

® C'"® H,—>+—H ® H,—0, which has the same
p{

exactness with £’ (T, H,): 0— H,—H,  C" —

D{"

—>HI_>O’

whence (i) and (ii) hold. This
completes the proof.

Theorem 3 Let H; be a complex Hilbert space,
T,¢€ L(H,),j =12, ,n,and H = H @ " ®

HoTy= Iy @ @1y @@L, ® &Iy,

and i’: (%1,"', in) € L<H)£;;:’ thennga,k(TJ

H) > 6,,(T,H) 5 U HGM(TL,H) For

f]+ +1 =
0..1» we also have a similar conclusion.

Proof If n = 1,

then the result is obvious.

n-1

Suppose that o;, L ( T H) > U ll 05, (T, ,H,)

11+ o=k

holds for n — 1. Next we will consider the case n, the

complex E'( i’ H):

D(”) n-1
09®H QH ——eH et g~

D(l) n-1
@ H @ H, >0

~ n-1
D<kn_l) (_ 1)k+ldiag( @1111. ® Tn)
0 DyY
n-1 l)(")/ n-1
is isomorphic to the complex: O»@ H ® H, R H,

D;')/n 1

—>_®1Hi ® H, =0, here

where D" =

® C” ® Hll —

n-1
Dy VeI, (- 1)’f+1diag(®]1H) ® T
0 D"V ® Iy
and D"V denotes the boundary operators of the

D("),; —

n-1
complex E'(T, '®| H;) generated by
T = (Tl & IH X R IHIP PR

1 [H] ® e ®
n l)
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Using theorem 1, 0¢ as,k(T,H)C; l~)§-”> : B;") +
D' pim - , (j=0,1,+,k) is invenible@(l);"")%

Jj+1 Jj+1
n-1
(n-1) (n-1) y(n-1)* -
D" + D/\I"DV) ® Iy + diag( -(g)lle) R
* (n-1) = (n-1) (n-1) y(n-1) *
7,7, and (D" DY 4 DD V) @ 1,

n-1

diagl @ Iy) ® T.T,, (G = 0,1, k) are

invertible. Therefore, by the hypotheses and theorem
2, it suffices to check the following inclusion: oy (r,

n-1
H) D o5 (T, _@IH,') x ;. (T,,H,) U 0,,(T,

n-1
®1Hi) x 050(T,, H,).
First, if T,T, is invertible, then 0 & o, (T,

n-1

'®1 H.) x 05,(T,,H,). If T, T, is not invertible, then

A (n-D) % y(n=1) (n=1) y(n=1) * . .
D" DY D;"D; , (= 1,,k) is

n-1
invertible, thus 0 & o, ,_,(T, _@_g)lHi). If T)7T, is

invertible, then 0 ¢, (T, , H,). Secondly, if T,T,
is not invertible, then D;"'l)*l);"—” + D plntr

Jj+l Jj+1 ’

(j = 0,1,-++, k) is invertible. Hence, by theorem 1,
n-1

0¢ 68,k< T, ® H;). Therefore, the above inclusion
i=1

holds.
On the other hand, by theorem 2 and the
projection property of Slodkowski joint spectrum,

n

Os.k ( T,H) C I Gg’k( T,,H;). This concludes the
i=1
proof.
The following corollary is a very interesting result

about Taylor joint spectrum, left joint spectrum and
right joint spectrum.
Corollary 1 Assume that T, H are the above

notions in theorem 3, then o,(T,H) = ﬂar( T,
i

n

H) = [[o(T) (See [4]). 0. (T H) = f[gnm)

i=1

and aa(T,H) = II o (T)).
i=1

Using Slodkowski joint spectral mapping theorem,
let f(z,,**,2,) = z°"z,, we get the spectrum, left
spectrum and right spectrum of the tensor product
operators as follows.

Corollary2 If T, € L(H;), (j = 1,-*,n)
then o(®T) = | o(1)),0.(QT) = []o.(T)

- 1 - 1

j= j=

and o, (9 7,) = [[ 0,(T)).
J= j=1
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