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Abstract:

The circular chromatic number of a graph is an important parameter of a graph. The distance graph G(Z,D),

with a distance set D, is the infinite graph with vertex set Z = {0, £ 1, £2,---} in which two vertices x and y are adjacent

iff | y - x | € D. This paper determines the circular chromatic numbers of two classes of distance graphs G(Z, D,, ;. 11)

and C( 2y Dy kit ka2 ) .
Key words:

The circular chromatic number and the fractional
chromatic number of a graph are two natural generali-
zations of the chromatic number of a graph.

Definition 1 Suppose p and ¢ are positive inte-
gers such that p = 2¢. A (p, q)-coloring of a graph G
= (V,E) is a mapping ¢ from V to f(),l,"',p — 1}
such that || c(y) = c(x) I , = ¢ for any edge xy in E,
where | a ||], = min{a D - a! . The circular chromatic
number Xn(G) of G is the infimum of the ratios p/q
for which there exist (p, ¢)-colorings of G.

Definition 2 Suppose I' is the set of all
independent sets of a graph G = (V,E). A fractional
coloring of a graph G is a mapping ¢ from I" to [0,1]

2 c(S) =1 for every vertex x of G.
SeT,x€s
The fractional chromatic number y,(G) of G is the

such that

infimum of the values Zc( S) of fractional colorings ¢
ser
of G.

For equivalent definitions of the circular chromatic
number and the fractional chromatic number of a
graph, see Refs.[1,2].

For any graph G, let w(G),a(G), | G‘ denote
the clique number, the independence number, and the
vertex number of G. From the Refs. [3,4], we know
that

max{w(C),ﬂ}< 1 (G) < %.(G)

a(G)I= A = Ae
< x(6) =[x (6)7 (1)

Definition 3 Let D be a finite integer set. A
distance graph G(Z, D) is such an infinite graph with
vertexset Z = {0, + 1, + 2,--} and edge set £ =
{oylx - yl€ D,x€ Z,y € Z}.

Now we assume k + 2 < 2k — 1. Some results
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distance graph, fractional chromatic number, circular chromatic number

concerning the chromatic number of distance graphs
were presented in Refs. [3 — 7]. Let distance set
Dyiirnen = 11,2, ,mby = Lk, k+1,k+2},
Dm,k,kﬂ = {1,2,"',771} - {k,k + 1} and Dm,k =
{1,2,>,m} — {k}. The chromatic number, the
fractional chromatic number and the circular chromatic
number of graph G(Z, D, ,) were determined by G.
J. Chang[“] . The chromatic numbers and the
fractional chromatic numbers of graph G(Z,D, , ;.,)
and graph G(Z,D,, ;. ;.1.1,2) were determined in Ref.
[8]. This paper discusses the circular chromatic

of graph G(Z,D, ,,,) and G(Z,

Dm,k,k+l,k+2) .

numbers

1 The Circular Chromatic Numbers of
G(Z’Dm,k,k+1) and G(Z’Dm,k,k+1,k+2)

The circular chromatic number of the distance
eraph G(Z, D, 1.1.4.2) is discussed in this section.
For simplicity, let y,, .,y respectively denote the
fractional chromatic number, the circular chromatic

number and the chromatic number of the distance graph

G(Z,D,, 1.1s1.4:>)-Ref. [8] determined the circular
G(Z,

D, i ii1.12) for some pairs of integers m and k.

chromatic numbers of distance graph
theorems 1 — 3 present the results.
Theorem 1 If m < 2k, then y, = y. =y = k.
Theorem 2
E+1 m=2k+1
L= X=X = {k+2 m =2k +3

Theorem 3 Suppose m =2k +4, m+ k +1 =

2'm’ and k£ = 2'k’, where r and s are non-negative
integers and m’ and k" are odd integers. If r > s,

theanz;CC:X:(m+k+l)/2.
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We shall
numbers of the distance graph G(Z,D,, ; 1i1.4:2) for

determine the circular chromatic
other pairs of integers m and k.

Theorem 4 If m = 2k or 2k + 2, then y, = ¥,
(m+ 1)/2.

Proof By theorem 38! s X = (m+1)/2 when m

2k or 2k + 2. To prove theorem 4, it is sufficient to

prove that y, < (m + 1)/2. Now m/2 is relatively
prime to m + 1 and m(m - 1)/2 = 1 (mod m + 1).
Consider the mapping ¢ defined by ¢(i) = (m —1)i
(mod m + 1) forall i € Z. For any edge ij in G( Z,
D, s ii1.4e2) > we shall prove that le(i) - c(j)

e
= 2. Suppose to the contrary that ¢(i) - ¢(j) =0,1,
—1 (mod m + 1). Then we have i — j = 0,k, — k
(mod m +1) whenm =2k, andi - j =0,k + 1, -
k-1 (mod m + 1) when m = 2k + 2, it follows that
in either case we have ij €E( G), which contradicts the
fact that ¢ is adjacent to j. Thus ¢ is an (m + 1,
2)-coloring of G(Z,D,, ; 1.1.1+2), whence . < (m+
1)/2.

In the following we denote the subgraph of G(Z,
D, i ie1.1s2) induced by V, = 10,1,-,if as G,.

Lemma 1*' If G has a circular chromatic num-
ber p/q (where p and ¢ are relatively prime), then p
< | V(G)‘ , and any (p,q)-coloring ¢ of G is an
onto mapping from V(G) to 10,1, P - 1.

Theorem 5 Ifm =2k +4and (m+ k+1, k)
=1, then Xr = X = (m + k + 1)/2

Proof Consider the graph G,,,, a(G,,,) = 2
when m = 2k + 4. According to (1), we have

% (Gui) = (m + k + 1)/2. Since graph G, is a
subgraph of the distance graph G(Z, D, ; ii1.12), it
follows that y, = ¥,(G,,,) = (m + k + 1)/2.

On the other hand, by theorem 10" , we know
thatif m = 2k + 4 and (m + k + 1, k) = 1 then
v (G(Z,D, ) = x.(G(Z,D,,)) = (m + k +
1)/2 when (m + k + 1,k) = 1. Since graph G(Z,
D, i 1s1.442) is a subgraph of G(Z,D,, ), so y, <
x.(G(Z,D, ) = (m+ k+1)2.

According to (1), Xr = e = (m+k+1)2.

Lemma 2 Suppose m =2k +4, m+ k +1 =
2'm’ and k = 2°k", where r and s are integers, m’
and &’ are odd integers. If 1 < r < s, then
X (Griai) > (m+ k + 1)/2.

Proof Since m + k + 1 is even and ¥,(G, ,2;_,)
> X( G2 ) — 1, it suffices to show that X< Gront)
> (m + k + 1)/2. Assume to the contrary that
X(G,,sz_l) < (m + k +1)/2, and that ¢ is an (m +
k + 1)/2-coloring of G,,,,;_, -

For each integer ¢ with 0 < i << k - 2, consider

the subgraph of G,,,,.; induced by the m + k + 1
vertices {i,i + 1,-**,i + m + k! . Then the subgraph
has an independence number 2. Therefore, each of the
(m + k + 1)/2 colors is used at most, and thus exactly
twice in this subgraph. Consequently, vertices i and 1
+ m + k + 1 have the same colors for any i. So vertices
i +k+1and i+ k +2 are adjacent to vertex i + m +
k + 1. Therefore, for each j &€ S = (0,1,

the only possible vertices in S having the same color as

,m+ ki,

jare j + kand j - k.

Consider the circulant graph C(m + k + 1,k),
with vertex set S and in which vertex i is adjacent to
vertex jiff =i+ kori—k (modm+ k+1). It
follows from the discussion in the preceding paragraph
that the two vertices x and y in S have the same color
only if xy is an edge of graph C(m + k + 1,k). Since
the intersection of each color class with S contains
exactly two vertices, the coloring induces a perfect
matching of C(m + k + 1,k). However, C(m + k +
1, k) is the disjoint union of d cycles of length (m + k
+1)/d, where d = gcd(m + k +1,k%). Since C(m +
k + 1,k) has a perfect matching, each cycle has an
even length. This implies that r > s, contrary to the
assumption r < s. Hence, ¥, (G,01) > (m + k +
1)/2.

Lemma 3 Suppose m =2k +4. lf m + k+11s
odd and ged(m + k + 1,k) s 1, then 3, (G,.01) >
(m+ k+1)2.

Proof Let H (0 < i < k - 2) denote the
subgraph of G,,,,;_, induced by consecutive m + k + 1
vertices {i,i + 1,**,i + m + k| and clearly X((H,)
=>(m+k+1D/a(H) = (m+k+1)2.

Suppose ¥, (G,.2-1) = (m + k +1)/2. Since m
+ k + 1 and 2 are relatively prime, every (m + k + 1,
2)-coloring ¢ of G, ,,,_,, whichis alsoan (m + k + 1,
2)-coloring of H., is onto and hence one-to-one on
graph H;. Thus, there exists an ordering xy,x,,""*,
Xk » %o of V(H,) such that c(x]-) =jfor0O<j<m
+k. So X = (x9,2,

complement H'; of H;. At the same time, due to

s Xmeps%o) is a cycle in the

vertices 1 and i + m + k + 1 have the same colors, the
only possible vertices having the color ¢(i) + 1 must
bei+kandi+m+1l=i-k(modm+£k+1). It
means each xx,,, € X satisfies x; — x,,, == k (mod
m+k+1).

For graph H,, let m = ak + b, where 0 < b < k.
The following paths must be on the cycle X:

Poik+i2k+i, a0k +i,(a+ Dk + i

O<i<d

= ' =

P oy k+j,2k+j, a0k + ]
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b+l<j< k-1

It is easy to see that P,P,_, is a path of the cycle
X, sois P,_; P,_,. Continuing this process, we have
that P’, = P,,,, P,, where the index b + 1 + ¢ is
taken modulo k£, is a path of the cycle X for 0 < ¢ <
k — 1. Since ged(m + k + 1,k) = 1, we have ged(b
+ 1,k) = 1. Therefore, these paths P, form at least
two disjoint cycles, contrary to the assumption that X
is a cycle. Thus, the coloring ¢ does not exist and
X (Groai) > (m+ k + 1)/2.

Theorem 6 Suppose m =2k +4, m+ k+1 =
2'm’ and k = 2°k", where r and s are integers and m’
and &’ are odd integers. If r < s and ged(m + k + 1,
k) = 1, theny, = (m + k +2)/2.

Proof Since theorem 3.6 showed that Xv( G
(Z,D,.,)) < (m+ k +2)/2when m = 2k, and the
distance graph G(Z, D, , 1.1.4.2) is a subgraph of the
distance graph G(Z, D,,,,k), then we have y, <
XC(G(Z,D,,,J;)) s (m+k+2)2.

On the other hand, suppose y,(G, 1) = p/q,

where p and ¢ are relatively prime. Then, p <
‘Gn1+2k—l‘ =m + 2k and p/qg > (m + k + 1)/2
according to lemma 2 and lemma 3. If ¢ = 3, then p
>(m+k+1)¢gR2=3(m+k+1)2>m+2k,a
contradiction. Hence, ¢ <2 andso y, = ¥.(G,.21)
=plg=(m+k+2)/2. Thus, y. = (m+k +2)/2.

Similarly, we can prove theorems 7 — 9.

Theorem 7 If m < 2k, then y,(G(Z,D, ; 1,1))
= k.

Theorem 8 If m = 2k, 2k + 1, then 3, (G(Z,
D)) = (m+1)2.

Theorem 9 When m =2k +2, m+ k +1 =

2'm” and k = 2°k", where r and s are integers, m’
and &’ are odd integers. If r < s and ged(m + k + 1,
k) 51, then ., (G(Z,D, ;1)) = (m + k +2)/2;
otherwise, ¥, (G(Z,D, ;. .1)) = (m + k + 1)/2.

Remarks By using similar method, we may

determine the fractional chromatic number, the circular
chromatic number and the chromatic number of the
distance graph G(Z,D) with the distance set D =
11,2, ,my={k,k +1,--,k}, where k’ < 2k -
1.
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