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Abstract:

In this paper, we study the deficient relation of some transcendental entire functions. If f; (2)(j =1,2,, p)

p
be transcendental entire functions, and let a; ( j =1,2,-*,p) be nonzero finite complex numbers. If Z ajﬁ(z) =1, then
i=1

— N, (r,1/f;)
T(r,ﬁ)

and Ozawa. Meanwhile we give some applications of our result.

»
ZB,)_](O,]?) < p-1, where §,,(0,f,) = 1 - lim
j=1 e
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Let f(z) be a nonconstant meromorphic function
in the whole complex plane. We use the following
standard notations of value distribution theory(see
Refs.[1] and [2]).

T(r,f), m(r.f)s NCrof),N(r,f),

We denote by S(r,f) any function satisfying

S(rof) = oiT(r, )}
as r—>+ o, possibly outside of a set with finite
measure .

Let a be a finite complex number, k a positive
integer. We denote by Nk)( r,ﬁ) the counting
function for zeros of f(z) — a with multiplicity at most

k, and by Nk)( r,]%a) the corresponding one for

which multiplicity is not counted. Let N<k( r,ﬁ)
be the counting function for zeros of f(z) — a with
multiplicity at least %k and N(k( r,f_%) the

corresponding one for which multiplicity is not

counted.  Set Nk(r,f_la) = N(r,}%a) +

]%a) . We define

L
8,(a,f) = 1= lim Nk(r’f— a)

r—>® T( r 9f)
In Ref. [3], Niino and Ozawa proved the following

_ 1 _
N(Z(r, _a)+'.'+N(k(r,

/

result.
Theorem A Let f(z)(j = 1,2,-",p) be
transcendental entire functions, and let a; (G = 1,2,
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entire function, meromorphic function, deficiency

(] =1,2,-++,p). The result improves a result of Niino

-+,p) be nonzero finite complex numbers. If
p
Za}f](z) = 1,then
j=1

p

2,000,/) < p -1

=1

NCr )

T T
where 3(0,f,~) =1 ,hlg T(r,jj-) , ] =1,2,,p.

In this paper, we improve theorem A as follows.
Theorem 1 Letf]-(z) (j =1,2,-,p) be trans-
cendental entire functions, and let a; (G=1,2,",p)
17
be nonzero finite complex numbers. If Z af; (z) =1,
=1

J
then

P
Zap—l(oa fj‘) S p - 1
j=1

vl )

where 81,_1(0,][]-) =1- ,IHE, W, ] = 1’2’
“p.
Remark 1  For any positive integer £k, we have

8(0,](]‘) < 8[,_1(07](})-
1 Some Lemmas

For the proof of theorem 1 we need the following
lemmas.

Lemma 1 Letfj(z) (j =1,2,+,p) be linea-
rly independent meromorphic functions, p a positive

integer. If

M) =
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thenforl < j < p

T(rf) < SN[ o)+ NG+ NG W)

. i}N(r,fi) - N[ rop) + S0
where W(f,,f>,
ofj;(z) (] = 1,2,"',p).

S(r)=0(T(r))

here

T(r) = max{T(r, f)}

l<j<p

, fp) is the Wronskian determinent

r>o,rd E

and E is a set of finite measure.
By lemma 1 we can easily obtain lemma 2.
Lemma 2 Let f;(z) (j = 1,2,

independent transcendental entire functions. If
fHi(z2) + fo(z) + -+ f,(2) =1

then for 1 < j < p

T(r.f) < EN ( )+ S(r)

Here S(r) is the same as in lemma 1.

2 Proof of Theorem 1
Case 1 fi,f5,

functions. Then by lemma 2 we have

T(r.f) < 2 (s )+s<>

p) be linearly

,f, are linearly independent

8,1 (0, /) IT(r,f;) + S(r)

Thus we obtain

1(r) < D)1= 0,0, )17(r) + S(r)
That is )

[26,4(0.1) -

Hence we get

P
318,00, <p-1 (1)
i=1

Case 2 f,, f,

functions. Without loss of generality, we assume that
Fisforeer
f;/+l ’fq+2 » "

f, - Thus there exist constants ¢, ¢,

(p-D]T(r) < S(r)

,f, are linearly dependent

, f, are linearly independent functions and that
,f, can be linearly expressed as f,,f>,"",
, ¢, such that

q
Zcf—l
If ¢ 7&0(L_1 2,

as do in case 1 we obtain

q
>16,.,(0,£) < q-1
ic1

Obviously, we have

0,100, fi) =

, q) , then by the same argument

8,..(0, f) i

1,2, ,q

Hence we obtain

28/)—1<0’f;) Zapl<0f)+28p1<0f)

i=q+1
\q—1+p—q—p—1 (2)
= 0, without loss of generality we

,r)and ¢,,, =0,

If there exists ¢;
assume that ¢; = 0(i = 1,2,

¢, = 0, then we can similarly prove

N 5,1(0,0)

The proof of the theorem is complete.

<p-1

3 An Application of Theorem 1

By theorem 1, we obtain the following results.
Theorem 2 Let k,n,,n,,"::,n, be positive

integers satisfying
51 1
; ;, < T -1 (3)
Then there don’t exist transcendental entire functions
f1(2),f>(z) -, f,(z) such that
N(z) + fr2(z) + o+ fin(2) =1 (4)
Proof Suppose that there exist transcendental
entire functions f; (z) o Ja (z),, i (z2) satisfying
fir(z) + f32(2) + -+ fiv(2) =1

Then by theorem 1 we get

M50, 7)< k- (5

On the other hand, we have

]
8, (0, ffi) =1~ }H{}o W

(k—l)N(r,fl)

> 1= lim ——
k-t
n

i

Thus we get

31000, 5 k- 3 Bt (6)
Hence by (5) and (6) we have

Zk_lal
i=1 i

which contradicts (3).

complete.

The proof of theorem 2 is

From theorem 2, we get the following corbllary.
Let n
Then there don’t exist three transcendental entire
functions f(z), g(z) , h(z) such that

[ (z) + g (z) + h"(z) =

Corollary 2 Let n

Corollary 1

= 7 be a positive integer.

= 3 be a positive integer.
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