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Abstract:

The bending of rectangular plate is divided into the generalized statically determinate bending and the

generalized statically indeterminate bending based on the analysis of the completeness of calculating condition at the corner

point. The former can be solved directly by the equilibrium differential equation and the boundary conditions of four edges

of the plate. The latter can be solved by using the superposition principle. Making use of the recommended method, the

bending of the plate with all kinds of boundary, such as simply supported edge, clamped edge, free edge, free corner point

and pillar support corner point, can be solved under arbitrary loads, such as the loads on plate, the loads in plate edge,

the load at free corner point, and when the plate edge and the pillar support corner point have settlement or when the plate

edge has rotation. The method can organically unite the Navier solution and the Levy solution and has the advantages of

rapid convergence and high precision.
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The study of thin plate bending is one of the
classical problems. This problem 1is not solved
completely yet because of the variety of boundary
conditions, the complexity of loads and the limitation
of available solutions'' . We began to study the unified
solution method of rectangular plate bending in 1993
and since then the bending of rectangular plates with
various boundary has been solved under arbitrary
loads>™*' . The unified solution method in this paper is
a more general method which not only gives the
essential idea for above bending solution, but also can
solve the bending of plate when the plate edge and the
pillar support corner point have settlement or when the

plate edge has rotation ™" .

1 Two Kinds of Rectangular Plate Bending

Rectangular plate bending can be divided into

generalized statically  determinate  problem and
generalized statically indeterminate problem, according
to the completeness of the calculating condition at the
corner point. The bending of the plate with pillar
support corner point whose concentrated supporting
force cannot be derived from the static equations of
equilibrium is generalized statically indeterminate
problem, the others are generalized statically determi-
statically ~determinate

nate problem. Generalized
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bending can be solved directly by the equilibrium
differential equation and the boundary conditions of
four edges. The generalized statically indeterminate
bending can be solved by the superposition principle.
The deflection w of the plate should satisfy the

equilibrium differential equation

9w I w I w q(x,y)
ax4 + axZQyZ + ay4 = D (1>

where g(x,y) is the normal load on the plate; D is

the flexural rigidity of the plate.

Moreover, the deflection should still satisfy the
boundary conditions of four edges and corner point
conditions. The corner points can be divided into three
basic types.

1) End corner point of supported edge

Here, the supported edge may be clamped edge or
simple supported edge, and the end corner point of
supported edge may be the end point of one supported
edge or the intersecting point of two supported edges.
If the deflection w satisfies the displacement condition
of the edge, it can satisfy the displacement condition of
the corner point. After knowing the deflection w, the
concentrated supporting force of the corner point can be
calculated. The calculating condition of the corner
point is complete because the corner point hasn’t any

restriction for the expression of w .
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2) Free corner point

The deflection of the corner point is that of the
intersecting point of two adjacent free edges. The
concentrated force of the corner point is zero or a
concentrated load acting at the corner point. If the
deflection expression itself satisfies the concentrated
force condition of the corner point, the calculating
conditions of the corner point must be complete.

3) Pillar support corner point

The corner point is the intersecting point of two
free edges and supported with pillar. The calculating
condition of this corner point can be divided into two
types, whether  the

supporting force of the corner point can be got by static

according  as concentrated
equilibrium condition or not. For the rectangular plate
with one edge simply supported and one pillar support
corner point or the plate with three pillar support corner
points, whose concentrated supporting force at the
corner point can be determined by the statically
balanced conditions, if the deflection expression itself
satisfies the displacement condition of the corner point
that the deflection equals zero or a certain value, the
calculating condition of this corner point is complete,
because the concentrated supporting force will be
derived from deflection expression which satisfies Eq.
(1) and all boundary conditions. The displacement of
the pillar support corner point, which has nothing to do
with concentrated supporting force, only brings on
rigid-body

characteristics are similar to statically determinate

displacements of the plate, these
structure. When the concentrated supporting force of
pillar support corner point can’t be determined by the
statically balanced conditions, such as the plate with
four pillar support corner points, the plate with one
edge simply supported and two pillar support corner
points, the plates with one clamped edge and one or
two pillar support corner points and the plates with two
adjacent edges supported and one pillar support corner
point, the calculating conditions of these corner points
are not complete. Because only three statically
balanced conditions are included in Eq.(1), the
concentrated supporting force at the corner points is not
derived from deflection expression which satisfies
Eq. (1) and all boundary conditions. The displacement
of the pillar support corner point, which is correlative
with internal force in the plate and concentrated
supporting force at the corner point, brings on bending
similar to

deformation. These characteristics are

statically indeterminate structure.

2 Homogeneous Solution of Rectangular
Plate Bending

The generalized statically determinate bending can
be solved directly by the equilibrium differential
equation and the boundary conditions of four edges.
The expression of deflection is written as

w o= w, + W, (2)
where 1, is a homogeneous solution of Eq. (1) ; w, is a
particular solution of Eq. (1). The homogeneous solu-
tion w,, which is related to the edge kind and the
displacement of the end corner point of supported
edge, must satisfy the condition that the concentrated
force of free corner point is zero and the deflection
condition of pillar support corner point. The expression
w, is bi-directional single trigonometric series inclu-
ding eight undetermined coefficients. The trigonometric
series must be whole orthogonal trigonometric function
family, and its form must accord with bending
deformation brought on by boundary conditions. For
example, the values of two ends of the series waveform
must equal zero for the plate with two opposite edges
supported, the values of two ends don’t equal zero for
the plate with two opposite edges free and the value of
one end is zero and of other is not zero for the plate
with one edge supported and the opposite edge free.
should reflect the

deformation characteristic brought on by the displace-

The deflection expression w,

ments of end corner points of the supported edges. And
the value of deflection w, is not zero at the free corner
point. The rectangular plate of generalized statically
determinate bending can be divided into seven types

according to the boundary conditions.

2.1 Rectangular plates with four edges supported
(Fig.1)

®

w; = gg(Amshay + B, chay + C,ayshay +

3

D, aychay)sinax + Z (E,shpy + F,chPx +

n=12,3
Ay - A
G,Bxshpx + H Brchfy)sinfy + Ay + (“T")y +

(AH - A())x + (AC - AA - AB + A(;)xy

a ab

(3)

nw
b
and H, are eight undetermined coefficients; A,, A,,

Ay and A, denote the displacements of O, A, B and C

shown in Fig.1, respectively. The polynomial, whose

wherea:%‘;ﬁz sA,, B,,C,.,D, E, F, ,G,

m m m m n

coefficients are made of A,, A,, Ay and A, reflects
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Fig.1 Plates with four edges supported
the non-bending deformation characteristic of the plate
brought on by the displacements of the end corner

points of supported edges.

2.2 Rectangular plates with three edges suppor-
ted and one edge free (Fig.2)

®

w; = 23(/1,” shay + B, chay + C,ayshay +

3

D, aychay)sinax + 2 (E,shAx + F,chAx +

n=1,3,5
Ay = Ay)y
G,Axshdx + H,AxchAx)sindy + A, + (41)70)} +

(AB - A())x + (A(‘ - AA - AB + Ao)xy

a ab

(4)
mm, 4y _ IT, .oy .
pal A= b5 ,1:12,:3.55111 oL s orthogonal
from O to b. The comer point O,A,B and C are all

the end corner points of supported edges.
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Fig.2 Plates with three edges supported and one edge free

2.3 Rectangular plates with two opposite edges
supported and two edges free (Fig.3)

@

w; = Z (A, shay + B, chay + C,ayshay +

m=1,2,3

D,aychay)sinax + (Egx + Fy + Gya® + Hyx’) +

> (E,shBr + F,chpPx + G,Rxshpy +

n=1.23
Ay - A
H,PxchBx)cosfy + Ay + (Abio)y +

(AB - AO).% + (AC - AA - AB + AO)xy

a ab

(5)

mm
where o« = 0 B =

coefficients E,, F,, G,and H, are the E, , F,, G, and

nmw .
> the undetermined

H, respectively when n equals zero. Z cosfy is a
n=0,1,2

whole orthogonal trigonometric function family from 0 to
b. The hyperbolic function corresponding to n = 0
must become a polynomial about x in order to ensure
the integrality of undetermined coefficients, because
cosfy equals 1 and shBx, BxshfBx, fxchPx are all zero
when n equals zero. Corner points O, A, B and C are

all the end corner points of supported edges.

Fig.3 Plates with two opposite edges supported and

two edges free

2.4 Rectangular plates with two adjacent edges
supported and two adjacent edges free (Fig.4)

wy = 2 (A, shyy + B,,chyy + C,yyshyy +

m=1,3,5

D,,yychyy)sinyx + 2 (E,shAx + F,chAx +

n=13,5

Ay - A
G, Axshdx + H,AxchAx)sindy + Ay + (Abi())y +
A - A
( B 0 )x (6)
a
where ¥ = rzn_;t s A = ;—;j ; the polynomial, whose

coefficients are made of A,, A, and A,, reflects the

deformation characteristic brought on by the displace-
ments of the end corner points of supported edges.
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Fig.4 Plates with two adjacent edges supported and

two edges free
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2.5 Rectangular plate with one edge simply supp-
orted and one pillar support corner point
(Fig.5)

w; = %;S(Amsh}’y + B, chyy + C,yyshyy +

®

D, yychyy)sinyx + 2 (E,shAx + F, chix +

n=135

Ay - A
G,AxshAx + H,AxchAx)sindy + A, + (ATO)}/ +
. mm) x
(AB - Ay - m;;ﬁBmsm 2 ) " (7)
mm nw .
where ¥ = 2a’ A b the polynomial, whose
coefficients are made of A, and A4,, reflects
deformation  characteristic  brought on by the

displacements of the end corner point of supported
edge. The corner point B is a pillar support corner

point, and its displacement is satisfied by itself.
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Fig.5 Plate with one edge simply supported and one

pillar support corner point

2.6 Rectangular plate with three pillar support
corner points (Fig.6)

w, = Z (A, shyy + B, chyy + C,yyshyy +

m=1,3,5

D, yychyy)sinyx + 2 (E,shAx + F,chix +

n=1,3,5

G Axshix + HAxchAx)sindy + A, +

(AB - A, - Z Bmsin%t)ai +

m=1,3,5
(AA -4y - Z Fnsin%r)% (8)
n=1,3,5
mTt nTt

where ¥ = 24} A = b3 the corner points O, A and

2b
B are the pillar support corner points and their
displacements are satisfied by themself.

0 B %

Fig.6 Plate with three pillar support corner points

2.7 Rectangular plate with one clamped edge
(Fig.7)

w; = 2 <Arr1Sh}/y + BmChyy + Cmnyhyy +

m=1,3,5

D,yychyy)sinyx + Egx + Fy + Gox” +

H0x3 + 2 (Ensh,@x + FnCth + Gnlnghﬁx +

n=1,2

A, - A
H fvchfc )cosfy + Ay + Mfm ()
where ¥ = %, B = nT:'t; the polynomial, whose

coefficients are made of A, and A,, reflects the

deformation  characteristic  brought on by the
displacements of the end corner points of supported
edge. The coefficients E,, F,, G, and H, are the E, ,
F,, G, and H, respectively when n equals zero.

B x

A a C
Y
Fig.7 Plate with one clamped edge
3 Particular Solution of Rectangular Plate
Bending

Particular solution w, is mainly determined by
loads.
Eq. (1) when the plate is subjected to loads ¢(x,y).

Particular solution is necessary to satisfy

Particular solution is also necessary to satisfy the force
condition of free corner point when free corner point is
I,

subjected to a concentrated load, because the =
axay

0 at the corner point. Particular solution is not
necessary, when the plate edge is subjected to loads or
the supported edge has displacements. The particular
solution value must be zero at the pillar support corner
point, because the homogeneous solution itself satisfies

the displacement conditions of this corner point.

3.1 Particular solution w, of plate subjected to
loads on it

3.1.1 Dual trigonometric series w,

First we expand ¢(x,y) into a dual trigonometric
series which has the same form as the series used in the
homogeneous solution w, in order to accord with the

deformation character brought on by boundary condi-
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tion.

For example, when the rectangular plate with
three edges supported and one edge free (Fig.2)
subjected to uniform load ¢(x,y) = ¢,, we take the
expression of particular solution as

w = D)

2 2 2
m=1,3,5 n=1,3,5 MNT D(a” +27)

16 y
9o sin M sin nr
a 2b

(10)

Using orthogonality of series, the functions which

are not trigonometric series are expanded into
trigonometric series in corresponding zone. Then using
boundary conditions of four edges, we can get eight
linear equations from which we can derive the eight
undetermined coefficients. For the rectangular plate
with  four edges simply supported the eight
undetermined coefficients are zero. We have the
classical Navier’s solution w = w,.

Using the particular solution in the form of series,
we can calculate the bending of the plate subjected to
arbitrary loads. The results are shown in Refs. [8 —
14]. When the plate is subjected to a concentrated
load at a certain point, the bending moment will not

converge at this point.

3.1.2 Polynomial w, about x and y

The particular solution can adopt polynomial about
x and y, and it must satisfy certain boundary
conditions. The calculated results were shown in Refs.
[2-17].

Although there is great difference in the form
between the polynomial and series particular solution,
the final results are all the same. Using the polynomial
particular solution, we can’t calculate the bending of
plate subjected to a concentrated load or distributed
load in part region, because we can’t find the
polynomial that satisfies the equilibrium differential

equation and before-mentioned conditions.

3.2 Particular solution w, of the plate subjected
to a concentrated load at free corner

When the plates as shown in Fig.4 — Fig.6 are
subjected to a unit concentrated load downward at the

corner point C, we have

Re = [-2D(1 - ) 2] -—1(1D
¢ " ax(,)y x=a,y=b -
where z is Poisson’s ratio for the plate material .
92
The expression axg}; = 0 at the free corner point

and w, satisfies the deflection condition at the pillar

support corner point. Hence the particular solution w,

must satisfy the concentrated force condition at the free
corner point and w, = 0 at the pillar support corner
point. The particular solution must also satisfy certain
boundary conditions.

These conditions can be satisfied by taking

_xy
Y2 =201 - 4D (12)

For the plate with two adjacent edges simply
supported and two adjacent edges free as shown in
Fig.4, if the deflection at the simply supported edges
is zero, we obtain that eight undetermined coefficients
are all zero when substituting Eq. (12) into boundary

conditions. So we have

_ Xy
=301 - 0D (13)

For the plate with one edge simply supported and

w = w,

one pillar support corner point as shown in Fig.5, if
the deflection at the simply supported edge is zero, the
eight undetermined coefficients are all zero. We have
X ABx
w o= 2B
2(1 =)D a
For the plate with three pillar support corner points

(14)

as shown in Fig.6, eight undetermined coefficients are
all zero. We have

X

w = —X
2(1—/1)D

<AA - Ao)}’
b (15)

For the plate with one clamped edge as shown in

Ap = A
+A0+7( Ba 0)x+

Fig.7, the particular solution is shown in Ref. [9].
The particular solution w, can’t take the form of series
because the concentrated load at free corner point can’t

be expanded into series.

4 Bending of Plate Subjected to Edge Loads

When the simply supported edge or the free edge
is subjected to distributed or partial distributed
bending moment or concentrated moment, or the free
edge is subjected to distributed or partial distributed
shearing force or concentrated force, the bending can
be directly calculated by the homogeneous solution and
the boundary conditions. The boundary loads should be
expanded into corresponding series.

For the rectangular plate with two opposite edges
simply supported and two opposite edges free as shown
in Fig.3(a), the plate is subjected to the distributed
moment M along the simply supported edges (x = 0
and x = a) and the distributed moment M along the
free edges (y = 0 and y = b). Substituting Eq. (5)
into boundary conditions and suppose A, = A, = A,
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= A, = 0, we have that undetermined coefficients
equal zero except G, = — % and E, = %. So we
obtain
2 M 2
w = Eyx + Gyx* = 5= Cax - x%) (16)

2D
When the plate as shown in Fig.7 is subjected to
the distributed moment M along the free edge (x = a)
and the distributed moment pM along the free edges (y
= 0and y = b). Substituting Eq. (9) into boundary
conditions and suppose A, = A, = 0, we have that

undetermined coefficients equal zero except G, =

- ﬁ So we obtain

2D

M2
w = Gox2 = - 21%) (17)

5 Bending of Plate with Boundary Dis-
placements

The bending of the plates, which have normal
displacements along the simply supported edges or
along the clamped edges or have angle of rotation along
the clamped edges, can be calculated directly by the
homogeneous solution w, and the boundary conditions.

For the rectangular plate with four edges simply
supported as shown in Fig.1(a), the plate with three
edges simply supported and one edge free as shown in
Fig.2(b) and the plate with two opposite edges simply
supported and two edges free as shown in Fig.3(a),
when the plate has displacements at the four corner
points and those supported edges are still linear, we
have that eight undetermined coefficients are all zero.
That is

Ay — A A, - A
W=Ao+( Ba 0)96+( /1b 0)y+

(Ap = Ay = Ay + Ay)ay (18)
ab

For the plate with two adjacent edges simply

supported and two adjacent edges free as shown in
Fig.4(c), when the plate has displacements at the end
corner points of supported edge and those supported
edges are still linear, we have that eight undetermined

coefficients are all zero. So

w=A, + (4, ;A")x + (4, "bA")y (19)

For the plate with one edge simply supported and
one pillar support corner point as shown in Fig.5,
when the plate has displacements at the end corner
points of supported edge and this supported edge is still

linear, we have that eight undetermined coefficients

are all zero. The deflection w is the same as Eq.(19).
For the plate with one edge clamped as shown in
Fig.7, when the plate has displacements at the end
corner points of supported edge and unit angle of
rotation along the clamped edge, but this supported
edge is still linear, we have that eight undetermined
coefficients are all zero except £, = 1. So
(A, —b Ap)y +

The results mentioned above are all the same as

w = A() + X (20)

theoretical solutions, and other results are shown in

Ref.[15].

6 Generalized Statically Indeterminate Ben-

ding

Using superposition principle the generalized
statically indeterminate bending can be solved.
Replacing the extra pillar support by an unknown
supporting force, we can obtain the statically
determinate bending basic system. First we calculate
the bending solution of the basic system with the
original loads and unit force at the corner point
respectively. Then using the deflection condition that
the displacements equals zero or a known value at the
pillar support corner point, we can obtain the
concentrated supporting force. So the problem can be
solved using superposition principle.

Bendings of these plates, as shown in Fig.8,
Fig.9, Fig.10 and Fig.11,

statically indeterminate bending problems. When the

are all generalized

plate as shown in Fig.8 (c) has arbitrary displacements

at the four corner points and the supported edges are
0 B x 0 B x O B %

|
|
- = | =
|
|

A—a—%
7

(a) (b) (¢)

PN

Fig.8 Plates with two adjacent edges supported and

one pillar support corner point

0 B o

I
|
I
|
| ~
|
|
I
I

A a [

Fig.9 Plate with one edge simply supported and

<

two pillar support corner points
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0 B x

FS

Fig.10 Plate with four pillar support corner points
0 B x 0 B *

(a) (b)
Fig.11 Plates with one clamped edge and
one or two pillar support corner points

still linear, using the superposition principle we have

Ay - A A, - A
w=A0+( Ba 0)x+( Ab 0)y+

(A - A, - Ay + Ao)xy
ab
When the plate as shown in Fig.9 has arbitrary

(21)

displacements at four corner points and edge OA is still
linear, or when the plate as shown in Fig.10 has
arbitrary displacements at four corner points, we have
the deflection expression as Eq. (21). The result is the
same as theoretical solution.

The calculating results of the generalized statically
indeterminate bending of the plates subjected to loads

are shown in Refs.[3,5,8,9].

7 Simplified Solution of the Plate with Two
Opposite Edges Simply Supported

For the rectangular plates as shown in Fig.1(a),
Fig.1(b), Fig.1(¢), Fig.2(a), Fig.2(b) and Fig.3(a),
the edges x = 0 and x = a are all simply supported.
When the plates are subjected to loads on them, we can
get the undetermined coefficients £, = F, = G, = H,
= 0 with the boundary conditions of the edges x = 0
and x = a. For the plate as shown in Fig.3(a), we
also get the coefficients £, = F, = G, = H, = 0. Eq.
(3), Eq.(4) and Eq.(5) can be degenerated into

wy = Z (Amshay + B, chay + C,ayshay +

m=1,2,3
Ay - A
Dma}’Chay)Sinax + A, + % +

(A, —bAo)y + (A; - A, ;bAR + Ag)xy (22)

When A, = A, = Ay = A, = 0, we can get the

classical Levy’s homogeneous solution. Because the

homogeneous solution only has single trigonometric

series, the particular solution can take single
trigonometric series as
. mmy
w, = 2 R, sin " (23)

m=1.2,3
The classical Levy’s solution often take polyno-

mial about x and y as particular solution. The
polynomial about x and y is one special form of
trigonometric series particular solution, we can get the
same series by expanding the polynomial. But the
polynomial has the limitation that it can’t be used to
calculate the bending of plate subjected to disconti-
nuous loads in x or y direction, such as partial
distributed loads or concentrated loads. Using the
particular solution as shown in Eq.(23), we can
calculate the bending of the plate subjected to the loads
that are discontinuous in x direction and continuous in
y direction. It must adopt the dual trigonometric series
particular solution to calculate the discontinuous loads

in y direction. The series in y direction should adopt

. nw . nm
the form as Z sin TX’ smﬂx and E cos
nel.2,3 n=13.5 n=012
nwy

b respectively, according to different boundary

conditions as shown in Fig.1 - Fig.3. Levy’s
homogeneous solution as shown in Eq.(22) can be
applied to the bending of plate subjected to loads or
displacements along the edges y = 0 and v = b. It
can’t be applied to the bending of plate subjected to
arbitrary bending moment along edges x = O or x = a
or the bending of plate with support displacements
which are not linear along the edges x = O or x = a,
because we can’t get the homogeneous solution as
shown in Eq. (22) from the boundary conditions of the
edges x = 0and x = a.
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