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Abstract:

Let n be a positive integer satisfying n > 1; w(n) denotes the number of distinct prime factors of n; (n)

denotes the sum of the positive divisors of n. If 6(n) = 2n then n is said to be a perfect number and if 6(n) = kn(k

= 3) then n is said to be a multiply perfect number. In this paper according to Euler theorem and Fermat theorem, we
discuss the result of 6(n) = w(n)n and prove that only n = 2 .3.5 2 .3.7,2 3 .5.7gatisfies 6(n) =

w(n)n(w(n) = 3).
Key words:

Let n be a positive integer satisfying n > 1;
w(n) denotes the number of distinct prime factors of
n;o(n) denotes the sum of the positive divisors of n.
If 6(n) = kn (k = 3) then n is said to be a multiply
perfect number. In this paper we identify all multiply
perfect numbers, which are raised in the fashion o(n)
= w(n)  n(win) =3).

Theorem 1 n =2":3:5andn =237 are
the only solutions of 6(n) = w(n) * n with w(n) =
3.

Theorem2 n = 2’ -3 -5 -7 is the only
solution of 6(n) = w(n) » n with w(n) = 4.

Theorem 3 There is no positive integer n
satisfying 6(n) = w(n) + n with w(n) = 5.

1 Lemmas

To prove the results of this paper, we need the
following lemmas.

Lemma 1 Suppose that a,b,k are natural

a - 1,b

numbers with ¢ = 2,6 = 2,k = 1 and b

Td _1witho< <k Ifb a"’—l,thenk‘mm.

According to Auler theorem and lemma 1, we have

the following specific conclusions.

@ 1f7/3*" — 1, then 13‘3“*1 ~ 1

@ If13‘2‘”' -1, then7’2"+l -1;

Lemma 2

©) Ifll‘S‘”' -1, then71‘5a+l -1;
@ Ifll‘Z“*' -1, then 31‘2“*' -1;

® If7‘5"*‘ -1, then 31‘5‘“‘ -1
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© 12t 3"~ 1, then5‘3‘“l - 1.
Lemma 3 Suppose that p,,p,(p, % 2) are

prime numbers and @ + 1, T, h, k, m are natural

h+m

numberswithpg—l=p'f‘k,p1+k,l)| 51

P2

a+l

and with0 <t < T, plj[ptz—l, thenplz’lln —l‘p2 -
1.

From pi™" | p5*' = 1 we have p, ‘p‘é” -1, from
plps -1, le“)"2 - 1(t < T) and lemma 1, we have
Tla + 1.S0 we can assume « + 1 = T + pi « k; with

P1 *’kl(n may be 0), then
P?k' = (Plll'k+1)k‘ = 1+p’f‘k'k1+
P K= 1 ph A with p, £ A
P = (1 gt 20 =
L+pi™ A+ Cf,l pAY 4 =
L pi™ A+ pi"™ Ky = 1+ pi™ 4,
Since p, + A, then p, + A, hence we have

pg"fl""f =1+ p/™ - A, with p, +An , that is p3™' -1
— p/ll+n . A”.

h 1 I I .
From p;™™ | p5*" — 1 we have p{™™ | p;™" = A, with
1 2 1 1 n

a + 1. So

D J(A,L , so that m < n which implies pY

we have p’élm - l‘p“[l - 1.
The following is a specific form of lemma 3.

Lemma4 O If3*|2°" — 1, then7‘2a+l - 1;
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@ 132" — 1, then 73| 2°"" - 1;
@ If5°|2°*" — 1, then 31| 2" - 1;
@ 1t 7| 2" — 1, then 127[2°" - 1;
® If5* 3" — 1, then 11|3°"" - 1;
© If 117 |3 — 1, then 23[3“*" — 1;
@ 1f 132 [3°*' — 1, then 3° — 1]3**" - 1;
® If 13° | 5" — 1, then 5° - 1|5 — 1.

2 Proof of Theorem 1

Since w(n) = 3, we can assume that n = pil pP
p¥ and p,, p,, p; are prime numbers with p, < p, <

ps> a; = 1,1 = 1,2,3, from the definition of a(n),
[2]

we have
a(n) _ po[l” -1 . P;ﬁl -1 . P?” -1 _
pr -1 pr—1 ps -1
a polll _1)( a sz _1)( a P? - 1)
U+ 2+ S+ <
(P1 pi -1 P2 p -1 P ps — 1

Sl ) (e )
1 1
pr -1 +P2—1 +P3—1

(1

If 6(n) = w(n) + nthatis 6(n) = 3n, then p,

Pt pR Py (1 +

=2, p, = 3. If not so, from Eq.(1) we can have
o(n) < 3n which fails for 6(n) = 3n. So we just

discuss the solutions of the following equation:
zal . 3a2+1 . P3a3 — (2a1+1 _ 1) .
3a2+1 _ l p3a3+1 _ 1

(2)

2 ps -1
First we draw the conclusion: there is no solution
a, +1 ay+1
of Eq. (2) unless 2 +3272_1 or 2’ 3272_1 (p*lla

means p° ‘a but p**' + a).
-1

5 3a2+
We can assume 2" | ————

2 ’

it follows from

lemma 2 that 5| 3" — 1 which implies p; = 5.

Suppose 5 [2“*" — 1, from lemma 4 we have

31249 — 1, contradicting Eq.(2) and p; = 35;

> ‘ 32t 1
suppose 5 5

3a2+l _

, from lemma 4 then 11

1, contradicting Eq. (2) and p; = 5. The fact p, +

a, +1
33 —

» I and these contradictions show a; = 1 or 2.
S -

a, +1 3
If a5 = 2, then p; _‘11 !
contradicting Eq. (2) which implies a5 = 1.Hence we
have
24+ 3%« 5 = (297 1) (327~ 1) (3)

24" _ 1, from lemma 4 we

In Eq.(3), if 3

have 7|2%*" — 1, contradicting Eq. (3) which implies

a,+1 ~1

So that s

a, = 1. = 4, contradict to the

a2+1

assumption 2} ‘ 372_1 . Hence in Eq. (2), we have

2 J(Lﬂz‘ L
3a2+l _ 1

And ifZ‘ 3

, then 32" = 1(mod 4) , that

is (= 12" = 1(mod 4) , so we have 2

a, + 1 which

a, +1
implies 3~ 1]3%2*" _ 1, that is 2° : 2_ I
This gives the result of Eq.(2), that is 2 +
3a2+1 _ 1 ) 3a2+l _ ]
3 or 2 5 .

For Eq.(2) we assume 32 |29*" _ 1, that is we

2al+l _ 1

. 2
discuss the case 3

2%*" _ 1, from lemma 4 then 72" — 1 so

If 32

that p; = 7 in Eq.(2).

24*' _ 1, from lemma 4 then 127|24*'

a,+1
- 1, contradicting Eq.(2); suppose 7’ 3272—1

Suppose 7°

, from

lemma 2 then 13|3%*' - 1, contradicting Eq. (2).

n3+1 _ 1

These contradictions and the fact p; J[ ]);)71 imply a;
s —

= 1.So0 from (2), we have
297 3%t L7 - (20t 1) (3% 2 1) (4)

For Eq. (4) if 3°

24*" _ 1, from lemma 4 then

7312%*" 1, contradict Eq.(4), sothat a, +1 = 1 or

2. And from the fact @, = 1, we have @, = 1. So that
we have 29172 - 3%+ 7 = (29" — 1) + 8. This holds only
for a; = 5, which gives a solution of Eq.(2):n = 2.
3-7.

From above, there are four cases left to consider
for Eq. (2).
3o +1

—‘1, 329+ — 1.

Case 1 ZJ( 5
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From divisibility and Eq.(2), we have
a3+l _ l

20 .30 - P35 =2 (5)
py -1

and

3a2+1 _ 1

3pp = (29t 1) > (6)

For Eq.(6), from 3|2“*" — 1 we have a, + 1 = 2¢(t

= 1) sothat (2" + 1) (2" - 1) ‘3])23. And also from
the fact (2" + 1, 2" = 1) = 1 we have

20 -1 =1
2L+1=3p§} <7)
or
20 -1=3
{2'+1—p'9 B<as (8)
=Ps

Eq. (7) holds only for ¢ = 1, B = 0, so that a; =
1. Hence from Eqs.(5) and (6) we have

a3+1 _ 1

2.3% = 2 (9)
ps -1
and
2py = 3% —1 (10)
Since a3 + 1 = p% + p ™ + "+ py + 1 =
pptt -1
ﬁ = 0(mod 2) , then we have a; + 1 = 2¢,.
S -
Hence from Eq. (9) we have
a, t Pg' -1
2 32_(})3'+1)p3_1 (11)

It follows from (p3¥ + 1, py = 1) = 2 and Eq.

(11) that(pgl +1, pi = ]) = 1.

ps -1
T -1
For Eq.(ll) we have Z‘pg' + 1, soif I: 1
S -
t ptzl _1 a . . .
1, then p3 +1 = 2 and PR 32 which implies ¢,
S -
ll _1
= 0, fails for the fact ¢; > 0. So that l; [ = 1
5 -

which holds only for t; = 1, a3 = 1. So it follows from
Eqs.(9) and (10) that 2 - 32 = ps + 1 and 2p; =
3%*" _ 1, so that 4 + 3%, = 32" 4 1 which holds only
for a, = 0, fails for a, = 1.

From Eq.(8), wehave t =2, p; =5, 8 =1, so
that a;, = 3. So it follows from (6) that 5%

3a2+1 _ 1

3 .If a3 = 1 > 1, then 5°|3%"" — 1, from
lemma 4 we have 11|3%*" — 1 which fails for 537" =
3a2+1 _ l )

- So that a3 —1 = 0or 1, thatis a; = 1 or 2.
o 3a2+1 _
If ay =1, then 5% :T,sothata2+l

= 1, which fails for a, = 1.

a,+1
If @y = 2,then L 32T_ have no solution.
So there is no solution for Eq.(2) under case 1.
3a2+l _ 1 w
Case 2 2J( 5 ,3%21 - 1.
From divisibility and Eq. (2) we have
n3+] _ 1
2011 . 3a2+l — 1)37 (12)
ps — 1
and
a, +1
po = (2t op 2= (13)
From Eq. (13) and the fact a; = 1, a, = 1 we
have 2°*' = 1(mod p;) and 32*' = 1(mod p;) .
a, +1 a,+1 p§3+l - 1
It follows (12) that: 24" « 32* = 2.
ps — 1

= 2(p% + "+ ps + 1), looking at this equation
mod p;, we obtain 1 = 2(mod p;), a contradiction.

Hence there is no solution under case 2.

a, +1
Case3 22|31 320 _ 1.
5 3a2+l _ 1
It follows from (2) and 2 B — that a; = 2.
Also from divisibility and (2) we have
a, +1
PRI R R (14)
ps =1
and
3a2+1 _ 1

3pp = (297~ 1) (15)

23

For Eq. (15), from 3|24*" — 1, thatis (= 1) “*'
= 1(mod 3) we have a; + 1 = 2¢, so that (2" + 1) -
(2" -1 ‘ 3. p%, from the fact (2" +1, 2" — 1) =

1 and ¢t = 2 (since a, = 2) we have

{2” -1=3 (16)
2t + 1 = p,g 18 = Q3
Hence from (16) we have t = 2,8 = 1,p; = 5,
a,+1
so that a, = 3, which implies 557" = %

Suppose a5 — 1 > 1, then 5°|3“"" - 1, and from

3% _ 1, which fails for 557" =

lemma 4, we have 11

3n2+1 _ 1 )
T So that a3 —1 =0or 1, thatis a; = 1 or2.
a, +1
If a5 = 2, then 5% = % holds no
solution;
3a2+1 _ l

If ay =1, then from 5% we have «a,

23

=1, sothat n = 2° -3+ 5, which gives anther solution
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of Eq.(2).
a, +1
Case4 27 3272_1, 3J(2"l+1 - 1.
From divisibility and (2) we have
a, +1
2:11—2 . 3a2+1 — p33 - 1 (17)
p; -1
and
a, +1
pi = (20— 1)9415;:—1 (18)
3a2+1 _ 1 s
From (18) we have ——5— = p5(8 < a3), and

2
since 43" — 1 then @, + 1 = 2¢, so that (3" +1) +

(3" = 1) = 8 pj. Also from the fact (3" + 1, 3' = 1)
=2, wehave3' -1 =2,s0thatt = 1,2, = 1,8 =
0.

Hence from (18) we have p$ = 24+ _ 1, so that
24" = 1(mod ps).

Also from (17), we have: 29%'" « 3> = 8 -
pyt -1 ) . .
ﬁ =8(p2 + " +ps+ 1), looking at this
equation mod p,, we obtain 8 = 9(mod p;), a
contradiction.

Hence from above we obtain all the solutions of
Eq.(2), thatis n = 2«3 -5andn = 2’ -3 -7 are
the only solutions of 6(n) = w(n) + n with w(n) =

3.
3 Proof of Theorem 2 and Theorem 3

As above, we obtain all multiply perfect numbers,
which arise in the fashion ¢(n) = w(n) « n with
w(n) = 3. Similarly, we can obtain all multiply
perfect numbers in the same fashion with wln) = 4.

Since w(n) = 4, we can assume n = pj p? p?
Pi# s p1 < pa < p3 < pg4 are prime numbers and a; =
1,7 = 1,+,4, then
Ol B 2l S S MR
pr-1 p2 =1 ps -1

a, +1 a a

p¢ -1 ( « P —1)( o , P2 —1)
= + 2+ .

pa -1 et S\ P

a p§3—1)( ‘ pi?—l)
3 + 4 y <
(P3 p3_1 P4 P4—1

a

p?‘p“zzp‘?pi“(H 1 )(1+ : )
pi -1 p2 -1

“+M£J@+M{J (19)

For the least number of p,, p,,p;,psis 2,3,5,7,

soo(n) < 5n.
Since ¢(n) = 4n, from (19) we can easily have

pr =2,p, =3,p3 =5,p, = Torll or13.

Casel p, =2,p, =3,p; =5,p, =17.

From o(n) = 4n, we have

42 32 5% 7% = (297 1) -
39 _ 1 gmtl _ 1 gl _q

2 4 6 (20)
For Eq. (20), suppose 7|5%*" — 1, from lemma 2 we
have 31|5%*" — 1, a contradiction, so 7 + 59% _1;

similarly 7%3“2+1 - 1,7 J(Qa'” -1, sothat o, = 1.
It follows from (20) that:
2942 L 3% .55 L7 _
29+ — D32 1) (5% 1) (21)
For Eq.(21), from lemma 4 we have 5° + 3er

1,52J(2‘1l+1 -1, sothat a; = 1 or 2.
ael g o
If a5 = 2, then = 31, contradicting
(21), which implies a; = 1.
Hence from (21), we have
207t w32 e 5.7 = (29t Z ) (39 1)
(22)

From (22) and lemma 4 we also have 3° J[Zal o

1, which implies a, = 1,2 or 3.
If @, = 1, then Eq.(22) holds no solution. If a,
= 2, then 32" = 1 = 2 x 13, contradicting (22). If
a, =3, thena, =5, sothat n = 2° -3’ -5-7. This
gives a solution of Eq. (20).
case2 p, =2,p, =3, p; =5, p, =11.
From ¢(n) = 4n we have
429 +3%2 5% < 1% = (29 — 1) -
39+ _ . 5u+ _ . 119 _ 1
2 4 10

From lemma 2 and (23) we have 11J[2"1+l -1, 11

(23)

+5a3+1 — 1. From lemma 4 we have 11° +3a2+] -1. So

that o, = 1 or 2.
Also from (23) and the fact a, = 1, we have

=

11

32" _ 1, so that a, + 1 = 5t, which implies 3

1132 — 1, so that 117 [3%2*" — 1, that is a, = 2.

If @, =2, then 114" =1 = 11° =1 = 70 x 19,

contradicting (23). So Eq. (23) holds no solution.
Case3 D1 :2, p2:3, p3:5, p4=13.

From ¢(n) = 4n, we have
429 -3 5% - 13% = (29% — 1) -
3a2+l _ 1 . 5a3+1 _ 1 ) 13a4+1 _ 1
2 4 12

(24)
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From (24) and lemma 2, we have 13 *’ 24+t 1.,

32" _ 1, from lemma 4 we have

Suppose 13

38 1

3%2*" _ 1, so that 3 — 1 is a divisor of 32*' —

313 _ 1.
2 ’

1. But from 3” = — 1(mod 4) , we have ZJ(

13
from 3" = 3(mod 3) , we have SJ[S

—_ . 13 —
5 from 3° =

3% -1 3¢ -1
2 2

contradicting (24), so that 132 + 32 ., Similarly,

3(mod 13) ,we have 13 J( and 3 J(
we have 13’ *’5’13” — 1. Hence a, = 1 or2.
fa, =1, then7‘ 13%*" — 1, contradicting (24) .

If a = 2, then 61 |13%*" -1, contradicting (24), so

Eq. (24) holds no solution. This completes the proof of
theorem 2.

For the case w(n) = 5, we have the following
result.

If w(n) = 5, then we can assume n = pj -
P2 ps, so that

o(n) < pit = py-ps -

1 1 1
(1+P1—1).(1+P2—1).“(1+P5—1)

Since the least number of p,, p,,ps,ps,ps is 2,

3,5,7,11,thenwehave(1+ ! )(1+ 1 )
pl_l pz—l

(1+p I 1) < 5, so that 6(n) < 5n. Hence when
s —

w(n) = 5, for every natural number n we have o(n)
< cu(n) ‘n.

Suppose for w(n) = k(k = 5) the result is right,
that is for every natural number n we have oln) <
w(n) » n. We consider the case w(n) = k + 1.

Since w(n) = k + 1, we can assume n = pj' -

p‘éz...p‘;k . Pa;f‘:f - m - p‘;m , S0 that
a +1
o(n) =a(m)o(pt) < w(m) - mLf] _
k+1 —
R /%
Prs1 _1
Pr+1 E+1

From p,,, > k + 1, we have < ,
Pre Pk — 1 k

which implies o(n) < (k+1)- n. This completes
the proof of theorem 3.

According to theorems 1, 2, and 3, we have
obtained all the solutions of ¢(n) = w(n)

n(w(n) =3). Thatisonlyn =2°+3-5,2 -3-7,
2.3 5.7 satisfies 6(n) = w(n) + n(w(n) =3).
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