Journal of Southeast University (English Edition) Sept. 2002 Vol.18 No.3 ISSN 1003—7985

One Computational Method of the Eigenvalues
of the Horizontal Vibration Problem of Beam

Huang Bin"

(Depanment of Engineering, Jinling Institute of Technology, Nanjing 210038, China)

Abstract:  This paper considers one computational method of the eigenvalues’ approximate value of the horizontal
vibration problem of beam. The proof of our main result is based on the variational formula. First of all, Cauchy inequality
is used to obtain a basic inequality. Secondly, the functions of basis are made by Galerkin method, and the error estimates
of eignevalues are obtained by Cauchy inequality. At last, the computational method of the approximate value of the
eigenvalues turns out immediately, and accuracy of the (n — 1)-th approximate value is estimated by the n-th approximate
value. When n is increased, the accuracy of eigenvalue A, is increased. When n is appropriately selected, the accuracy
of A; we need is obtained. This computational method is significant both in applications and in theory.
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1 Main Result

Let (a,b) c R be a bounded interval. We consider the approximate value of the eigenvalues of the horizontal
vibration problem of beam
(p(x)y") = (q(x)y") + r(x)y = /\S(x)y}
y(a) = y(b) = y'(a) = y'(b) =0
where p(x) € C‘%[a,b]);q(x) € C(la,b);r(x),s(x) € C([a,b]),such that

(1)

FEATIIESS p(x) = MUn (2)
Mo < C]<x) = Un (3)
PEETIES r(x) = MU (4)
pa < s(x) < pp (5)

where 0 < y1y < s 0 < gy < s 0 < < (i = 2,3).

The estimates for the bound of the (n + 1)-th eigenvalue of problem (1) are well known"' ™ . There is the work
for the approximate value of the eigenvalue on problem (1)'®'. They discussed the approximate value of the first
eigenvalue of problem (1). We now consider many approximate values of eigenvalues of problem (1), and
computational method is simpler. This method is interesting and significant both in applications and in theory.

The proof of our main result is based on the variational formula. First of all, we use Cauchy inequality to
obtain a basic inequality. Secondly, we make the functions of basis by Galerkin method, and give the error estimate
of eignevalues by integral and Cauchy inequality. At last, the computational method of the approximate value of the
eigenvalues turns out immediately.

Let0 < A, <A, < < A, < - denote the successive eigenvalues for (1). Suppose that eigenfunctions y, ( k

= 1,2,+-+) of (1) corresponding to the eigenvalue A, is weighted normal to y, such that

jbs(mi de =1 ko= 1,2, (6)
By (6) and (1), we obtain
fo= [p G+ [ g+ [rCoptde k=12 ™
Using (2) to (4) and (7), we get
[Gorar<? h=ioe (8)
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Lemma leta < b, v/(x) € I’([a,b]), u(a) = u(b) =0, and v’ (a) = v’ (b) = 0. Then
@Jb(u’(x))zdx (b - G>J (u(x)) dx; @Jbuz(x)dx < (b - a>f (' (x))dx.

a

Proof At first we prove the inequality

[y <« Lo (o) as (9)
Using u(a) = 0, foreach x € [a,b], we have

u(x) = J[Xu/(t)dt
By the Cauchy inequality, we obtain

(%) = (qu'<z>dt>2 < (x - @j (w ())di < (x - @j (u (x))*dx
Therefore

[Fwrtoar < L (0 (o as (10)
Similarly, we have

’ 2 (b - a)z ’ ’ 2

jmuu)dngJ (w (x))?dx (11)

5] a

Combining (10) with (11), we obtain (9). Replacing u(x) in (9) by u’(x), we see that lemma (D follows.
Using (9) and lemma D, we see that lemma @ follows. By lemma and (8), we get
ye € L*([a,b]), y;, € L*([a,b]), y; € L’([a,b]) k=12,

Because L*([a,b]) is separable space, we choose that go,;(x)(i =1,2,

b1),

o(a) = ¢(b) =0, pi(a) = ¢i(b) =0 i=1,2,

and Y = ZCMSDL‘ k=1,2,-
o
where ¢, (k,i = 1,2,+-+) is the constant.

We consider the following eigenvalue problem

) is the functions of basis in L*([ a,

(p< )y” )”_(q(x)y;m), +r(x)ylm = Akns(x>ylm (12)
where y,, = Z}c,ﬂ-goi, E=1,2,n
=
yk = ylm + y/:n (13)
where yl:n =Yk T Vm = Z CLi®pi -
i=n+l
By (1) and (13), we have
(p()y %) + (p()yn ) = (¢()y 1) = (a2 ) + r(2) gy, + r(x)y, =
Aks<x)ylm + /‘t/fs(x)%m (14)
Combining (12) with (14) yields
(A = ) sy = (p()yn ) = Ca()yn ) + () yp = As(x)ys, (15)

Theorem Let A, and A,, be the k-th eigenvalue of (1) and (12), y, and y,, be the eigenfunction of (1) and

(12) correspond to the eigenvalue A, and 2,,, respectively. Then

A = A

Proof Using (15) and integrating by parts, we find

_ 1 [;1 M+(b—a)2(# ﬂ+ U
Sy 12 »
[aComat ™o T8 ot

[T

b
+M@)](L ¥ —y’;;,|2dx)

(16)

b b . b o b . b N
(Ak - Aku )J S(x)y%mdx = J )’kn(P(x)}’lez )”dx _J ylm( q(x)y/m )/dx +J yknr<x)ykndx - Akj ylms(x)ykndx =
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b b b b
Jp(ﬂyi;yki dx +J q(x)y 1y dx +J r(%) ypymdx - MJ $(2) Yy da

By lemma, the Cauchy inequality, (2) — (5), (8), (13), and (17), we obtain

b b 14 % b 14

JS(x)yi,,dx < #12(J |y % 2dx) (J yi= vyl dx)
T v TR e ST

#22([ ‘y/m 2dx) ([ ‘yk _ylm|2dx) +/132([in dx) (J ‘yl»_yku’ dx)

Ak(ﬁs(x)ﬁn dx) ([js(x) ’ Ye = Vin |2dx); <

D=

‘Ak - Akn

0[—

(1

(17)

|
[/112 ;“1+<b"4“)2( M+f% J_)](Jb yi= v 2dx)2
ie.
T A e [ ﬁ (b‘“)z( ﬁ e +A,M@)](Jbyz’—yz;,%lx)é
s( )y dx Hn “/“_4 “
Since y, € L*([a, b]) yir€ L*([a,b]), vy € L*([a,b])(k = 1,2,-++) and (6), we get
hgj s(x)yl, dv = J’S(x)yi de =1
and
im0 <y Py =0 k= 1,2,
Therefore, (,

)‘k = lim/\k,, k = ],2,"'

n—> o

Namely, A, is the approximate value of A, , the right-hand side of (16) is the error estimates of A,, and A, .

2 Computational Method
Let

n

Yo = Zci%

i=1
We consider the following eigenvalue problem

(p(x)y ) = (q()y ) + r(x)y, = As(a)y,

Since ¢, (a) = ¢,(b) =0, go;(a) =¢/(b) =0(i =1,2,*,n), we have
v.(a) = 5,(b) =0, y,(a) = y,(b) =0

Using (18), (19) and integrating by parts, we get

n

i=1 a i

Let
0 = [ per (gl (dr + [ (el (e (Ddx + [ Mg (g (x)dr,a; = o,
1,j = 1,2,
by = [ s >¢,< Jx, by = by 0= 12,0
Combining (20), (21), and (22) yields

Dila; —2Abj)e; =0 j=1,2,,n
i=1

b b b n b
Zci(J p(x)(p’i’gp;-’dx+Jq(x)go,’-gD;dx +Jr(x)g0,-gojdx): A cij s(x) g,dx jo=1,2,
a a =1 a

(18)

(19)

(20)

(21)
(22)

(23)

The system of linear equations of (23) have non-zero solutions if and only if determinant is equal to zero.
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a); — Abl] Ay — Ab]z te ay, — Abln
fn (A) _ Ay —. Abﬂ Ay —. Abzz e Ay, _. AbZn -0 (24)
a, — Abnl a,, — Abnz e a,, — Abnn

By (24), we find out the eigenvalues A, (k = 1,2, ,n). Replacing A in (23) by A, , we obtain the
eigenvector (¢, ,c¢p, ", c,) of (19) corresponding to the eigenvalue A, . Namely, we obtain that the
eigenfunction y,, of (19) corresponds to the eigenvalue A, (k=1,2,+,n), and the (n - 1)-th approximate value
is estimated by n-th approximate value.

Remark By taking n = 1 in (24), we obtain the first approximate value of the eigenvalue A,. By taking n
=2 in (24), we obtain the second approximate value of the eigenvalue A,, the first approximate value of the
eigenvalue A,. Similarly, by taking n = % in (24), we obtain the k-th approximate value of the eigenvalue A,, (k
— 1)-th approximate value of the eigenvalue A, ,-**, the first approximate value of the eigenvalue A, .

Example 1

{—((2x+1)y”)”:k(x+l)y x € (0,1)
y(0) = y(1) = ¥ (0) = ¥ (1) =0
Letp(x) =2x +1, q(x) =r(x) =0, s(x) =0 +1, 1 < p(x) <3, 1<s(x) <?2.
Choose gpl(x) = sin‘mx, gpz(x) = sin’2mx, gog(x) = sin’3mx, g04(x) = sin’4mx, such that satisfy

boundary condition, we obtain

1 1
a, = J p(x)(go”l(x)>2dx = J (2x + 1)4x* cos™2madx = 389.636
0 0

St St
ap = Gy = Jop(x)go’f(x)go”zl(x)dx = JO(Zx + 1167 cos2nxcosdradx = 0

Similarly, we have
ay = a3 =0, ay = ay =0, ap =6234.18, ay = ay, =0, ay = ap, =0, a3 = 31560.5
Ay = @y = 0, ay = 99746.9, by = by = by = by = 0.5625
by = by = bz = by = by = by = by = by = by = by = by = by = 0.375

Therefore,
389.636 — 0.562 51 - 0.375A - 0.375A - 0.3757
- 0.3751 6234.18 — 0.562 51 - 0.3752 - 0.3751
fad) = - 0.375 - 0.375 31560.5 — 0.562 5 ~0.3752 =0
- 0.375A - 0.375A -0.375A 99746.9 — 0.562 51
By (25), 389.636 — 0.562 5 = 0, we obtain the first approximate value of A, , i.e.
Ay = 692.686
Solving the equation
389.636 — 0.562 52 -0.3752
- 0.3752 6234.18 - 0.562 54|

we obtain the second approximate value of A, and the first approximate value of A,, respectively,i.e.
Ap = 673.328, A, = 20522.9

Solving the following equation

389.636 — 0.562 52 - 0.3752 - 0.3752
- 0.3752 6234.18 — 0.562 52 - 0.3752 =0
- 0.3752 - 0.3752 31560.5 - 0.5625A

we obtain the third approximate value of A, , the second approximate value of A,, and the first approximate value of
A3, respectively,i.e.

A = 609.637, A, = 19859.9, A5 = 124936
Solving Eq. (25), we get the 4th approximate value of A,, the third approximate value of A,, and the second

approximate value of A5, and the first approximate value of A,, respectively,i.e.

Ay = 668.476 (26)
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Ay = 19664.1 (27)
Ay = 121539 (28)
Ay = 430288

By (26), (27), and (28), A;, A, and A; have two effective digits, respectively.

Example 2

{((Zx + DY) = (&y) +xy = A(x+ 1)y x € (0,1)
y(0) = y(1) = »’(0) = y'(1) =0

Let p(x) = 2x + 1, g(x) = 2°, r(x) = u, s(x) = x+1, l < p(x) <3,0< g(x) <1,0< r(x)
<1, 1 < s(x) < 2.Choose gpl(x) = sin’mx, goz(x) = sin’2nx, gog(x) = sin’3mx, g04(x) = sin’4nx, such

that satisfy boundary condition, we obtain

an = [ Pt x4 [ g0 (g1 () + [ r(2) (g, () =

1

1 1
J (2x + 4" cos’2mxdx +J it sin’ 2 dx +J xsin*radx = 391.406
0

0 0

an = ax = [ Pt (g dr + [ gDt (ps (s + [ (X g () ga(x)dy =

1 1 1
J (2x + 1)167° cos2mxcosdmadx +J 27 &’ sin2masindma dx +J xsin*masin?2nxdx = 0.569 444
0 0 0

Similarly, we have
ai = ay = 0.265625, ay, = a4 = 0.196111, ay, = 6240.88, ay = ayp = 1.565
ay = ap = 0.569444, ay; = 31575.4, ay = ay = 3.06378, ay = 99773.3
bij(i,j = 1,2,3,4) is the same in example 1.
Therefore,
391.406 - 0.562 52 0.569444 — 0.3754  0.265625 - 0.3754  0.196 111 - 0.3752A
(3 = 0.569444 - 0.3751 6240.88 — 0.562 57 1.565 - 0.3752 0.569 444 - 0.3751 _ o
0.265 625 - 0.375A 1.565 — 0.375A 31575.4 - 0.562512 3.06378 - 0.3752
0.196 111 - 0.3754  0.569444 - 0.37514  3.06378 — 0.37524  99773.3 - 0.562 51
(29)
By (29), 391.406 — 0.562 51 = 0, we obtain the first approximate value of A, ,i.e.
Ay = 695.833
Solving the equation
391.406 — 0.562542 0.569 444 — 0.3752
0.569444 — 0.3750 6240.88 — 0.562 51 | _
we obtain the second approximate value of A, and the first approximate value of A,, respectively. i.e.
Ap = 676.403, 1, = 20544.5
Solving the following equation
391.406 - 0.56254 0.569444 — 0.3754  0.265625 - 0.3752
0.569444 - 0.3754 6240.88 — 0.562 57 1.565 - 0.3752 =0
0.265 625 - 0.3752 1.565 - 0.3752 31575.4 - 0.562 57
we obtain the third approximate value of A,, the second approximate value of A, , and first approximate value of A5,
respectively,i.e.
Az = 672.688, A, = 19880.2, A; = 124993
Solving Eq.(29), we obtain the 4th approximate value of A, the third approximate value of A,, and the

second approximate value of A5, and the first approximate value of A,, respectively,i.e.,

A = 671.519 (30)
Ay = 19685.2 (31)
Ay = 12159 (32)
Ay = 430398
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By (30) to (32), A,,A, and A5 have two effective digits, respectively. When n is increased, the accuracy of

A, is increased. We appropriately select n, using (24) we can get the accuracy of A, we need.
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