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Abstract:

The circular chromatic number and the fractional chromatic number are two generalizations of the ordinary

chromatic number of a graph. We say a graph G is star-extremal if its circular chromatic number is equal to its fractional

chromatic number. This paper gives an improvement of a theorem. And we show that several classes of circulant graphs are

star-extremal .
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Let £ and d be two natural numbers such that k
= 2d. A (k,d)-coloring of a graph G = (V,E) isa
mapping c: V — 10,1,2,-,k — 1}, such that, for
each edge ww € FE, |c(u) - c(v)‘k = d, where
Observe that a (k,
1)-coloring of a graph G is just an ordinary k-coloring
of G. We say G is (k,d)-colorable if there exists a

(k,d)-coloring of G. The circular chromatic number

(x|, = min{|x|, k- [x]].

(also known as the star chromatic number which was
first introduced by Vince') Xc< G) = minlk/d: G is
(k,d)-colorable! .

definition of the circular chromatic number, we refer

For a different but equivalent

the readers to Ref.[2]. The circular chromatic number
is a natural generalization of the ordinary chromatic
number and can be viewed as a refinement of the
ordinary chromatic number.

Another generalization of the ordinary chromatic
number is the fractional chromatic number of a graph
G . A mapping ¢ from the collection I" of independent
sets of a graph G to the interval [0,1] is a fractional

coloring if for every vertex x of G, we have

2 c¢(S) = 1. The value of a fractional coloring

Sel,s.t.x€S

¢ is ZC(S). The fractional chromatic number
Ser

Xl'( G) of G is the infimum of the values of fractional
colorings of G. For equivalent definitions of the
fractional chromatic number, see Ref.[3]. For any
graph G, it is well known that'

maxlw(6) L 6) < 40) <

(6, [ ()] = 4(6) (1)

where @(G) is the independence number of G. A
graph G is called star extremal if X(,( G) = Xf( G),
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which is the equality holds in the second inequality in
formula (1). Gao and Zhu first introduced this notion
of star extremality for graphs when they studied the
chromatic number and circular chromatic number of the
lexicographic product of graphs in Ref.[4]. Let p be a
positive integer and let S be a subset of {0,1,2,*+,p
— 1} such that i € S implies p — i € S. For brevity,
p — i is denoted by — i. The circulant graph G(p,S)
has vertices 0,1,2,***,p — 1 and i is adjacent to j if
and only if i — j € S, where subtraction is carried out

modulo p. It is easy to prove that if a graph G is vertex

V(6) | :
“(0) where «(G) is

its independence number. Since any circulant graph G

transitive, then y,(G) =

= G(p,S) is vertex transitive, we have Xf( G) =

C%G). Thus, to prove that XL-<G) = Xl'<G) for a
circulant graph G = G(p,S), it is sufficient to prove
that y.(G) = a(]';(;)

Given a circulant graph G = G(p,S) and an
integer ¢, let A,(G) = min/ | #i ,il € S} and
A(G) = max{A,(G),t = 1,2,--+}, where the multi-

plications ¢ are taken modulo p.
Lemma 1

then A(G) < a(G). Moreover, if A(G) =

then G is star-extremal .

Let G = G(p,S) be a circulant

graph. Suppose S = {+ k, + (k+1),-, £ k'{ and

Suppose G is a circulant graph,

a(G),
Lemma 2"

p=q(k+k)+r, whereO< r<k+k —1. Then
A(G) =

{/\q(G):qk O<sr<¥
Ai(G) =gk +r-FK K +l<r<k +k-1
Theorem 1 Suppose S = {+ k, + (k+1),-,
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£k} and G = G(p,S). Write p = q(k+ k') +r,
where O r< k+k -1. If k' = (5/4)k - 1/2, then
a(G) = A(G) = gk + max{0,r — k| and G is star-
extremal .

Proof By lemma 1, it is sufficient to show that
a(G) < A(G). lfg=0,thenp = r< k+k -1.
On the other hand, we always assume k < k' < p/2.
This is a contradiction. Thus we may assume ¢ = 1.
Suppose to the contrary that «(G) > A(G) = gk +
max{0, r — k| . Let I be an independent set of G. We
call {i,i+1,--,7'} an I-interval if {i,i+1,-,1}
c land i —1,i" + 1 & [. Clearly I is the disjoint
union of [-intervals. Choose [ among all maximum
independent sets such that the number of its /-intervals
is minimum. Let [a,b] and [ ¢, d ] be two consecutive
[-intervals, where “consecutive” means [ b + 1,¢ — 1]
(1 I is empty. From the proof of theorem 2.8 in Ref.
[5], we have

Db+k +1<
K - 1;

2) b+ 1,e-1]1<k-2;

3) Lett = [[b+1,c-1]], then2(k - k) +
<t<k-2.Andsince k' = (5/4)k -1/2, k2 <
< k-2;

4)If [[a,d]| < k,then d = a + k. Since ¢ =
b+k +1, wehave |[b +1,c-1]] = c-b-1=
F+1=(/4)k-(1/2) +1 > k - 2, a contra-
diction. Thus [a, dﬂ E oand |[a,b]] +
I[ec, d]‘ 2(k’—k)+1] k/2. This implies

that there are at least four /-intervals.

c+hk-landb-Fk+1<c-
1
I3

Now choose two I-intervals [a,b] and [c,d]

such that |[a,b]| +
Let [u,v] be the I-interval preceding [a,b] (i.e.

‘ [c,d] ‘ is as large as possible.

lu,v] and [ a,b] are consecutive I-intervals) and let
[x,y] be the I-interval following [c¢,d]. From the
proof of theorem 2.8 in Ref. [5], [«, y] is the unique
I-interval included in [b + k" +1,¢ + k-1] and [ u,
v ]is the unique /-interval included in [e—k -1,b-
k +1]. From the choice of [a, b ] and[ ¢, d], we have
[u,v]l < [le,d]| and [[x,y]] < |la,b]].
Hence | [u,v]| + [[x,y]l < [[a,b0]] + |[c,d]l <
k2. Letl” = (T UI[b+1,c-1])=([u,v]UIx
y]). Clearly I’ is independent and e > | I] . This
contradicts the assumption that / is a maximum
independent set with the number of its [-intervals
minimum. Thus a(G) = A(G) = gk + max{0,r - k" |
and G is star-extremal .

Theorem 2 Suppose G = G(p,S) is a circulant
tx b, 2 (k+1),, £ k,p/21,
where p is even. Write p = q(k + k') + r(0 < r <

graph with S =

E+k -1). ¥k = (5/4)k - 1/2, then
DIf gisodd and 0 < r < k', then a(G) =

=

A(G) = ¢k and G is star-extremal;
@ Ifgisevenand k' + 1 < r < k+ Kk -1, then
a(G) = A(G) = gk + r — k" and G is star-extremal..
Proof of ) We only need to show that a(G)
A(G). By theorem 1, sinceO < r < k', a(G) <
Since p — k'q = kq + r = kq and (p/Z)q(mod p) =
p/2 = kg, we have /\q(G) = min] | kql,,
‘(k+1)q‘p,"' |k’q‘p, ‘(p/Z)q‘ = kq. Thus
a(G) < A(G) and G is star-extremal .

The proof of @ is very similar to that of D, so we
omit it.
To prove the following theorem we first give a

simple observation.

Lemma 3  Suppose G = C(p, S) is a circulant
graph with S = {+ k, =+ (k + 1), = K ,p/2t,
where p is even. If a(G) = k, then p < 2k + 2k’ .

Proof Suppose p > 2k + 2k’ then it is easy to
check that {0,1,--,k — 1,k + kK + 1}
independent set of G. This is a contradiction since
a(G) =

Theorem 3  Suppose G = G(p, S) is a circulant
{2k, £ (k+1),, = k,p/2f,
where p isevenand k" > k= 1. If p = 2k" +2, 2k
+ 4,2k +2kor 2k’ +2k -2, then a(G) = k and
G is star-extremal .

Proof Clearly a(G) =
show that a (G)
1. Let A be a maximum independent set of G. Since
a(G) = k+1, | Al = k + 1. This implies that A has
at least two intervals. Consider one interval I, = {i,i
+1,,0t (i =i+ 7r)of A. Let M be the set of

vertices of G that are not in I, and also not adjacent to

1s an

graph with S =

k. Following we shall
< k. Otherwise suppose a(G) = k +

any vertex of [, . It is easy to see that M consists of the

following four intervals:

X=1{i-k+1,,i-1f

Y= {i' + 1, i+ k-1

Zyo= 1"+ K + 1,0+ p/2 -1}

Z, =i’ +p/2+ 1, i+p-k -1}
Obviously A\ I, ¢ M.

1) When p = 2k’ + 2, then ‘Z,‘ = ‘Z2’=0
and | X| = | Y| . Since for any 1 € X we have ¢ + k

Y, [Al< L+ 1x]=
2) When p = 2k +4, then | X| =

k. A contradiction.

Y| = k-1

—rand‘Zl‘:|Z2‘:p/2—k’—l—r=1—r.
Ifr =1, then|Z1‘= \Zz\zo. Thus‘A‘g
‘11‘+ | X| = k. A contradiction. If r = 0, then
Z | = Z =1,i=4,2Z =1{i+k +1} and Z,
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= {i—Fk —1{. Since i + k' + 1 is adjacent to i — 1,
i-3and i + 1, and i - £” - 1 is adjacent to i - 1,
i+landi+3,wehave|A|g‘11|+‘X‘=k.A
contradiction.

3) When p = 2k" + 2k — 2,then | X| = | V| =
k—l—rand‘Zl‘z ‘ZJ:k—l—r—l.Consider
the following four vertex sets.

Y=1{i +1,,i+k—1}

X="{i"—k+1,,i-1{

Dy =Z, Uli"+k =17 +F,,i+(p/2)
— 1}

D, =Z,Uli-kK1=1{i"+(p/2)+1,,i+
p— k'
ObViously‘X‘: ly| = ‘Dl‘: ‘Dz‘. It is not

difficult to check that for ¢t = 1,2, k—r—1, {i’ -
kE+t,i +t,i +k +t,i +(p/2) + t} induces a
clique of G. Thus ‘A‘g |11|+ ‘X| = k. This is a
contradiction.

4) When p = 2k’ + 2k, then lX| = Y| =
‘Zl‘ = ‘Z2| =k —1—r. Similar to 3), it is easy to
seethatfort = 1,2, k—r =1, 1 =k +¢,i +
t,i +k +1t,i + (p/2) + t} induces a clique of G.
‘11‘+ ‘X| = k. This is a

Hence ‘A‘ <

contradiction.

Therefore a(G) = k. Since A(G) = A,(G) =
k, we have Xc( G) = Xf( G) by lemma 1. This
completes the proof of theorem 3.

Theorem 4 Suppose G = G(p, S) is a circulant

graph with S = {+ k, £ (k+1),, £ k', =+ (p -
1)/2}, where pisoddand k" > k= 1. If p = 2k +
1,2 +3,2( + k) =1 or2(k" + k) + 1, then
a(G) = k and G is star-extremal .

The proof of theorem 4 is very similar to that of
theorem 3, so we omit it here.

Remark Suppose G = G(p,S) is a circulant
graph with S = {+ k, + (k+1),, £+ k',p/2} and
p is even. For 2k" < p < 2k + 2k", it is not always
the case that «(G) = k. For example, when k& = 7,
k" =8, and p = 2k" + 2k — 4 = 26 we have a(G) =
9 >7. Andwhen k =5, k" =6, andp = 2k" +6 =
18 it holds a(G) = 6 > 5. Tt seems very difficult to
determine the independence number of G = G(p,S)
for all values 2k" < p < 2k + 2K .
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