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Study on mutual impedance characteristics
between probes in a circular waveguide
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Abstract:  The expression of mutual impedance between two probes in a circular waveguide is derived by means of a
vector potential function, reaction concept and reciprocity theorem. The waveguide is semi-infinite, and one end of the
waveguide is terminated to a load with a reflection coefficient. The contribution to the mutual resistance is found to come
from the dominant mode, while the contribution to the mutual reactance comes from the dominant mode and the higher
order modes. The major contribution to the mutual reactance is from the dominant mode, since the higher modes decay
rapidly with the increasing the probes’ of separation distance. However, as the separation distance approaches zero, the
higher modes become dominant, which results in a large value of the mutual reactance. The mutual impedance is
dependent on the location and height of the probes, their separation distance and the location of the terminal plane.
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The problem of the single probe’s self-impedance in a waveguide has been studied by many investigators' ™ .
The mutual impedance between two probes in a rectangular waveguide was discussed by Ittipiboonm and Wang[6] .
The formulas of the mutual impedance between two probes in a circular waveguide were derived by Wang:ﬂ using the
dyadic Green’s function.
In this paper, we mainly study the single probe’s radiation field and mutual impedance between two probes in

a circular waveguide. In the derivation, the vector potential function and reaction concept are used.
1 Theoretical Analysis

The probes to be considered are shown in Fig.1. The two ! d

probes are radically located in the same cross section of a ;h h
1 2

circular waveguide which propagates only the dominant mode.

‘<—>

The waveguide is semi-infinite, and the reflection coefficient o
at the terminal plane (z == 1) is I". The first probe of
height h, is located at z = 0, and the second probe of height

. . Sy Fig.1 -hematic die f s in a circul
h, at z = d. The radius of the circular waveguide is a. '8 ‘SC ematic diagram of two probes in a circular
. . waveguide
The probe diameter is assumed to be very small,
compared to the waveguide’s dimensions, so that the surface current can be approximately represented by a
sinusoid'"?' . Assume that the current distributions of the first and second probe are given by
/ {—&,,]losinko(r—a+h1)8(90—goo) a-h <r<a 1)
=

— 1o r<a-h,

— a,lysinky(r — a + h,) (@ = @) a-h, <r<a
I, = (2)
0 r<a-h,
where 8(¢ — ¢,) is the Dirac-delta function representing the probe location at ¢, along the @-axis.
1.1 Radiation field of the first probe
Since the probe current is in the r-direction, mainly the transverse electric modes are excited" . So the vector

potential function A ( = &:B) is introduced, where B satisfies the scalar Helmholtz equation: V'B+ ki B =0,
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and the field components can be obtained from A . After applying the boundary condition which requires the
continuity of the tangential fields E, and E,, and
H,, - H,. = Iysink,(r - a + h)d(¢ - @) (3)

The radiation field distribution of the first probe, with the time variation € suppressed throughout, can be written

as
Er> == Jwﬂo Z 2 Cmn %Jm( é(’l’mr) COSmsoe_ymuz (4)
m=0 n=
E9°> = _](1)/10 Z Z Cmn d "l(%r) ] Sinmsoefymnz <5>
m=0 n=
H., =- L Z/ CoYom T d [ ,,,( S{;wr) ] Smmgpefy"mz (6)
m=0 n=
B == 33 o ) conmge g
m=0 n=
H, =) 2 Co (kg + 720 ( )smmgoe Tn (8)
m=0 n=
when z > 0, while when z <0,
E.. =-joyu, Z Z D,, %Jm( E('l”"r) cosmgpl e’m* 4 [e T 3+20] (9)
m=0n=1
E,. = jou Z Z D i[J ( E""'r) ] sinmgo[ey”wz + De 7m0 ] (10)
@< 0 — mn dr m a
Hr< = Z 2 Dmnynlll d Jm( g(’lml )]Sinmgo[eynmz - Fe_YYYI"(Z+2l)j| (11)
m=0 n=1
H‘P< = 2 Z Dmny/nn _J/n( S;" )COSmSO[e mn’ Fe_ymll(z+2l):| (12)
m=0 n=
Hz< = 2 Z Dnm(kz + ylnn)]n’( . )Slnmgp[e m’ + Fe ym"(prz”] (13>
m=0 n=
where
C. - IyN,, cosm(po[l + De™?m! ] (14)
2 myrmM mng Oom
Iy N,, cosmp,
D’ml T Zmy"lnMﬂlngU"[ (15)
27‘[ = 0
PO (16)
s m=1
a2 m2
wo= (1= E )R (17)
N,, = J sink,(r — a + h, )Jm( Eom )rzdr (18)
a—hl
Yon = B (19)

where €, is the n-th root of J/,(€) = 0.
1.2 Mutual impedance between two probes

Using the reaction conceptm , the mutual impedance between the two probes is given by

~1 a
<E1,12> = J E, - Ldr (20)
IlmIZm a- h

le - ]lm [2m

where [, and I, are the input currents at the first and second probes, respectively; E| is the radiation field of the
first probe at the location of the second probe in its absence; and I, is the current distribution on the second probe.

By the reciprocity theorem we have

<E1a12> = <E2111> (21)
Hence
Zy = Zy (22)

From (1) and (2), we have
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I, = ]l()Sink()hl (23>
L, = ILysinkyh, (24)
Substituting E, from (4) with z = d and ¢ = @, I, from (2), I, from (23), and I,;, from (24) into (20),

we have

-1 [ 1
Zi = ]lin]2inJa—h2 Ev- Ldr = sinkg hysink h, .
o N,, cos” mgye 'm?[1 + [e > 'm' ] )
J ’ prOZ Z g;(;y M, e J,,,( i""r) sink,(r — a + h,)dr (25)
a=h, m=0n=1 mn "t mn& Om
Let ¢y = Oand I' = — 1, (25) can be simplified as
. N =7l 1— =270
le - . Jw/lo anmne [ € J (26)
2sinkg hysinkg hy = < YoM &om
where
“ . 5""l 1
Qe = sink,(r — a + h,)J, r|—dr (27)
a—hz a r
It can be seen from (26) that the mutual resistance is mainly from the dominant mode and is given by
wpo Ny Q . .
R, = 28, M, gi:osinlllco hli sing (cosPy d + sinPy; dsin2f3;, | — cosfy, dcos2f3, 1) (28)

The mutual reactance, which consists of the dominant and the higher order modes, is given by

wpy N . . .
X, = 2,811MHglOIOSiHI]ICOQhIiSinkOhZ(Slnﬁn dcos2f,, I + cosfy, dsin2f,, [ — sinf,, d) +

N w1 Z el
: wp 0. Z mndmn € [ © J ( 29)
ZSHI]CO h‘l Slnko hz m=0 n=1 ymanngOm

mn 11

2 Numerical Results

It can be seen from (28) and (29) that the mutual impedance depends on the waveguide dimensions, operation
frequency, the reflection coefficient at the terminal plane, probe heights, the location of the terminal plane, and
the separation distance between the two probes as well.

When the waveguide radius is 48.935 mm and operation frequency is 2.45 GHz, only the dominant mode
propagates whose guide wavelength A, = 180.25 mm, and other higher order modes are the evanescent modes. Some
numerical results are given in Figs.2 —4.

In Fig.2 and Fig.3, the probe heights are used as a variable parameter, and we can find that the mutual
impedance increases with the probe heights. That is caused by the radiation field distribution of the dominant mode.
It can be seen from Fig.4 that when [ = A,/2, the mutual impedance caused by the dominant mode equals zero,
since the phase difference between the incident and reflection wave of the dominant mode is 7. So the mutual
reactance in Fig.4 comes from the higher order modes.

oo hi=hy=a

20 -*—*—h1=h2=0.94a

e hi=hy=a

a0+ hi=hy=0.9a

— h] = hz =0.49% e hl = h2 =0.49a
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Fig.2 The mutual impedance against probe separation distance for different probe heights with [ = —%
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Fig.3 The mutual impedance against probe separation distance for different probe heights of the second with h; = 0.94a and [ = 7{5
A
oo | =% oo [ = Ag
2 15 2
ke -8 Ag
ke —£
4 4
Ay 0 Ay
¢ 8 ¢ 8
8 g 5
: :
-1 Q
£ g 0
= =
g £°°
= =
-10
-15 1 1 1 I 1 ! ! 1
0 0.50 1.00 1.50 2.00 0 0.50 1.00 1.50 2.00
a/ A, d/ A,

(a) (b)

Fig.4 The mutual impedance against probe separation distance for different [ with Ay = h, = 0.94a

As seen from (29), the higher order modes decay exponentially with the increasing of the separation distance
between the two probes, so the contribution of the higher order modes to the mutual reactance is usually negligible
for large separation distances. However, as the separation distance approaches zero, the higher order modes become
dominant, which results in a large value of the mutual reactance. The cases whose curves have a violent variety at

the zero point are shown in Figs.2 — 4.
3 Conclusion

The mutual impedance characteristics between two probes in a circular waveguide are discussed in detail by
means of the reaction concept and reciprocity theorem. We find that the contribution to the mutual resistance comes
from the dominant mode, while the contribution to the mutual reactance comes from the dominant mode and the
higher order modes. The mutual impedance is dependent on the waveguide dimensions, operation frequency, the
reflection coefficient at the terminal plane, probe heights, the location of the terminal plane, and the separation
distance between the two probes as well.

The conclusions and numerical results we’ve got in this paper are very consistent with those of Refs.[5~7].
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