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Direct adaptive fuzzy control
based on integral-type Lyapunov function

Zhang Tianping  Zhu Qing  Zhang Huiyan ~ Gu Haijun
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Abstract: A new scheme of direct adaptive fuzzy controller for a class of nonlinear systems with unknown triangular
control gain structure is proposed. The design is based on the principle of sliding mode control and the approximation
capability of the first type fuzzy systems. By introducing integral-type Lyapunov function and adopting the adaptive
compensation term of optimal approximation error, the closed-loop control system is proved to be globally stable, with
tracking error converging to zero. Simulation results demonstrate the effectiveness of the approach.
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In recent years, the analytical study of nonlinear adaptive control systems using fuzzy universal function

approximation has received much attention ™ .

Utilizing the approximation capability of the fuzzy system, four
design schemes of stable adaptive fuzzy controllers were proposed > . But the tracking error convergence depended
upon the assumption that the approximation error should be square-integrable in Refs. [1,2]. The problem of
indirect adaptive fuzzy control for a class of nonlinear systems with similar structure between subsystems was
discussed in Ref.[3]. Based on a modified Lyapunov function method and multilayer neural networks, three design
schemes of adaptive neural network control were proposed in Refs.[5~7]. The drawback was that tracking error
converged to the residual set only. By introducing the compensation term of the optimal approximation error, an
improved direct adaptive fuzzy control scheme for a class of SISO nonlinear systems was proposed* .

In this paper, the problem of direct adaptive fuzzy control for a class of MIMO nonlinear systems with a
triangular control structure is discussed. Based on a modified Lyapunov function and using the approximation
capability of the first type fuzzy logic system, a novel scheme of adaptive fuzzy controller is presented. Adaptive law
for the peak values of the consequence fuzzy sets in the fuzzy systems and the error compensation term is determined
by using a Lyapunov function method. Two new features of the proposed scheme include that (D Tracking errors
converge to zero; @ Control structure is simple without calculating the integrals of Eqs.(22) and (23) in Ref. [6].
Simulation results demonstrate the effectiveness of the approach and good tracking performance.

The paper is organized as follows. In section 1, we give the model of the plant and the basic assumptions.
Novel update algorithms are given in section 2, and the robust properties of the adaptive fuzzy control algorithm with
respect to the modeled uncertainties are analyzed in sections 3. In section 4, simulation results are demonstrated to

show the effectiveness of the proposed method. The conclusion is included in section 5.
1 Problem Statement and Basic Assumptions

Consider the following nonlinear systems:

X1, = Xy ] = 1"",711 -1
xl,n] =f1(X)+b1,1(X1)ul(t)
xZ,j = x2,/’+l ] = 1,"’,n2 - l

952.;12 =f2(X>+bz,1(X)u1(t>+ bz.z(X;)uz(O (1)

X = X J=1n -1

xi,n,l. = ﬁ(X) + bi,](X)lh(t) + 0+ bi,i—](X>ui,—](t> + bi,,i(X:)ui(t> i
Yi = X105 " 5 Ym = Xy
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where X = {X|,X;, -, X} }"is the state vector; X! = {X|,X2,, X", X, = Loy X, | ai= 1,

L m; {u,(t),"',um(t)}T is the control input‘ f(X) i =1, ,m, are the unknown continuous functions;
bl,l(Xl>’b2,l(X)’b2,2(X2+)5“"bm,l<X)9“

system output.

b, .(X) are the unknown control gains; {y,,"*,y,| 1is the
& Y ¥

The control objective is to force the system output ¥; to follow the specified desired trajectory yy;,i = 1,

m. Define X,;, e; and s, as

. (n )T
X, = {J’de’dz" » Yadi! }

T
e = Xi - Xdi = {eil"”’ein }

- (2)
Si = (% ) Zc,}e + e,
where ¢; = C’,lll Al ](] =1, . —1; 1 = 1,+,m) is the combination coefficient; A; > 0 is the design
constant.
Lemma"” Let s, be defined by (2), then
1) If s, = 0, then tlirge“ = 0;
2) If | s, | <c,e(0)€ O, ,thene (1) € Q2,,¥Yt =0
3) If |81 | <c, e(0)€Q,,then 3T = (n, -1D)/A,,¥t =T, (1) € Q,.
where ¢ > 0,0,, = {el(t)\ ‘elj‘ < 2"71){]'{”10, Jj = 1,-,n,}.
From Egs. (1) and (2), we have
$; =ﬁ(X)+i?bi,j(X)uj(t)+bi'i(X?)ui(t)+7i (3)
=

nl

where 7, chj,m- Y= 1, m.
To de51gn stable adaptive fuzzy control, we make the following assumptions:
< F(X), VX ER";
2) [5,(X) | < B, (X) and 0 < by < b (X]), YXER, j = 1i= 1, i = 1, ms
3) {X;Jri’yf{?)} Q.lecR”” i=1,,m.

where F,(X) is a known positive continuous function; b; is a known positive constant; (2,; is a known bounded

compact set.

2 Adaptive Fuzzy Controller Design

Let
h(Z) = bu(r [f(X)+Lb”(X) ]+
SOy b (%o + B Lo (x,a+,8)
12 ) 13 d
J 0[11 pay 9%, Hebet ¥ i1 Ix; ikt | €0 F
T b o 4 B vdo (4)

T T T T o T ... T T .
where Z, = {X ’51’:81971} ,Z, = {X ’Si’ﬁi’yi’ul"“’ui—l} X = {Xl’ ’Xi"’xiv]’ ’xi‘"'i_l} s =2,

camL = ((17 - Ecy‘eyaazi = {Zi‘Xi € 'Q/‘i’(de’ydj )) € Qy,j =1, vi},i = 1,--,m. Let
u, (Z,,0,) be the approj(irlnation of first-type fuzzy logic system on the compact set ‘QZ,- toh,(Z,), i =1,"",m,
i.e.

w,(Z;,0,) = 0,"9,(Z,) i=1,,m (5)
where 0, = {6, ,"',@;,»4i}T is an adjustable parameter vector; @,(Z,) = {Pn(Zi) 2" P, (Z,-)}T is a fuzzy

basis vector; M; is the number of rules in the i-th fuzzy system; (2, is given by the later theorem.
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ni-i|+2 ( (zi,/‘ _ ai,j )2)
i (bi,)’
pa(Z;) = M i I 2 n = Zni (6)
S e - 20
=1 j=1 (bi.j)
M, |

0; = argotlrelifg;[z[seu}zjz. ‘ uhi(ziyoi) - hi(zi)‘] I = 1,-..’m

0y =
(7)
where My is a positive constant, specified by the designer. Let g = max ‘ u,(Z.,0,") - h.(Z;) ‘ ,i=1,--,

m, then g > 0 is the unknown bounded constant.

Adopt the following control law:

u,-(t) = - uhi(zi,éi> —éngH(Si) - ki(t)si i1=1,,m (®)
where
Fi (X)) ’ D).l
kl = 1\/1+( 1( )) +(L) + uil(zlyel> +€12
a b()l bOl
(9)

- _\/ Fb(OLX) (byo) ZBZ (X)) + ui(Z;,6,) + €

01 =

where 0, and Ei(L = 2,--,m) are the estimates of 0,- and g (i = 1,---,m) at time ¢, respectively.
Choose the adaptive law as

. [n,ls(t)¢L(Z),if

= M, and si(t)é'{([)xzi) <0

/\A

~ (10)
77:15(t>(Pz(Z> 77:15(t> H0||2(PL(Z> = M; and Si(t)azT(Pi(Zi) >0
éi = T Si(l)| i=1,,m (11)
where 7, , 7]i2(i = 1,-+,m) are strictly positive constants which determine the adaptation rate.
3 Stability Analysis
Define a smooth scalar function:
Si G
V:i([) _Jo bi‘i(fi’5+ﬁi)d0 (12)
where X, = {XlT""»XzT-l > X1 »""xi,ni-l}T, j = 1,--,m. By mean value theory, V,(t) can be rewritten as
2

S;

Vi(t) = 2b;,: (x5 2480 + )

with respect to s;. For the function V,;, its time derivative is

with A, € (0,1). Since b, ;(X;) > 0 and Y X, € R",

V, is positive definitive

nl

- s, (1) SOy b (%o 4 B) Ib;(x,,0 + B)
Ve = b, (X*)S(t)-l-J [}Z}Z I, , %jm+2 B mn]dg—

5: (1) s, (1) .
g bi.i&;) ANGEESVITE b, <;(+ [0+ Zblk<x>uk b (XD +
)’zj: byl (% ,0 + B)do +J [ L L wa i + Z{ Wx M] do

According to Eqs.(3) to (5), we obtaln
V, = s;[h(Z,) - u,”-(Zi,éi)—éisgn(si)—kis,»] i1 =1,"",m (13)

We propose the following stability theorem.

Theorem  Consider the nonlinear system (1) with control law defined by (2), (6), (8) and (9). Let the
parameter vector 0,,¢, be adjusted by the adaptation law determined by (10) and (11), and let the assumptions 1)
to 3) be true. Then

1) 1£8,(0) € Q4 . then |6,(1)| < M, .Y 1 =0
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2) The overall closed-loop fuzzy control system is globally stable in the sense that all of the closed-loop signals
are bounded, and the state vector X; € ‘Q/ﬂ- = {X, (1) \ el,(t) ‘ 2’/1] " mﬂ, s =1,,n,Xy € .Qid% 1
=1, ,m, ¥Vt =T

3) lims; = 0, i.e. hrn e; (t) = 0, where i 1s a positive constant, specified by the designer, “ é,- (0) H < M"i s

—>

T; is a positive constant.

Proof (D Let Vei(t) = é?é,-/Z. From Eq.(10), we have that if H él = Mﬂl_ and sié?q),;(Zi) < 0, then
Vo,.(t) < 0; if || é, = Mgi and siér:'(pi(l,-) > 0, then V"; (t) = 0, hence H é,- || < Mgi , Vit =0. From the above
analysis, we know that if éi (0) € Qgi , then éi (1) € ‘Q"i .

@ Let V, = s%/Z,i =1,,m,then

= s o[ S (G w]) L e

= Sibi,i(X;)[_ ki<t)8,; = Up X

b (X)) b (X7)
(Zi,é,;) - EA,;sgn(si)J + sibi,,;(X,f)[ 2(% ,( )) fb(X(>X-I; 7 ] <

+ 2 Si | _ba(X)
- b (XD k]t - 7] bi,-<x+ 2O
‘uhi(zi5éi)|+ éi ]} =- bi,i(X;)ki(t)[S% =Vl 3l s ] (14)

From2 v 1 + 3y, <
— b () k(0)[2V, = 4(i + 3)pt], hence 2V, — 4(i + 3)pt < [2V(0) - 4(i + 3)p5] x

s7/2 4+ 2(i + 3) 5,50 = 2V,, it follows that 2V, = d(2V, — 4(i + 3)p,°)/dt <

S; i

exp( —J bi,i(Xf)k,(f)dr) . Because b, ; (X7 )k;(t) = by;/p; > 0, we obtain
0

sT < s%(O)exp(— boit/p;) +4(i + 3);13 (15)
21 }
0, by, In 2,
have thatif t = T, = T,, + (n, = 1)/2,, then eij(t)‘ ng/l’l:"‘i«/i +4p,,j=1,,n;,i =1,, m. Therefore,
system state vector X; € Q, , ¥Vt = T,. Let T = max%T,,"',Tmﬁ,then X0, ,¥Yt=T,i=1,",m.

From (15), we have that V¢ = T, = max{ s; (1) | 2+ i + 4y, . Using lemma, we

@ Define the Lyapunov function candidate

A AT h PR I
V(1) _j CRTe R L1010./7, + (&~ &) /. (16)
where 8, = 0, - Bi. leferentlatlng V. (1) Wlth respect to time ¢, we have
T/,(t) = VM' - é,lél/"?ll + (él - SL) 25/77[2 (17)

Substituting (10),(11) and (13) into (17), we obtain
V(1) = s, = k(0)s, - 070(Z,) - ésgn(s) + h(Z)] - 010, /9, + (&, - &)e,/ 70 <
- ki(t>s% + Iisié?éié? Vt=T (18)
where I, = 0 (1), if the first (second) condition of (10) is true. If the second condition of (10)
and é:él = [”03 G- ||é - HO; 12 < 0. Therefore
f/i(t)g—k;(t)sig—si/mgo Vt=T (19)

Similar to the proof of theorem in Ref.[3], it is easy to show that the conclusion is true.

4 Simulation Results

Consider the following nonlinear system:
i1 = X
%15 = x5y — 0.3sin(x,,) + (2 = sin’(x,,)) uy (20)

Kol = Xap

0.2x2, + (1 +0.8[ %5 )uy + (1 +0.5sin(x,,)) u,

X2,
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Control objective is to force X, = {x,,,x,,!" to follow the desired trajectory X, ,i = 1,2. X, =
T T
4 . [4 . [4 [4
(cos%, —%sm%) y Xp = (smg—(),%cosg—o) A =8, =3, = = 1.5,y = g = 2,0y =1,

b = 1,B,,(X) = 1+ | x5,

,F1<X) = ‘xz,l ‘ +05,F2<X) = 0296%1 +0.1,M1 = M2 = S,MB] = M02 =
10, x,,(0) = 0.6,2,,(0) = 0.1,2,,(0) = 0.3,x,,(0) =-0.1,6,(0) = £(0) = 0.5, 8,(0), 6,(0) are

randomly taken in the interval [~ 1,1].The simulation results are shown in Fig.1.

2r 3r
ﬂl — €1
.'lI i v} 5o en
. J—
=] 1p I| :II """ €n
£t
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LY 0 'l'. A0 = ‘_‘
L P () L
II.: N 0 | 1] I.‘-_’-_ —
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-1 1 1 1 | -1 1 1 1 1
0 2 4 6 8 0 2 4 6 8
t/s t/s
(a) (b)
10 — 10
5 Stk
s 0 | g0
-5 -5
_10 1 1 1 1 -10 1 1 1 |
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t/s t/s
(e) (d)

Fig.1 Tracking errors and control signals. (a) Tracking errors e, , ey, ; (b) Tracking errors e, , ey ; (c)Control signal u, ;

(d) Control signal u,

5 Conclusion

A direct recursive adaptive fuzzy control scheme has been presented for a class of MIMO nonlinear systems.
The design is based on an integral-type Lyapunov function, utilizing the system triangular property. The adaptive
law of the adjustable parameter vector in the fuzzy system and the optimal approximation error are determined by
using a Lyapunov method. The developed controller can guarantee the global stability of the resulting closed-loop

fuzzy system in the sense that all signals involved are uniformly bounded and the asymptotic convergence of the
tracking error approaches zero.
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