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Effect of phase noise in an OFDM/OQAM system

Chen Qifan ~ Wu Bingyang  Cheng Shixin

(National Mobile Communications Research Laboratory, Southeast University, Nanjing 210096, China)

Abstract:  The performance of an OFDM/OQAM system under phase noise is analyzed. The analysis helps to direct the
design of low cost tuners through specifying the required phase noise characteristics. Discrete time formulation of
OFDM/OQAM is first derived with the square root raised cosine (SRRC) filter as the pulse-shaping filter. Then the effect of
multiplicative phase noise is equivalently represented as additive white Gaussian noise (AWGN), the variance of which is
given analytically. We can observe that the same result as OFDM/QAM system is derived. Lastly, all the analytical results
are verified by the bit error rate (BER) degradation through Monte Carlo simulation.
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Orthogonal frequency division multiplexing (OFDM) is certainly, until now, the most important class of
multicarrier modulation (MCM) . The OFDM acronym often recovers two different types of modulation. In the first
one, as proposed, for instance, in Ref. [1], each carrier is modulated using quadrature amplitude modulation
(QAM) . In this scheme, which is also called OFDM/QAM, QAM symbols are shaped with a rectangular window.
In the second category of OFDM systems, which is also called orthogonally multiplexed QAM or OFDM with offset
QAM (OFDM/OQAM), the modulation used for each subcarrier is a staggered offset QAM (OQAM). Both the
OFDM/QAM and OFDM/OQAM modulation schemes theoretically guarantee orthogonality and a maximum and
identical spectral efficiency. Furthermore, in practice, they can be implemented thanks to the DFT. An important
difference comes from the fact that OFDM/OQAM allows the introduction of an efficient pulse shaping, which makes
it less sensitive to frequency offset due to the transmission channel and to the receiver. Therefore, if OFDM/QAM
constitutes the modulation kernel of the famous so-called coded OFDM (COFDM) system, OFDM/OQAM is now
presented as a good candidate to get still higher bit rates over wireless channels'" .

Time-offset, frequency-offset, phase noise and PAPR are the open problems of OFDM systems. In Refs.[2,3],
the effects of phase noise on the OFDM/QAM system are investigated. However, up to now, to our knowledge. No
paper has been contributed to assess the impact of phase noise on the performance of OFDM/OQAM receiver. This
paper presents our assessment and some conclusions.

This paper is organized as follows. In section 1, continuous-time formulation of OFDM/OQAM is reviewed and
the discrete-time formulation is then derived. In section 2, a phase noise analysis in an OFDM/OQAM system 1is
made. In section 3, the performance is evaluated. Simulation results are shown in section 4. The Conclusion is
given in section 5.

Notations: Refc| and Imf{c| denote the real part and imaginary part of the complex-valued number ¢
respectively. L,(R) and [,(Z) correspond to the space of squarable-summable continuous and discrete-time

functions, respectively. | gl is the L, norm of h. Superscript * denotes complex conjugation.

1 Discrete-Time Formulation of OFDM/OQAM

In this section our goal is to obtain a discrete-time signal in [,(Z) with its classical real-valued product
(e, - >12(Z),R’ which is defined by

+

V(.)€ L(Z) x L(Z),{v.udy i = Re| D) u” (k)o(k)] (1)

[—

Firstly, the continuous-time baseband transmitted signal can be written as'*’
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+o  M-1
s(1) = 2 Z [Re( ey ) g(t = nTy) + jim(ey, ) g(t = nTy = Ty/2) ™50 4
n=-om=0
UIm(chH.n)g(t - nTy) + Re( ez, ) g(t = 0Ty - TO/Z)]CJZW(Z""W()" (2)

where T, is the OFDM/OQAM symbol interval; Fy = 1/T is the spacing between two successive carriers; ¢

m,n

(zero mean and variance E,) are the transmitted QAM symbols; g(¢) is the well known square root raised cosine
(SRRC) pulse shaping filter with the rolloff factor equalling 0.22. The number of carriers, which is denoted by Q,
is also assumed to be even ) = 2M . In order to get simplified and easier-to-manipulate expressions, the following

notations can be introduced:

Aomon = Re( CZm,n,>’ Ao+l = Im(czm,n)» Qomsl,2n = Im(CZm,n)’ Qomil,2nel = Re(czm,n)

Domon = 05 Dot = W20 opiinn = W2 doniinnn = 0 (3)

7o = Ty/2

E,.(t) = g(t = nry)eP™ o' nn

Then (1) is rewritten as

+o 2M-1

s(1) = >, Z)%.rfm“) (4)
n=—w m=

Thus the transmitted signal is like an expansion over some basis functions &, , (¢) with coefficients a

m,n m,n *

Since the duration T, corresponds to the transmission of 2M complex-valued symbols, the critical sampling
period is defined by

T. = T,/0Q (5)

This means that s( ¢) is critically sampled and the spectral efficiency is still maximum. In order to get a causal

discrete-time pulse shaping filter g( %) with length equalling L, g(t) is truncated to the interval [- (L2)T,,

(L/2)T.] and is delayed by [ (L = 1)/2] T, time units. Moreover, in order to get a pulse shaping filter with a norm

still approximately equalling 1, g(%) has to be normalized with a multiplicative factor +/ T\ :
L-1
e(k) = /T (k=151 7] (6)

Based on (3),(4) and the fact that ¢, = MT, and that F,z, = 1/2, the baseband transmitted discrete-time
OFDM/OQAM signal is such that

+0o 2M-1

s(h) = D) Dl a, &, (k) 7
n=-om=0
with
r’cm,n(k> = g(k - nM)ejzz_“Em( k_%) eMWMI (8>

At the demodulation stage, we get an estimate of the transmitted real-valued symbols using the real-valued

inner product of s(k) and &, ,(k):

duw = (53600 mr = Rel X7 &, (k)s(k) (9)

Ko

Till now, functional block diagrams of a simplified OFDM/OQAM transmitter and receiver are shown in Fig.1,
where the local oscillator (LO) is not perfect. Its output is usually degraded due to many factors, including
short-term frequency drift that may in part be caused by temperature variations. The short-term frequency drift
manifests itself as phase noise. It should be mentioned that the phase noise could be introduced by a combination of

both Tx LO and Rx LO.
2 Phase Noise Analysis

Let p(t) represent the continuous time phase process (real random process) of the local oscillator which will
be assumed Gaussian with zero mean and power spectral density specified by some phase noise mask. As such,

p(t) can be written as

p(t) = h(t) @ n(t) (10)
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Fig.1 Block diagrams of an OFDM/OQAM transmitter and receiver. (a) OFDM/OQAM transmitter; (b) OFDM/OQAM receiver

where h(t) is the impulse response of a low-pass linear filter whose frequency response is given by
Nol H(N) I = P(f) (11)
where P(f) is the phase noise mask of the local oscillator; n(t) is a white Gaussian noise process with power

spectral density N,. By definition, the autocorrelation function of the phase noise process is given by

©

R (7) =j P(f)ePF df (12)

We are interested in the autocorrelation function of the sampled phase noise process. This is defined by
R,(k,k) = E[p(kT,)p" (K'T,)] (13)

where
p(kT)) = J:h(f)n(/-sz _ )de (14)

and therefore

®©

RGek) = [ [ h(OR) BT, = )n(KT. - o) Jdede’ =
M| [ ORI, T 1 7 - e -

No| [ hle = (K = DT IR(o)de (15)

From (17) and (14) the discrete autocorrelation function can be written in terms of the continuous phase noise

power spectral density as

R,k H) = |

o

TP j P()e 7 gf = 2]0 P(f)co2n(k — k') %df (16)

In order to simplify the analysis that follows, we make the assumptions: (D The communication channel is

additive white Gaussian;(@ The channel frequency response is flat;(® The phase noise variance is very small

ip(1)

compared to unity so that e ~ 1 + jp(t) can be invoked.

Subject to the above, in the receiving unit, the passband signal can be represented as Re{ s(t)ej'"””<'> b,
where w is the carrier frequency. After the In Phase and Quadrature Phase demodulation block, the received
sampled baseband signal can be represented as

r(k) = s(k)+js(k)p(k)+n(k) (17)
where n(k) is complex additive white Gaussian noise with zero mean and variance N,. Then using real inner

product, we get an estimate of the transmitted real-symbol as

A

Qpn = <r’ ym,n>12(z).R = <S’ym,n>[2(z),R + <jsp’ym,n>lz(z),R + <n’7m,n>lz(z).R =
[ <jsp’ym,u>/2(l),R t yn = Ay + €y + Ny, (18)

where a,,_, is the desired signal, which is contaminated by real additive white Gaussian noise n,, , (with zero mean

and power spectral density N,) and error term e,, , induced by phase noise. In the following we will analyze more

m,n

deeply the contribution of e,, ,. e, , can be expanded as
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L-1
omM-1 "M

=20 2 Sawap ()& (k) 6, (B) (19)
n =n-—3r M
Assuming that the 2M is relatively large and that a,, , are statistically independent (zero mean and variance

0.5E,, i.e. E(a

Gaussian process which is likely to affect the desired decision variables in the same way additive Gaussian does.

) =0, and E(a,_ ,a,,.) = 0.5E.5, .5, .), it can be argued that the error term is a

m,n m,m

The mean of a is obviously zero and the variance may be evaluated as

-
m,n

L-1
oM-1 "t

= E( ) L > E(amn E[(p(k)E, (k) &, (k)] =

n' =n-=3r
1

L-1 L-1
oM-1 "M oM-1 "tTm

B 25 ELGp() & ()&, (k)] = JE. > 2 @ (20)

m =0
n' =n-=7- M - 7M

where

Do 2 EE[p(k)p(k/)]g(k - nM)g(k" — nM)g(k — n'M)g(k' = n'M) -

sin[ (m - m)( k- )+ Do Sbm,n] .

s1n[ (m - m)( kK - L2— 1) + Dow — gl},,,,,,] (21)

and from (16) which can be rewritten as
P = J P(f>{2 2005[2““9 - k')%] - gk = nd)g(K — nM)g(k - n'M) g(K - a'M) -
I —

sm[ZM(m - m)( 1) + D — s/)m,n] .

m'—m)(k'—L_

sin[ 2% Do vew - odlar=2f " P@u (Dl (22)

Therefore, we get

2M-1 ne ! w

Ge = %E 2 2 q’m v EJ:C P(f) 20 2@t (NS (23)

m' =0

where P(f) is in reality a band-hmlted process with a bandwidth of less than half of the sampling rate. Therefore,
the integration limits in (23) can be changed to the range 0---f./2. With f, = f/f., we rewrite (22) as

172
Gi = ESJO P<ﬁl)2 2®m',m,n/,n<fd)dfd (24)
About (24) we have an assumption, which can be described as follows:

SUM@(/ o) = 2 Z@m mot o (f)dfy is constant during the range 0-+-f./2 despite m and n.

m n

It can be observed that if this assumption is true, the derivation of o.” will be greatly simplified. To prove this
theoretically is very complex, however; fortunately, we can turn to the help of computer numerical computation to
confirm this assumption. Without the loss of generality, only n = 0 or 1 is considered to verify the assumption.

Tab.1 shows the maximum and minimum values of SUMg; .. with respect to different m 0 m<?2M -
1), n (n = 0orl), and different frequency points f; = {1/(2M),I = 0,1-=-,M}. From Tab.1 we find the
assumption is only closely related to the length of the pulse shaping filter. When L is sufficiently large, we can
boldly assume the assumption is true. So, we can now summarize the important point in this section. The variance

of the error term is

Ui = SJ P(fd>dfd = *E 0 (25)

2 - .
where o,” is the variance of the phase noise.
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Tab.1 The maximum and minimum value of SUMQ)(_,I.,,,,,,)

L=2Q L =4Q L =28Q L =16Q
max min max min max min max min
Q =32 1.098 6 0.903 1 1.0242 0.9791 1.0025 0.999 4 1.0020 0.9999
Q =128 1.098 2 0.902 6 1.0231 0.9790 1.0011 0.999 4 1.0005 0.9999
Q =512 1.097 8 0.902 4 1.0229 0.9789 1.000 8 0.999 8 1.0002 0.9999
Q=1024 1.097 8 0.902 2 1.0229 0.978 8 1.000 4 0.999 8 1.000 1 0.999 9

Q value

3 Bit Error Rate (BER) Degradation

After recombination of @, , into QAM symbol é, ,, we get the estimated QAM symbol

é = CYTI,IL + ém,n + fl‘m,n (26)

m,n

From (3) and (18), T n (zero mean and variance N,) is a complex additive white Gaussian noise induced

. 2
(zero mean and variance E o

m,n sYp

from the channel; e ) is induced from phase noise and is to affect c,, , the same
way as n,, , does.

The signal-to-noise-ratio (SNR) at the input of the decision device without phase noise is E./N,. The SNR at
the input device with phase noise is E./( N, + Esdpz) . The SNR loss in dB can be represented as

)l ) - el 5
N = IOIg( N, = O\ N g 2] = 10l T+ Ty (27)

0
which is the same as OFDM/QAM system> . In fact, the BER performance under the Gaussian channel with
different kinds of QAM modulations (such as QPSK, 16QAM, 64QAM) can be found in any digital communication
textbook. Correspondingly, the theoretical BER degradation can be got easily by (27).

4 Simulation

The most common way of characterizing an oscillator’s phase noise is with the single side band phase noise
power density function, which represents the ratio (in dbc; “c” stands for carrier) between the single side band
noise power in a 1 Hz bandwidth at a distance f from the carrier and the carrier powerb‘ .

This characterization is normally performed by using a spectrum analyzer which provides the power spectral

density of the equipment’s phase noise N,, in relation to the carrier =501
power C. From these measurements, given that the phase noise has a - 60
zero mean as we have assumed and it extends up to a frequency b 7or
(either because phase noise is band-limited or due to the presence of ;5“ :22:
filtering in the receiver), its variance can be found as® 100k
b
o, = JO zlcnpdf (28) " 1(|)1 1(|)2 010 1(1)5 10°

. : . . : /M
Once its variance is found, (27) provides the SNR degradation Fig.2 Phase noise spectrum mask (52 = 0.015 ra®)

introduced by phase noise.

Fig.2 shows an example of a typical phase noise spectrum mask 10°r
used in our simulation. The phase noise variance is 0‘1,2 = 0.015 rad’. 10-!

The sampling frequency defined in the simulation is f, = 3 MHz, 10-2
which means the subcarrier spacing Af = f./(Q and the OFDM/OQAM 10-3
symbol interval T are é 10-4

Q =128, F, = 23.437kHz, T, = 42.67 ps L
10 -e-Gaussian channel

Modulated in QPSK, Fig.3 shows the result of BER performance 106 |-~ Theoretical result with phase noise

under different situations. Being the truncation-induced nonorthogonal . -E-Slnimulaltion rclesult vlrith plllase ml)ise
10~

1 1

characteristic between &, . (k), the BER performance under Gaussian 0 2 4 6 E§N 10 12 14 16
s 0

noise is obtained through simulation. Then with (27) the theoretical Fig.3 BER performance under different si-

BER with phase noise can be plotted. From Fig.3, we can observe the  tuations with Q = 128, /. = 3 MHz
theoretical predicted result is very close to the simulated result,

especially in the low SNR.
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5 Conclusion

This paper presents an analytical procedure to quantify the impact of local oscillator phase noise on the
performance of OFDM/OQAM systems over additive white Gaussian noise channels. With the SRRC filter as the
pulse shaping filter, we can find that OFDM/OQAM and OFDM/QAM experienced the same performance loss

induced from phase noise. It has been shown the simulation result is very consistent with the theoretical analysis.
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