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Paired bialgebras and braided bialgebras
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Abstract:  First, we present semisimple properties of twisted products by means of constructing an algebra isomorphism
between twisted products and crossed products, and point out that there exist some relations among braided bialgebras, paired
bialgebras and Yang-Baxter coalgebras. Furthermore, we give an example to illustrate these relations by using Sweedler’s
4-dimensional Hopf algebra. Finally, from starting off with Yang-Baxter coalgebras, we can construct some quadratic
bialgebras such that they are braided bialgebras.
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Twisted products and braided bialgebras have close connections with solutions of quantum-Yang-Baxter
equations and this problem has been of concern to many mathematicians and physicists, thus it is of vital
significance to study them.

This paper has two sections. In the first section, we present the semisimplicity and the semiprimality of twisted
products by means of constructing an algebra isomorphism between twisted products and crossed products. In the
second section, we show that braided bialgebras are closely related to paired bialgebras and discuss relations
between paired bialgebras and braided bialgebras by using Sweedler’s 4-dimensional Hopf algebra. Finally, we

construct some quadratic bialgebras using Yang-Baxter coalgebras.
1 Twisted Products and Crossed Products

We always work over a fixed field & and follow Montgomery’s book for terminology on coalgebras, bialgebras
and Hopf algebras.
Suppose that H and K are two bialgebras and o:H x K — k is a bilinear map such that the following

conditions hold:

D o(h, 1) = eg(h);

@ a1, g) = ex(g);

® o(hg, x) = Dlolh, x,) o (g, x,);

@ o(x, hg) = Za (2,5, h) o(x,, g).
Then we call [ H, K, o] paired bialgebras, see Refs. [1,2].

If H is a Hopf algebra with an antipode S;, then ¢ is convolution invertible, the inverse of which is given by
o '(h,k) = a(S;(h), k).

Let [H,K,s] be paired bialgebras, A be an (H, K)-bicomodule algebra. Define a * ,b = Za(a_l s

b,)agb,, then (A, * ) is an associative algebra and is denoted by A°, which is called the twisted product. Here

the left H-comodule structure map and right K-comodule structure map of A are denoted by p,- (a) = 2 a, ®

ay € HR A, pyr(a) = 2 a, ® a € A ® K, respectively.
Let H be a Hopf algebra and A be an algebra. Assuming that H weakly acts on A and 6: H x H—> A is a
k-linear map. The crossed product in Ref. [3] A # H is the tensor product A ® H as a vector space, the

multiplication of which is given by

(a#,h)(b#,g) = Z}a(h1 cb)o(hy, g ) # hsg, forall h,g € H; a,b & A
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If A# ,H is an associative algebra with an identity element 1 # 1, then it is called a crossed product algebra.
Lemma 1* A # H is a crossed product algebra if and only if the following conditions hold:
@ A is a twisted H-module, thatis, forall h, t € H, a € A, 1+ a = a, and

hoe(kea)= > 0(h ,k)(hyky+ a)o™ (hy,ky) (1)
@ o is a cocycle. That is, forall g, h, k € H, 6(h,1) = ¢;(h)1, = ¢(1,h), and
Silhy - o(ki g)]o(hy kygy) = D o(hy k)o(hyky,g) (2)

Let [ H, H, o] be paired bialgebras. Then H is an ( H, H )-bicomodule algebra via the comultiplication A, : H
— H® H and (H’, % ) is a twisted product, the multiplication of which is given by g * h = 2 o(gi,h)gh,.

Proposition 1 Let H be a Hopf algebra, [ H,H,c] be paired bialgebras. Then we can conclude the
following:

@D If k# ,H is a crossed product algebra, then there exists an algebra isomorphism: H° = k# H. In
particular, when H is cocommutative, k # _H is a crossed product algebra.

@ If H is cocommutative, then ¢° = o if and only if Ay is a multiplication map in H° . Here ¢° = ¢ * o,
“ % "denotes the convolution product multiplication and the comultiplication in H’ is exactly A .

@ o is trivial, that is, ¢ = €, ® €y, if and only if e, is a multiplicative map in H" .

@ If H° is commutative, then ¢ is commutative, that is, for all g, h € H,o(g,h) = o(h,g).

Proof (D Let F: H® — k# _H, h >1# . Then it is easy to prove that F is an algebra isomorphism.

@ If H is cocommutative, then for all g, h € H, we have

AH(g*h) = EAH<U<g1,h1>g2h2) = Zg(gl,hl)gzhz ® &3 hs
AH(é’) * AH<h) = 2g1 % h ®g2*h2 = Ed(glalh)gzhz ®6(g3,h3)g4h4 =

Eg(gl ’h1>0'<g2’h2)g3h3 ® g4hy

so 6> = o if and only if Ay(g*h) = Ay(g)* Ay(h).

@ and @ can be proved straightforwardly.

By proposition 1, if ¢ is not trivial, then H’ is not a bialgebra.

Lemma 2°' Let H be a finite-dimensional semisimple Hopf algebra and A # H be a crossed product
algebra. If o is invertible, then we conclude the following:

@ (Maschke Theorem)If A is semisimple, then A # _H is also semisimple;

@ Assume the action of H on A is inner, then when A is semiprime A # _H is semiprime too.

It is obvious that the field £ is both semisimple and semiprime and the action of H on k is inner. Since H is
a Hopf algebra, ¢ is convolution invertible. Thus by proposition 1 and lemma 2, we have:

Corollary Let k# _H be a crossed product algebra and [ H,H,s] be paired bialgebras. If H be a
finite-dimensional semisimple Hopf algebra, then the twisted product H’ is both semisimple and semiprime.

Example 1 Let G = {1,e| be a binary cyclic group and H = kG is a group algebra. Then H is a
cocommutative Hopf algebra. It is easy to check that the antipode S, = I.

Leto(l,e) = 6(e,1) = 1,6(1,1) = 1,6(e,e) == 1. Then [H,H,s] are paired bialgebras and o is
convolution invertible with the inverse 6™' = ¢. Thus by proposition 1 we know that k # ,H is a crossed product
algebra.

Let Ay: H—> H ® H be the comultiplication of H. Then H is an ( H, H)-bicomodule algebra via A, so

(H°, %) is a twisted product, of which comultiplication is given by e ¥ 1 = 1% e = e, 1 %1 =1, exe =-1.
Suppose ¢ = e + 1, thent & J (the set of left integrals of H) because forall h € H, ht = e,;(h)t. If chark
H

# 2, then e,(t) = 1 + 1 % 0, by Ref. [3] we know that H is a semisimple Hopf algebra. Thus H° is both
semisimple and semiprime by corollary.

But H’ is not a bialgebra since ¢ is not trivial.
2 Paired Bialgebras and Braided Bialgebras
Let H be a bialgebra (Hopf algebra),c € Hom,(H & H,k) convolution invertible. (H, o) is called a
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braided bialgebra (Hopf algebra)is] if the following conditions hold:
For all x, y, 2z € H,

@ Za(xl,yl)xzyz = Eylxla(xz,yz), that is, (H, o) is almost commutative;
@ o(xy,z) = Dlol(a,z)0(y,2);
® o(x,yz) = Dloln,2)a(x,,5).

By the above conditions, we easily get

@ o(1,x) = ey(x) = alx,1);

® Do(x,y)o(xy,,2) = Doy, z)0(x,y,2);

By @, @ and @ we get

@ Za(xl ’y1)5<x2s21)5(}’2,22) = 25(9’1 ’21)5(x1 ’22)0'<x2’y2)-

Let C be a coalgebra and ¢ € Hom, (C ® C, k) convolution invertible. If ©® holds, then (C, o) is called a
Yang-Baxter coalgebram .

Let (C,0) be a Yang-Baxter coalgebra. Then by theorem 2.6 in Ref.[5] we may construct Doi’s quadratic
bialgebra M( C, ) such that it is a braided bialgebra.

In this section, we will mainly give some relations between braided bialgebras and the paired bialgebras.

Proposition 2 Assume that ( H,o) is a braided Hopf algebra and one of the following conditions holds:

@ H is commutative;

@ H is weak commutative, that is, for all x,y € H,o(-,xy) = 6(—-,yx);

® o is commutative, that is, for all v,y € Hyo(x,y) = o(y,x).
Then [ H, H, & = oT] are paired bialgebras and k # ,H is a crossed product algebra, so k # ,H = H’.

Here H’ denotes the twisted product of which multiplication is given by g * h = Z 0(gi,h)ghy and T
denotes twisted map.

Proof Suppose that 3 holds, then @ holds. If @ is satisfied the conclusion, then we easily prove that D is
satisfied the conclusion. Thus we have only to show that 3 is satisfied the conclusion.

Suppose that Q) is satisfied. It is easy to prove that [ H, H, 0 = oT] are paired bialgebras. By proposition 1,
we have only to prove that k # ;H is a crossed product algebra.

By lemma 1, we need to prove that & satisfies the cocycle condition @) .

As a matter of fact, forall g, h,k © H, we get

ZS(kl,g1)8(h,k2g2) = Zg(gl’kl)g(ngZ’h) = Zg(gl’kl)g(ngZ’h> =
ZJ(G(gl’kl)gzkzah> = Zd(klgld(gz,kz),h) = Z5<k1’h1)0(g1’h2)5<g2ak2> =
ZU“ﬁ,hl)U(g’kzhz) = Zg(kl’h|>0(g,hzk2) = 25(h1,k|)5(hzkz,g)

that is, 0 satisfies the cocycle condition. This is completed.
Example 2 Let H, be Sweedler’s 4-dimensional Hopf algebra and chark s« 2, the smallest non-commutative
and non-cocommutative Hopf algebra. It is described as
H, = k{1, x, Y, zlx? =
is a free k-module with the bases {1, x, y, z|, of which coalgebra structure and the antipode are given by
Alx) =2 @, A(y) = y@rx+1@y, A(z) =2 1+2Q 2
e(x) =1, e(y) =e(z) =0, S(x) = x, S(y) =z, S(z) =-y
For all « € k, define 6,: H, @ H, >k as
o, (1,1) = 6,(1,x) = 6,(x,1) =1, 5,(x,x) =1
0.(y,y) = 0.(2,y) = 0,(2,2) = a, 0,(y,2) =-a
aa(l,y) =o0,(1,z) = aa(y,l) =0,(z,1) =0
o, (x,y) = 6,(x,2) = 6,(y,x) = 6,(2,2) =0
then (H,,c,) is a braided Hopf algebra. It is easy to check that (H,,s,) is a non-commutative,

1,y2 =0,xy = z,02 = - zx = y>

non-cocommutative braided Hopf algebra and the condition 3 in proposition 2 holds. Thus the conclusion in

proposition 2 holds.
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When a » 0, (H,,c,) is non-commutative, non-cocommutative braided Hopf algebra, o, is not commutative
since aa(y,z) £ aa(z,y).
It is obvious that H is not weak commutative, that is, the condition @ in proposition 2 is not satisfied.

Furthermore, the conclusion in proposition 2 doesn’t hold, this is because that
0 = oT,0(ny,z) = 6(z,2) = 6,(2,2) = a
D16(x,2)0(y,2) = Do, (z,x)0,(z,y) = 0,(z,2)0,(1,y) + 0,(x,%)0,(2,7) = - a
so [H,H,5] is not paired bialgebras.This example demonstrates that the condition ) in proposition 2 is

necessary.

Proposition 3 Let [ H, H,o ] be paired bialgebras and ¢ convolution invertible. Then we have the following
conclusions:

@D If (H,s) is almost commutative, that is, E o(x,y )0y, = E yi2,0(x,,%,), then (H,o) is a
Yang-Baxter coalgebra. Conversely, if ¢ is nonsingular and (H,s) is a Yang-Baxter coalgebra, then (H, s ) is
almost commutative.

@ Let (H,o) be almost commutative. Then H is weak commutative, that is, for all x,y € H,o(—,xy) =
o(—,yx) if and only if (H,c) is a braided bialgebra.

® If (H,o) is almost commutative, then [ H™, H" ,5™" | are paired bialgebras.

Proof O Suppose that (H,o) is almost commutative, then for all x, v,z € H, we get

Dro(a,y)o(nn,2)0(y,2) = D 0(x,y)o(x,y,,2) =
Diolola,y)my2,2) = > 0(yix0(x,9,),2) = > 0(y,2)0(x,2)0(x,y,)

and (H,o) is a Yang-Baxter coalgebra.
Conversely, suppose that (H,o) is a Yang-Baxter coalgebra, since [H,H,c] are paired bialgebras, we get

Za(x’%zl)a(h’zz) = Za(yl,zl)a(x,zzyz)

It follows from o being nonsingular that 2 yiz106(y,,2,) = 2 a(y1,2)2zy,. This equality implies
Z ! (y1,21)y22, = Z Z1 Y 671(y2 ,2,), that is, (H, o™") is almost commutative.

@ can be proved straightforwardly.

® Let (H,s) be almost commutative. Then one easily checks Z ! (%1, 91)¥2%, = Z X1 ! (%5,9,)

and (H”,s™") is almost commutative. Thus [ H*,H",c™" ] are paired bialgebras by the proof of proposition 1.3
in Ref.[2]. This is because

Za_](xl,y)d_](xz,z)
571(x° y’z) = Gil(yx’z) = 2571(}/’32)(771(95’%) = Zail(x’zl)071<y’zz)

o' (x,1) = ey(x), a7 (1,5) = e4(y)
This proof is completed.

o (x,y°z2) =0 (x,2y)

Remark The concept of braided Hopf algebras is dual to the concept of quasitriangular Hopf algebras, and
the concept of paired bialgebras is dual to the concept of copaired bialgebras, thus we may study some dual
properties on quasitriangular Hopf algebras and copaired bialgebras.

Finally, we will construct Doi’s quadratic bialgebras by Yang-Baxter coalgebras.

Lemma 3 Let (C,0) be a Yang-Baxter coalgebra and o covolution invertible. Then (C,s™') is also a
Yang-Baxter coalgebra.

Proof Forall x,y,z € C,by ® we can get

Zail(y,,zl)afl(xl,zz)dfl(xz,yz) =
Za_l(xl,yl)a_](xZ,zl)a_](yz,zz)a(y3,z3)a(x3,z4)d(x4,y4)<7"(ys,z5)a_'(x5,z6)a_](x6,y6) =
Ea"(xl,yl)o"l(xz,zl)a'l(yz,zz)a(x3,y3)a(x4,z3)0(y4,z4)a_'(y5,z5)a_'(xs,zﬁ)a'](xﬁ,yﬁ) =
Za'l(xl,yl)a'l(xz,zl)a_](yz,zz)a(x3,y3)a(x4,z3)a'l(x5,z4)a_1(x6,y4) =
Za'l(xl,yl)a'l(xz,zl)a_](yz,zz)a(x3,y3)a'1(x4,y4) =
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204(% ,y1>071(x2,zl)071(ﬁ’22)
Then (C,57") is a Yang-Baxter coalgebra.
Assuming that (C,o) is a Yang-Baxter coalgebra, it is easy to show that (C**,s) is also a Yang-Baxter
coalgebra. Thus by lemma 3 and theorem 2.6 in Ref.[5] we get
Proposition 4 Let (C,s) be a Yang-Baxter coalgebra and & covolution invertible. Then M(C**,s),
M(C,s™") and M(C*, 7") are quadratic bialgebras and braided bialgebras.
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