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Abstract:

This paper presents a new method to seek the conserved quantity from a Lie symmetry without using either

Lagrangians or Hamiltonians for nonholonomic systems. The differential equations of motion of the systems are established.

The definition of the Lie symmetrical transformations of the systems is given, which only depends upon the infinitesimal

transformations of groups for the generalized coordinates. The conserved quantity is directly constructed in terms of the Lie

symmetry of the systems. The condition under which the Lie symmetry can lead to the conserved quantity and the form of

the conserved quantity are obtained. Finally, an example is given to illustrate the application of the result.
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A Lie symmetry is an invariance of the differential

equations under infinitesimal transformations of
groups. Under some conditions, the Lie symmetry can
lead to a conserved quantity. In 1979, M. Lutzky intro-
duced the Lie method to the mechanical field, and first
studied the Lie symmetries and conserved quantities for
dynamic systems:” . Later, the method of Lie symmetry
was developed rapidly, and especially in recent years,
Prof. Mei has devoted himself to the study of the Lie
symmetries for the constrained mechanical systems and
results>™" .
Recently, S.A.Hojmanig] and M.Lutzky[g‘m] presented

a new method for obtaining constants of motion from a

has obtained a series of important

non-Noether symmetry of a Lagrangian system. Y.
Zhang""'™® extended the method to the Birkhoffian
systems and Hamiltonian systems.

In this paper, we further study the Lie symmetries
and conserved quantities of the nonholonomic systems.
Firstly, we give the Lie symmetries for which only the
infinitesimal  transformations of groups for the
generalized coordinates are considered. Secondly, we
present a method for obtaining the conserved quantities
from the Lie symmetries of the systems; the method is
independent of the Lagrangian of the systems and the
structural equation of Lie symmetries (or Noether
equality) . Finally, an example is given to illustrate the

application of the result.
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1 Differential Equations of Motion of the
System

Suppose that the configuration of a mechanical
system is determined by n generalized coordinates g, (s
= 1,*,n). The system is subjected to g ideal
nonholonomic constraints of Chetaev’s type.

fﬂ(t’q’ g) =0 B=1,",g (1)

The restriction of constraints (1) on the virtual

displacements is 2

J B
dq,
From the D’ Alembert-Lagrange’s principle and

6qs =0 B:l,"',g <2)

Eq.(2), using the method of Lagrange’s multiplier,
we can obtain the equations of motion of the system in
the Routh’s form™

daL oL f,
diag, ~ag = Aoy,

s=1,",n

(3)

where L is the Lagrangian of the system; ()" are

s

nonpotential generalized forces; Ay are constraint
multipliers. Assume that the system is non-singular,
that is
2
det(h,) = det(a;sifq.k) = 0 (4)
From Egs. (1) and (3) we can seek Ap as the
function of ¢, ¢q,q before integrating the differential

equations of motion, and thus Eq. (3) can be written in

the form
dJ J
%9;_%=Q/S+A-‘ 5:]’...’n (5)
where
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A= AGLgd) = A 5E (6)

Eq.(5) is called the differential equation of
motion of the holonomic system corresponding to the
nonholonomic system (1) and (3). When the initial
conditions satisfy the nonholonomic constraints (1),
the solution of Eq.(5) gives the motion of the
nonholonomic system. Expanding Eq. (5), we can seek
all the generalized accelerations as follows:

= h(1,q,9) s =1, ,n (7)
2 Lie Symmetries of the System

In this paper, we consider the Lie symmetries of

the system generated only by the infinitesimal
transformations of generalized coordinates, that is to
say, we can take the infinitesimal transformations of
time and space as follows:

t =1
q:(t*) = qé(t)+Aqs s:l,"',n} (8)

or their expanded form

tt o=t
(]j(t*) = qs(t) + eEx(t,q,q) s = 1,"',n}
(9)
Taking the infinitesimal generator vector X © and

its first extended vector X'V as

)
79

) — sx 70 , X(l) — X(O)
74

According to the Lie theory for the invariance of
differential equations under infinitesimal transfor-
mations, the invariance of Eq. (7) under infinitesimal
transformations (9) leads to the satisfaction of the
following equation

E-X"(h) =0 s=1,,n (11)

Eq. (11) can be called the determining equation
of the system. Thus we have the following propositions
1to3.

Proposition 1 If the infinitesimal generators &,
satisfy the determining Eq.(11), then the corres-
ponding symmetries are the Lie symmetries of a
holonomic system (7) corresponding to the nonholo-
nomic system (1) and (3).

The invariance of nonholonomic constraints
Eq. (1) under infinitesimal transformations (9) leads
to the satisfaction of the following restriction equations

XV (f(t,q.4)) =0 B=1,g (12)

Proposition 2 If the infinitesimal generators &,
satisfy the determining Eq.(11) and the restriction
Eq. (12), then the corresponding symmetries are the

weak Lie symmetries of the nonholonomic system (1)

and (3).
The Chetaev’s conditions (2) of virtual displace-
ments impose restrictions on the infinitesimal gener-

ators &, and we have

Poe 20 patlivg (13)
Eq.(13) can be called the additional restriction
equation.
Proposition 3 If the infinitesimal generators &,
satisfy the determining Eq.(11), the restriction Eq.
(12) and the additional restriction Eq.(13), then the

corresponding symmetries are the strong Lie symmetries

of the nonholonomic system (1) and (3).
3 Conserved Quantities of the System

Lie symmetries do not always generate conserved

quantities. The following propositions give the
conditions under which the Lie symmetries can lead to
a new type of conserved quantities, and the form of the
conserved quantities.

Proposition 4 For the infinitesimal generators

€, satisfying the determining Eq.(11), if there exists a

function G = G(gq,q) satisfying the condition
dh, 1 QG i IG
3g. T G agd t G g h, =0 (14)

Then the holonomic system (7) corresponding to the
nonholonomic system has a conserved quantity of Lie

symmetry, such that

19 19
R AR T (15)
Proof
Healeog)eraleo)
de = di\Gag )5t a\Gag )5t
196. 139G, dJ& d 94
G gt t G age +dt(7qx arag. (1O

Usmg Eq.(10), Eq.(11) can be written as

. dh,
& - - .Ek_o s,k =1,,n (17)
Iq,
Hence, we have
dE,  JE, Ih, I’ h,
g, ~ 4, Iq ~ " 9q9q, T
A&, dh, . Ih,
== -6 55, =0 (18)
dq, g, "t Iq,9q,
It is easy to verify
d dE  9&  JE Iy
dl aqt - aqt B an aqv (19)
d d&,  JdE  9& & Ik,
dt dg, = dq, " dq, " Iq, 94, (20)

Substituting Egs. (17) —(20) into Eq.(16), we

obtain
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Al d(106),  d(196),

de = @\ G ag )= Y@\ G ag ) ~
J 1 G d 19
%kc%%@-@ic Vﬁ-
a (1 3G)\. a (1
@(E@%@ @Jc “)es @

Take notice of the relations

d(1a6)_ o (1a6) 0 (196),
di\ G 9q,) = g\ G ag ) T ag,\ G g )"
(22)
AQ(J_QG)_ 51(1_90). ;l(l_ﬂg)
de\ G 9q,) = g\ G Iq, 7 dg\ G g, )"
(23)
and we can easily prove the following relations
d (1 3G\, d (1 IG) .,
a_qk(z gqs)‘h-a = aq ( G q, )‘];E/f (24)
d (1 JG ad (1 JG
7l G g e = gl G o re 9
9 (196G\ . 913G\,
aqk(z aq's)qu“ - aq ( G 3(] )qsk (26)
d (139G, . d (143G
a_q-k( C 9 Jn. = aq-,L( G g, J& @
Substituting Eqs. (22) —(27) into Eq. (21), we
have
d/
T 0 (28)

Therefore, the corresponding holonomic system (7)
has the conserved quantity of Lie symmetry in the form
of (15).

Proposition 5 For the infinitesimal generators
&, satisfying the determining Eq.(11) and the restri-
ction Eq. (12), if there exists a function G = G(q,§)
satisfying the condition (14), then the nonholonomic
system has a conserved quantity of weak Lie symmetry
in the form of (15).

Proposition 6 For the infinitesimal generators
€, satisfying the determining Eq.(11), the restriction
Eq. (12) and the additional restriction Eq. (13), if
there exists a function G = G(gq,q) satisfying the
condition (14),
conserved quantity of strong Lie symmetry in the form
of (15).

It is necessary to point out that the three

then the nonholonomic system has a

propositions above give a new method to seek conserved

quantities from Lie symmetries of nonholonomic

mechanical systems. The conserved quantity (15)
depends on neither the Lagrangian of the system nor the
structure equation (or Noether’s equality) of usual Lie

symmetries.

4 Example

Suppose the configuration of a system is
determined by generalized coordinates ¢,, ¢, and g¢s,

the Lagrangian of the system is
1
L =—5m(di+ 4z +q3) (29)
The nonholonomic constraint is
f = 4> - gitangs = 0 (30)
and non-potential generalized forces are

o TrlqqutanqS
! COSZQ3

" _ 0 (31)

=0

Let us try to study its Lie symmetries and
conserved quantities.

Firstly, we establish the differential equations of

motion of the system. Eq.(3) give

; mq, 4;tangs
mi, = - Atang; + 2
CoS™ 5
) (32)
mg, = A
mqs =0
From Eq.(30) and Eq.(32), we have
A= (33)
Cos” ¢
Hence, Eq. (32) come to the form
G4, = 0
i = (34)
cos” q;
‘]z =0

Secondly, we study the Lie symmetries of the
system. The determining Eq. (11) give

él =0
2 ; 'E : q: 2¢, qstangs
& =§ 2t GS3 2 2
cos” ¢ cos” ¢ cos” ¢
=0
(35)
Eq. (35) has the following solutions
51 =1
52 = 0} (36)
& =0
& =0
52 = %] (37)
& = q;

The generators (36) and (37) correspond to the
Lie symmetries of the holonomic system corresponding
to the nonholonomic system.

The restriction Eq. (12) gives
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9o _ o (38)

cos” q;
Obviously, the generators (36) and (37) satisfy
Eq.(38), thus they correspond to weak Lie symmetries

éz - éltan% - &

of the nonholonomic system. The additional restriction
Eq. (13) gives
& — &itang; = 0 (39)
The generators (36) and (37) do not satisfy
Eq.(39), therefore, the symmetries are not strong Lie
symmetries of the nonholonomic system.

Finally, we seek the conserved quantities. From

Eq.(14), we have

106, 106 106
Ggqlql'f' Gaq2q2+ G(’)(J3q3+
P ..
i_G ‘11(]3 :0 (40)

G 9q, cos’ q;
Eq. (40) has the following solutions

InG, = %<QIQ3 - q1q3) (41)

lnGz = %(‘]1% - ‘I1C]3) (42)

Substituting the generator (36) and the function
G, into Eq.(15), we obtain

I, = ¢, = const (43)

Substituting the generator (37) and the function
G, into Eq. (15) we get

I, = ¢5 = const (44)
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