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The smash products of entwining structure

Guo Guangquan

(Department of Mathematics, Nanjing Xiaozhuang College, Nanjing 210017, China)

Abstract:  Let k& be a commutative ring, C a projective k-coalgebra. The smash products of entwining structure (A4,
C), are discussed. When the map ¢ is a bijective, and C is a finitely generated k-module, a version of the Ulbrich
theorem for coalgebras C is given.
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Entwining structure (A, C)Wr and (A, C)¢-m0dule are generalizations of Doi-Koppinen datumand and
Doi-Koppinen Hopf modules. They have been generally discussed in recent years'™ .The smash product of
entwining structure was discussed by Brzezinski™® . In this paper, we study further the smash product of entwining
structure, and we give a version of the Ulbrich theorem for coalgebras C.

Throughout the following, C denotes a coalgebra over commutative ring k,and C is a projective k-module;
C" = Hom(C,k) denote the k-algebra with the usual convolution * . Unless otherwise stated, all maps are

k-linear, ® means ®,, Hom means Hom,. We follow the notation in Ref. [5]. We shall frequently adopt the
notations Z agp & aq, <,/J(c (39 a) = a, ® ¢, etc.
1 The Entwined Structure and Smash Product

Definition 12 An entwining structure (over k) is a triple (A, C,¢) consisting of a k-algebra A, a
k-coalgebra C and a k-module map ¢: C ® A—> A ® C, (we use the notation ¢(¢c ® a = a, ® ¢*) satisfying
D (ab), @ ¢ = a,by @ 5 D a, @ e(¢*) = e(c)a; D a, ® (¢'), @ (¢")y = a4,y @ (¢,)" @ (€3);
D, @c =1® c.

Example 1) Let H be a bialgebra, C a right H-module coalgebra, and A right H-comodule algebra. Then
C and A are entwiningby ¢:C Q A—>A R C, ¢(c® a) = ap @ ca( . Note that if H has a bijective antipode
S, then ¢ is a bijective with ¢ ™' :a ® ¢ = ¢S ay, ® ay, -

When ¢ is a bijective, we use the notation ¢ ' (¢ ® ¢) = ,¢c ® “a. Then ¢ is k-linear and satisfies

£® (ab) = pe® (a)(b), e(,e) @ “(a) = e(e)a } (1)
(o) ® (o) ® “(a) =.(c) ® () @ " a, c@1=cel
()@ a) =c@a, (a);®@ () =a@ec (2)

If ¢ is a bijective, the multiplication on Hom( C, A) is given by the formula
(f#g>(0) = f[a(cu))][“g(c(l))]
for all k-linear f, g € Hom(C,A) and ¢ € C.
Since
[((f#g)#hl(e) = (F# ), Cco)I[*heqy)] = flalGleay ) IHPel ey )y TR ()] =
f[,g(y(Cm(z)))]%ﬁg[a(Cu)(l))]}[mh(cm)” =f[,gy(C(s))J%ﬁg[a(c(z))]}[mh(cmﬂ
and
[f#(g#h)](e) = flyCe) P (g# h)(ewy)] = flalem) 1 Le( () “hey) ]t =
f[ﬂy(C(3))]{ﬁg[a(C<z))]}[mh(cm)]
for k-linear and f, g € Hom(C,A),c &€ C, (f# g)# h = f# (g # h). Hence Hom( C, A) is an algebra with the
identity element 7 ° e. In this case, we denote the k-algebra by # (C,A,¢™").

Assume that C is a finitely generated and projective k-module, and consider the entwining structure (4, C),,
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the multiplication on k-space A ® C is given by the formula
(a@c )b®d ) =a(d) @ ¢ (,)d *¢)
forall a,b € A,c" ,d" & C" . It is easy to check that A @ C" is a k-algebra with an identity element 1 ® €.
The k-algebra is denoted by A # ,-1 C” and the element in A # ;- C" is denoted by a#¢”, a € A, ¢~ € C" .
Let H be a finitely generated projective k-Hopf algebra, A a right H-comodule algebra. It is well known that
#(H,A) = A# H" as algebras. This result was generalized to the smash product of Doi-Koppinen datum'® . In
this section, we will prove that # (C,A,¢™") = A# 1 C" .
We claim easily that the maps
A= #(C,A,¢7"), n(a)(c) = ae(c)
A:C™" —> # (C,A,g[)_l),){(c* )Y(e) = ¢ (e)l,
are homomorphisms of k-algebras.
Lemmal let (A, C)¢ be an entwining structure and ¢ a bijective. Then D [n(a) #A(c")](c) =
ac” (¢); Qale™ ) #n(a)l(c) = ¢ " (,c) (“a) foralla € A,¢” € C",c € C.
Proof Foralla € A,c” € C",¢c € C, we have
[n(a) #2(c")](e) = n(a)( (e D[“(ACe ) (ey))] = ae( (e D[ (ACe ) (ey))] =
a€(C<z>>CK(C<|>> = ac’ (C)
[ACe™ ) #x(a)](e) = 2(e™ ), (e[ (n(a)(ey))]
¢ (CepNDlCa)eley)))] = ¢ (e)(“a)
Lemma2 Assume that C is a finitely generated projective k-module,and let {c,,c; |/, be a finite dual
basis. Then for all ¢ € A, we have
[(A(e ) #(n(a)] @ ¢ = n(“a) #A(c]) ® .(c;)

Proof Forall x € C,a € A, since x = Zcic,ﬁ*(x), X o= Zcic;'(ax),
i=1 i=1
¢ (a®@x) = ¢ (a® el (2) = Dle] (0)(,(¢;) @ “a) =
ic1

Z(Q(ci))ci* (¥) @ “a = x @ “a
Therefore
A(e ) #n(a)](x) @ ¢, = (“a) @ ¢; (W), = “a® & = (“a) ® (¢ (x)e;) =
(“a) ¢ (x) @ .(¢;) = [x(“a) #A(e])](x) @ .(c)
By proposition 20.10 in Ref. [7], we have
Ae ) #n(a) @ ¢, = D n(Ca) #2a(e]) @ .(c;)
Corollary 1  Assume that C is finitely generated and projective as a k-module,and let {¢,,c; |/, be a finite
dual basis. Then forall @ € A,d” € C”, we have
A(d" ) #n(a) = n(“a) #4(c; )d" (,(¢;))
Proof Forall a € A,d” € C” ,we have
(I d )ale ) #(nla) @ ¢;] = Q@ d )n(“a) #2(c;) @ .(¢;)]
by lemma 2. Hence
Ale; ) #m(a)d” (¢;) = n(“a) #2(c; )d" (,(¢;))
Theorem 1  Assume that C is a finitely generated projective k-module, then # (C, A, g[fl) =A#, C" as
algebras.
Proof Forall a € A,¢” € C” € #(C, A, g[fl), define
0:A# ,1C" — #(C,A,¢7")
Ola#tc) =n(a)#ta(c”)
9: #(C,A,¢7") > A# 1 C”
9(f) = fle;) ® ¢/
We first claim that 0,9 are mutually inverse maps.

(W) (a®c") =09[0(a@c )] =0[a(a)#A2(c)] = [nla)#A2(c")](c) @ ¢/ =
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ac” (¢;) Re, =a® ¢’
The last equation is inferred by @ in lemma 1.
(0°0(N)(e) =0l9(N] =0(f(e;) @ e )e) =[nl(fle))#a(e)](e) = fle)e; (¢) = f(e)
Next, we claim that ¢ is an algebraic homomorphism.
lCattc ) b#d )] = 0la’b) @ ¢ (,(e))(d" *¢;" )] = nla(b)#c" ((e)A(d" *¢") =
n(a) # (b)) #c” (,(e;))A(e; ) #A(d") =
w(a)#A(c" )#n(b)#A(d") = 0(attc” )O(b# ")
The last equation is inferred by corollary 1.
Hence # (C,A,g{;'l) = A# C" as algebras.

2 On Ulbrich’s Result

K.H. Ulbrich™ proved the following theorem: If H is a finitely generated projective k-Hopf algebra and A is a
right H-comodule algebra, then
A#H = FEnd/(H® A)
In this section, we will demonstrate the same result for coalgebras.
For an entwining structure (A, C)Lp " MAC( gl}) is the category of right (A, C)¢- modules. The objects of MAC( gl})
are right modules and right C-comodules M such that
pn(ma) = meg¢(myy @ a) = mg a, @ my” Yme& M; ac A
The morphisms in M$(¢) are right A-module and right C-comodule maps.
The right A-action and right C-coaction on C ® A are given by
CRARA—=-CRA
cRa®@blre® ab
Agr:CRQA>CRARC
Apgilce®a) = cHh @ a, @ c”
forall a € A,c € C. It may be easily verified that C @ A € M5(¢).
Lemma 3 Assume that (A, C)¢, is an entwining structure, then for all ¢ € EndZ§(C RA),ce®1€ CR
A, we have
JLep) @ ‘e id)d(ey @ D] = ¢(e@ 1)
Proof We write $(c ® 1) = Z ¢; ® a;, then

AE@A[S&(C X 1)] = Zci“) X S[’(Ci(z) ® ai)
(@ C) e Diga(ce@l) = (3@ C)lct) @ ¢ley @ 1)) = (@ C)let) 1 Q cy) =
ey @ 1) @ cp
Hence
Zci“) Y ‘zb(ci(z) ® ai) = ¢(C(1) (%9 1) ® ¢
Applying (e ® id, ® id.) to this equality, we obtain the result that
(pe$)c@l) = D¢l ®@a) = (e®id)$(ch ® D ® oy
Thus
o) @ lle@id)d(cy @ D] = ¢(e@ 1)
Lemma 4 Assume that (A, C)¢, is an entwining structure. If ¢ is bijective, then
@: Hom, (C,A) > End {(C @ A)
(e ®a) =,(ce) @ [flew)]a
is a right C-comodule and right A-module map.
Proof Forallc @ a € C® A, f € Hom,(C,A),
{a(f) ® €C) c Aga (e ®@ a) = (0(f) ® ide)(cy @ a, @ (ery”)) =
o(lecy ® a,) ® (o))’ = (e) @ Slewy)a, @ e’
[Agr ca(N]c® a) = Apgala(NHe @ a)] = Atgil.(en) & [flew)]al =
[a(c(2>)}(l) X {[af<c<1>”a}ﬁ X [a<c(2>)J(2)ﬁ = [a<c(2>ﬂ(1) ® [af<c<1>”,3‘17 &®
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[a(0<z>>]<z>'g’y =, (c) ® P’Hf(cmﬂ,say &® [a<0<3>>]ﬁ'7 =, (co) @ flew)a, ® e’
Hence,ArC@A ° c?)(f) = (c?)(f) Q ide)] e A'C®A, this shows that c?)(f) is a right C-comodule. It is clearly
demonstrated that @ (f) is a right A-linear map.
Theorem 2 Assume that (A, C), is an entwining structure. If ¢ is a bijective,then # (C,A,¢") =
End {(C ® A) as algebras.
Proof First, we define
7:End”{(C @ A) > Hom,(C, A)
7($)(c) = (e @ id,) e $(c @ 1)
forallc € C, ¢ € End:AC(C Q A), then

(zea)(N)e) =[c(a())](c) = (e @ idy) ca(NHc®@1) = (e ®id)(,(c)) ® flew)) =
E(a(0<1>)> af(Cu))) = f(C>

(0 °)($)(e @ a) = a(c($))(c®a) =,(c) @ [“c()(ey)]a =, (¢) @ “[(e @A) -
ey @Dla = e a = $(c® a)

This shows that @ is a k-module isomorphism. Next,

[o(f) ca(g)l(c®a) = a(Hlo(g)c®a)] =a((cu) @ gley))a) =
y((a(c(z)))m) & [yf((a<c<2>))<1))][ng<c(1>)a] = y((g(c@)))) ®
[yf(a(cm))][ﬁ'ag(cm)a] = y,a<C(3)) (29 [yf.(/g(C(z)))Mlz’ﬁg(c(l))a} =
Lew) @ Aflple)Pglen)]la = (o) @ [ (F#g)(cyy)]a = a(f#g)(c @ a)

forallc @ a € CR A, f,g € Hom,(C,A). Hence @ is an algebraic isomorphism.

Corollary 2 Assume that (A, C), is an entwining structure, C is a finitely generated projective k-module.
If ¢ is a bijective, then A # 1 C* = End_{(C ® A) as algebras.

Proof Follows immediately from lemma 2 and theorem 2.

Corollary 3*' Let H be a Hopf algebra, and A right H-comodule algebra. If H is a finitely generated
projective k-module, then A # H = End"{(C ® A) as algebras.

Proof Follows immediately from example 1 and corollary 2.
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