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Abstract:

In this paper, some properties of the monotone set function defined by the Choquet integral are discussed. It is

shown that several important structural characteristics of the original set function, such as weak null-additivity, strong order

continuity, property (s) and pseudometric generating property, etc., are preserved by the new set function. It is also shown

that C-integrability assumption is inevitable for the preservations of strong order continuous and pseudometric generating

property .
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Given a measurable space (X, 7), a

nonnegative monotone set function z on.7 with z($)
= 0, and a nonnegative measurable function f, then

the set function v defined by the Choquet integral
V(E) = (c)JEfd,a VEE T (1)

is also nonnegative and monotone on .# with v($) =
0", This construction preserves many important
structural characteristics of the original set function,
such as subadditivity, null-additivity, continuity and
autocontinuitym. In this paper, we demonstrate the
preservation of other structural characteristics of p:
weak null-additivity, strong order continuity, property

(s) and pseudometric generating property .
1 Preliminaries

Throughout this paper, we suppose that (X, F)
is a measurable space, f is a nonnegative measurable
function on (X, F), 4 1s a monotone set function on

F with z($) = 0, and R, denotes [0, + % ).
The Choquet integraliz] of f on E with respect to

1, denoted by (C)J fdg, is defined as
E

(c)jEfd,J - J:,,L(E N F.)de (2)

where F, = {x\f(x) = al for any « = 0 and the
integral of the right side is Lebesgue integral.

s said to be weakly null-additive”’ if for any
E,FE.7, u(E) = p(F) = 0implies u( E U F) =
0; order continuitym if for any {A,| c 7 A, v ¢
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implies s2(A,)—0; strong order continuity””’ if for any
tAl ¢ 7 A€ 7 with #(A) = 0,4, vA implies
1 (A,) =05 p is said to have property (s)'® if for any
{A,l c .7 with ux(A,) — 0,

| of {A, | such that ﬂ(@";) = 0

n. n
i

there exists a

subsequence { A

pseudometric generating property " , short for p.g.p. ,
if for any ¢ > 0, there is § > 0, such that
#(CE U F) < & whenever E,F € .7 and u(E) V
u(F) < 0.

2  Preservation of Structural Characteris-

tics

Assume v is a monotone set function defined in
terms of g by Eq.(1). Now we show that several
important structural characteristics of g are preserved
iny.

Theorem 1 If 1 is weakly null-additive, then so
s V.

Proof ForanyA,B&.7 , ifv(A) = v(B) =
0, that is

| TN B de = [ pu (BN F)da = 0
0 Jo
then u(A (1 F,) = 0 m-a.e for « € R, and p(B

F,) = 0 m-a.e for « € R,, where m denotes
Lebesgue measure on R' . By the monotonicity of z, we
have

p(ANF)=pu(BNF)=0 Va >0
Therefore, it follows from the weak null-additivity of x
that

u(AUB):jw#((AUB)ﬂFa)da _

[’:#[(Am F)U(BNFE)]da =
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JOda:O
0

This means that v is weakly null-additive.

Theorem 2 If ;2 has property (s), then v also
has property (s).

Proof If{A, | c.7 and v(4,)—>0(n—> ),
by Lebesgue integral theory® , then measurable
function sequence {/1( A, N F,) }n converges to 0 in
measure (n — %) on R, . Therefore, by the Riesz

theorem in real analysis theorym, there is a

(A, N R,
[l(Auk N F.)> 0 as k — ®m-a.e for a € R, .
Noting  the
/I(Ank N Fa)—>0 (k— o) for any @ > 0. Without

subsequence such that

monotonicity of  u, we  have

the loss of generality, we can assume p (A, () F,)—

0 (n — o) for any @ > 0. Thus, for a = %,
/,L(An N F%)%O as n — o . By the property (s) of
[AV} of {A, 1, such

n

o, there exists a subsequence

that
p(Tm(4 0 FL)) =0
As /u( AEIQ N Fiz) — 0 too, therefore, there exists a
! 2
subsequence {AP ) of 1AV}, such that
p(Tm( 47 N FL)) =0
i ' 2
Repeating this procedure, we can obtain a sequence
{e | of subsequence of {A, |, where e, = {A"™}.,
m q n m n 12
m=1,2, -, such that {A"}, 5 {4A"V} (k= 1,
2, ++) and
p(Tm(4 N F1)) =0
i 2

Take A, = A(nf> , we obtain a new subsequence {4, |
Of %An } . > 0’

ﬂ(@(A"; N F.)) = 0. For any given « > 0, there

Now we show that for any «

. 1 .
is my, such that — < a. Since

2™

A0, NE) = 04, NE)c
k=1i=k k=m01=k

A a0

anO iL:Jk(Anf N F‘*) C

A7 4 (m)

kOno iL:Jk(An'iO ﬂ F") -

ﬁ .O Aan) ﬂ F ) =

tim{ A 0 F )

2™y

Therefore, for any o >

0
p(Tim( A, N E)) < pfTim{ A2 N FL)) =00
Thus

v(@ﬂni) = Jm;z(ﬁn(Ani N F.))da =

0 i
dea:O
0

This shows that v has property (s).
In the following theorem 3 to theorem 5, we

always suppose that f is C-integrable, i.e.,
©] flp < =
X

Theorem 3 If 4 is strongly order-continuous,

then so is v.

Proof For any {A,} — .7 with A, ¥ A and
v(A) = 0, from

J p(AN F)da =

0
and the monotonicity of px, we know that Ya > 0,
n(A N F,) = 0. It follows from the strongly order-
continuous of x that x(A, N F,) YO (n—>%), Ya

> 0.
On the other hand,

j w(A N F)de <
0

v(A) =0

©

jo w(F,)da = (C)fod# < w®

By using the Lebesgue convergence theorem™

, W€

obtain

V(A = [:,J(A,, N F)da—0

n—> ®

This means that v is strongly order-continuous.

In a similar way, we can obtain the following

results.

Theorem 4 If ;. is order-continuous, then so is
V.

Theorem 5 If 1 has the p.g.p., then v also
has the p.g.p.

Proof For any given ¢ > 0, noting that f is
C-integrable, i.e., J:/u(Fa)da = v(X) < =,
therefore there exist @ and b (0 < a < b), such that

J:#(Fa)da +J:/x(Fa)da <<

Since p has the p.g.p., there exists § > 0, such that
forany £, F € .7

p(E) N p(F) < 6=p(E U F) < ﬁ
(3)
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For this given €, we take 8, = ad. Now we show that
for any A,B € .7 v(A) V v(B) < &, implies
v(A U B) < €. In fact, we have

j:#(A N F) da VJ:;z(B NF)da <6, = ad

By using the monotonicity of p, we have
n(ANF)V (BN F,) < 6 for any « € [ a,
w) . Therefore, it from Eq. (3) that

/,L((AU B)m Fa)< 2([);_(1) fOI‘ any o 6 [(l,

®).

follows

Consequently,
’ €
[elcrumnr)de <5

Thus we have

WAUB = [ u((4UBNF)da+
J,
|
J

1
a
0

p(CAUBNF)da +
#((AUBNF)de <
1 (F,)da +J:#(Fa)da "

J:;;((AUB)ﬂFa)da <s+T=e

This shows that v has the p.g.p.

Remark Observe that theorem 3 to theorem 5
are based on the assumption that f is C-integrable,
i.e., v is finite. The following examples show that the
conclusions in theorem 3 to theorem 5 may not be true
when the assumption is abandoned.

Example 1 let X = {1,2,-:f{ and F = P(X).
Let ¢, be a set function defined on F by

0 E =
max{ii‘ié E! E =

It is easy to verify that z, is a monotone set function

,Ul(E) = {

and it is strongly order-continuous  (hence

order-continuous) .

We take f(x) = x (x € X) and let v, be the set
function defined by Choquet integral of f with respect
to ¢y . Then, by calculating, we have v, (X) = oo,
therefore f is not C-integrable with respect to z, . Now
we show that the set function v, is not order-continuous

and hence not strongly order-continuous. In fact, we
take £, = {n, n+1, -}, then E, v $, but

(B = | (BN F)da =

| (BN F)da =1
0

Example 2 Let X, = {1, 3, --|, X, = {2, 4,

1, X = X, UX,, and F = P(X). Define set

function p, on F as follows:

0 E =0

1 (E) = max%%HGE} Ec X or E X,
5 =

otherwise

maxéiih’ € Ef

It is not too difficult to verify that x, is a monotone set
function with the p.g.p.

We take a measurable function f(x) = x (x € X)
and let v, be the set function defined by Choquet integral
of f with respect to z,. Then f is not C-integrable with
respect to p, . In the following we show that the monotone
set function v, has not the p.g.p. In fact, if we take A,

= {2n!, B, = {2n + 1}, then

n

limy,(4,) = 1imJ ;xz(An N F)da =
n—>® n—>x/ ()

lim

2n 1
WJO (2n)"" T = 2n
Similarly, v,(B,) =

—0 (n— ). However,

1
2n + 1
limVZ(An U Bn) =

n—>o

limjznm((z‘ln UB)N F)da =

™1
HILIEL ﬂda =1

This shows that v, has not the p.g.p.

3 Concluding Remarks

In this paper we have proved that several structural
characteristics of a non-additive set function, such as
weak null-additivity, strong order continuity, property
(s) and pseudometric generating property, are preserved
in the new set function defined by the Choquet integral.
The structural characteristics concerned in the paper are
introduced and discussed in Refs.[3,5,6,9], separately.
Since these concepts play important roles in non-additive
measure theory in Refs. [3,5,6,7,9,10], the results

obtained in this paper are noteworthy.
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