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Optimal control strategy of institutional investor’s execution cost
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Abstract: Optimal control of multi-assets liquidation in view of volatility risk was studied. The analytical
solution of optimal strategy was achieved with the calculus of variation. Numerical examples and graphical

illustrations were also given. The conclusion shows that the optimal strategy is the linear combination of
time’s hyperbolic sine and hyperbolic cosine. The investor’s attitude towards risk can influence the optimal
strategy. In order to avoid the uncertainty of the execution cost, the investor with high risk aversion liquidates
assets rapidly in the early period. The decrease of liquidation loss is at the cost of the increase of the volatility

level.
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During the past twenty years, institutional
investors have played a greater role in security
markets. While the 2001 value of all outstanding
shares in the NYSE totaled 6.6 trillion dollars,
institutional investors have held almost 50% "'

Due to their large position, trades of institutional
investors can significantly affect price dynamjcs[z'”.
This disequilibrium is due to the costliness of
executing large trades"*” .

Bertsimas and Lo defined the optimal control of
execution cost as the trading strategy that provided
the minimum expected cost of trading when trading a
large block of shares in a fixed time horizon'®’. They
showed that splitting the order evenly over time would
be the optimal strategy. Almgren and Chriss pointed
out that Bertsimas and Lo’s approach ignored the vol-
atility of revenues for different strategiesm. They
defined optimal strategy as the strategy that minimized
the execution cost under the constraint of volatility
risk over a fixed period of time. They transformed the
problem into a second order differential equation and
got the analytical solution of the equation. Almgren
generalized the study to the nonlinear price impact
function and introduced “trading-enhanced risk”'*'.
Huberman and Stanzl also noted the limitation of
Bertsimas and Lo’s work”. They introduced the
variance of execution costs into the utility function
and deduced the optimal sequence with stochastic
dynamic programming.

We generalize Almgren and Chriss’s work with a
focus on the portfolio liquidation in continuous time.
Applying the calculus of wvariation, we get the
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analytical solution of the optimal strategy. The optimal
strategy is the linear combination of the time’s hyper-
bolic sine and hyperbolic cosine. Finally, we present
the numerical and figure illustration using the
practical transaction data.

1 Relating A ssumptions of the Model

Define that the portfolio position of an
institutional invest is @ (¢) = {¢@, (t), ===, @, (1) }"
and the price vector is p(t) = {p, (), ==+, p, (1)} " at
time ¢. At initial time 0, the investor holds ¢(0) = { ¢,
(0), =, ¢, (0)}".

Because the investor can determine the trading
strategy by controlling the position in the liquidation,
the position will be equivalent to the trading strategy.

And v(t) = - ﬂéod(t_t) is the trading velocity.

Assume that the price follows standard r-
dimensional arithmetic Brownian motion without drift:

dp, (1) ay o, 7dB (1)
{ ; } S { ; } )
dp, (1) a, - a,lldB (1)

The price impact comes into being when the
investor executes a large liquidation. We separate the
impact into two kinds'?': the permanent impact and
the instantaneous impact. The permanent impact adds
a negative drift in the differential equation of price
movement, which means the change of the equilibrium
price. The instantaneous impact has a short-lived
effect on the price and will vanish after the arrival of
a counter-part order.

Let vy, denote the coefficient of permanent
impact, which is the change of equilibrium price of
stock j after one unit sale of stock i. Assume that vy, is
constant in the liquidation period, and the new price
dynamic is as follows:
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dp, (1) Yoot Y v (1)

N

dp, (1) Yo 7 Ymdle, (1)
Ayttt Qg dBl(t)
) W
a, - a,lldB (1)

At time ¢, the price vector of portfolio is

p(y [ZOEOY o)
p.(t) _Zr,am-Bi(t) p,(0)

PRACAUORIAON
' (3)

Zf')’m'(QDi(O) - @i(t))

Let h; denote the coefficient of instantaneous
impact. According to the definition, the instantaneous
impact only persists in an interval of an instant. In the
model, this impact causes the difference between the
transaction price and the market price:

[Pl(t>} {Pl(t)} {h” hm“%(t)}
pod o L n o

(4)
ay a,
Let A = | : : |denote the volatility
ay a,,
dB, (1) B, (1)
matrix and dB(t) :{ : }and B(t) :{ : }
dB, (1) B,(t)
Yu 7 Y hyy e hy,
G=[§ E]andH:{E E]denote
Y 7 Y h. R,
the coefficient matrix of permanent impact and the
coefficient matrix of instantaneous  impact,

respectively.
Assume that the sale of one stock has no effect
on the price of another stock:
Yii i=], vi#0 h; i=j, h;#0
"if_{o i ’ "f'_{o i
Then, we get the vector formation of Egs.(2) to

@):

dp(t) = -Gv(t) +AdB(1) (5)
p(t) =p(0) ~G(p(0) —¢(1)) +AB(1) (6)
p(t) =p(t) —Hv(1) (7)

2 Construction and Solution of the Model

In an arbitrary period (¢, ¢ + At), the change of

the investor’s cash holding is

- Agp, (1)
AS(t) = {p, (1), ---,pn(t)}{ : } (8)

- 4¢, (1)
Substitute Eqs.(3) and (4) into Eq.(8):

A5(1) = = ¥, [100) ~7.(6(0) — () +

Zaiij“) = hw; (1) Ang(t) (9)
j=1
Let At7—0 and resolve the integral of both sides
of Eq.(9) in (0, 7):

s =[dsr) = 3 7.(0)¢,(0) -

C 75[4’?(0) noor
; 2 + ;Lhﬁ”i(t)d%(t) -

> ﬁf%B,(t)dqo,;(t) (10)

i=1 j=1
Substituting dep, (1) = — v, (¢) dt into Eq.(10) and
applying the

i 25“@;‘31‘“”%(0 , we get
— \ \ ')’iiﬁo?(o)
S = X0 (0) - 3 FEE -

i=1

integration by parts to

n

iLThiiU?(l)dt -y 2J;Taijgoi(t)dBj(t) (11)

i=1 j=
Define that the execution cost or liquidation loss
L is the difference between the initial value p" (0) -

¢(0) and the amount of cash S:

n 20
L =p"(0)p(0) - $ = 27“‘”‘2#+

i=1
n r

iz Lyvh,w?(t)dt + z vaalygo[(t)dBj(t) (12)

i=1 j=1
Eq.(12) can be rewritten in vector formation:

L= %¢T<0>G¢,(o> + LrvT(t)Hv(t)dt 4

[ ¢ (AdB(1) (13)

Eq.(13) shows that the liquidation loss is a
random variable relating to the trading strategy.
The expectation and variance of L is

E[L] = 1 ¢'(0)Ge(0) v [V By (D

(14)
T
V[L] = L‘DT(t)Cgo(t)dt (15)
Cyy Oy
where C = | : i | = AAT is the covariance
Cnl e cnn

matrix of the portfolio, which is a real symmetric
matrix.
Obviously, E[ L] and V[ L] are functions of
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§Di(t)-
Let
W(e,, =, @,) = E[L] + AV[L] = ¢"(0) *
’

Ge(0) +L [y (1)Hy(1) + A" (1) Co(1) 1dt
where )\ is the coefficient of risk aversion and A =0.
Then, W(¢p,, -

Let

F(t, (1), v(t)) =v'(t)Hv(1) + A" (1) Cep(1)

s o), F(, (),
v(t)) should satisfy the following Euler equation:

, @,) is also a function of ¢, ().

To minimize W (¢,, -

oF d( oF
— =] =0 k. k=1, - 16
Iy, dl(a@k) vE, ’ »n (16)
Since v, (1) = —9%, Eq.(16) can be rewritten as
oF d(oF
—+———|=0 17
ang * dt( avk) ( )
We also note that
F n
o7 zf\éoi(t)(cki"'cik) (18)
Iy, izl
With the symmetry of matrix C, we rewrite Eq.(18):
o = 200 (1) ey, (19)
g, i=1
And
d(oFy _d(hur, (1)) de, (1)
— — | = = —h“ 20
dt(avk) de Hode (20)
Substitute Eqs.(19) and (20) into Eq.(17):
- de, (1)
2M0. (1 . —h, =0
; @i (t)ey B2
Yk, k=1, ,n (21)

Eq.(21) is a second order linear differential
equation. In the following, we will solve Eq.(21).
First, we rewrite Eq.(21) in vector formation:

2/\C¢;(t)—H£§t(2—t):0 (22)
Let

W(1) =H (1) (23)
Substitute Eq.(23) into Eq.(22):

‘L'glgﬂ “\H "CH 7y (1) (24)

We note that H is a diagonal matrix and C is a
real symmetric matrix, so H -7 CH -7 is also a real
symmetric matrix. With a spectral decomposition
theorem of real symmetric matrix, H TCH T can be
decomposed to the following formation:

H™*CH™= =P" UP

[Pu Pm]
where P = | : ¢ | is an orthogonal matrix
Pu 7 Pu

w, o
and U = :

u

: ] is a diagonal one. The

u

nl nn

columns of matrix P are formed by the orthogonal

eigenvector of matrix H TCH™>, And U =

Uy Uy
[ : : ] is a diagonal matrix, the diagonal
Uy o0 Upy
elements of which are the eigenvalue of matrix
H™>CH.

Let £(¢) =Piys(¢) and substitute it into Eq.(24):

TED g (25)
\7\2/6 can get

di‘;‘)z)‘uﬁgku) k=1, ,n  (26)
The general solution of Eq.(26) is as follows:

D When A =0,

fk(t) :Bkt+ek kzl, “'9 n (27>
where B, and 6, are determined by the boundary
conditions and the linear relation between variables:

{§O(O> =X, ¢(T) =0
Y1) =H> (1), £(1) =P" (1)

(2 When A >0,
&,(t) =Bysinh(t./Auy, ) +6,cosh(t,/Auy,,)
k=1, -, n

where B, and 6, are determined by the boundary con-
ditions and the linear relation between variables:
{¢(0) =X, o(T) =0
1
Y(1) =H?(1), (1) =P'¢(1)
Obviously, when A—0,

N N
. t
IAIHOI & (1) __?;qki(xi -Y) + ;LImXi

it is just the above general solution when A =0.
Finally, we get the solution of trading strategy:

x(1) =H 7P£(1)

3 Numerical and Graphical Illustration of the
Optimal Control Strategy

Both the Shanghai market and Shenzhen market
fell on October 8, 2002. The consensus that the insti-
tutional investors’ liquidations drive the market to fall
has now been accepted. Therefore, we choose to study
the Huaan Innovation Open-End Fund with the third-
quarter announcement of the portfolio. Due to the ab-
sence of fund transaction account data, we assume that
the fund liquidated four stocks which are Shanglingdi-
anqi, Weifugaoke, Daxiangufen, and Shennengyuan in
the portfolio and the liquidation period was from Oc-
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tober 8th to 11th. The shares for liquidation are 150
thousand shares, 300 thousand shares, 300 thousand
shares, 300 thousand shares, respectively. That means:
©(0) = {150 000, 300 000, 300 000, 300 000} "
With the actual transaction data in the period, we

estimate the corresponding parameters with the
method proposed by Sadka''':
r2.3 0 0 0
0 32 0 0 s
G=lo o 13 o |*1°
L 0 0 0 0.48
2.9 0 0 0
0 41 0 7
H=\"o 0 16 o ¥
L 0 0 0 0.6
0.999 -0.217 -0.028 -0.095
-0.217 2. 168 0.022 0. 365 5
C = x 10
-0.028 0.022 0.374 0.207
-0.095 0.365 0. 207 0. 501

The optimal liquidation strategy is shown in
Tab.l and Fig.1, where the coefficient of risk aversion
A=10"°.

If the investor has different risk aversions, A has

0.3 R
\,
\\.-\ —— Shanglingdiangi
NN < ——— Weifugaoke
02+ D — Daxiangufen
\:\~ - Shennengyuan

(=}
—

(=]

Residual positions for liquidation/10° shares

o
—_
)
w
S

Figl Optimal control strategy of Huaan Innovation

Open-End Fund liquidation
different values. The optimal strategy in different risk
aversions is shown in Fig.2. Obviously, the investor
with high-risk aversion will liquidate most shares in
the very early period to control volatility risk. The
linear liquidation strategy will be chosen by the risk
neutral investor to minimize the execution cost.

The expectation and variance of the liquidation
loss in different risk aversion attitudes are presented in
Tab2. We can easily observe that the decrease of the
cost is at the expense of the increase of uncertainty.

Tabd The arrangement of Huaan Innovation Open-End Fund liquidation 10*
Liquidated Liquidated Liquidated Liquidated Total
Stock schedule name shares on Oct. 8th ~ shares on Oct. 9th  shares on Oct. 10th  shares on Oct. 11th liquidated shares
Shanglingdianqi 54329 39440 30163 2606 8 15
Weifugaoke 93259 77377 66892 62472 30
Daxiangufen 92103 77315 6.738 4 63198 30
Shennengyuan 54329 39440 30163 2606 8 30
NEORERY S 03
2 R — =0 = \ —2=0
< <
z N A=10"? ) N e A=10"3
= 0.0} e A=107 £ o02F \ ~2=10"°
E : 5 :
\
] . g
2 \ £
g 0.05 - \ §_
35 3
g% g
2% o &
0
0.3
E E
3 3
&
= 0.2 E
& &
é :§
o :
R 3
£8 o &
0 1 2 3 4
Time/d Time/d
(e) (d)
Fig2 Optimal control strategy of different risk aversions. (a) Shanglingdianqi; (b) Weifugaoke; (c) Daxiangufen;

(d) Shennengyuan
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Tab2 The expectation and variance of liquidation
loss in different risk aversion attitudes

Coefficient of Expectation of
relative risk aversion liquidation loss/Yuan liquidation loss/ Yuan?

Variance of

A=1073 3.35x10% 1.92 x10°
A=10"¢ 1.90 x 10* 4.14 x10°
A=0 1.83 x10* 4.98 x10°

4 Conclusion and Future Research Direction

This paper studies the optimal control of multi-
asset liquidation in view of volatility and gets the
analytical solution with calculus of variation. The
conclusion shows that the optimal strategy is the
linear combination of time’s hyperbolic sine and
hyperbolic cosine and is influenced by the degree of
investor’s risk aversion. The investor with high risk
aversion would liquidate assets rapidly in the early
period to avoid the uncertainty of the execution cost.
The decrease of liquidation loss is at the cost of the
increase of the volatility level.

To get an analytical solution, we assume that
stock prices follow arithmetic Brownian motion.
Loosening this assumption to geometric Brownian
motion is more practical and it is undoubtedly a
challenge.

Furthermore, we also
coefficient of price impact and the diagonal formation
of the coefficient matrices. In practice, price impacts
are time variable and there are cross effects when the
investors liquidate the portfolio. The optimal strategy

assume a constant

can be acquired with numerical methods when the
above assumptions are violated.
Finally, the optimal strategy we get is time-

independent. Obviously, the optimal strategy that can
be modified between the liquidation is a * true”
optimal strategy. This problem awaits future research.
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