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Hamiltonicity, neighborhood union
and square graphs of claw-free graphs

Xu Xinping

(Department of Mathematics, Jiangsu Institute of Education, Nanjing 210013, China)

Abstract: Let G be a graph, the square graph G* of G is a graph satisfying V(G*) =V(G) and E(G*) =E(G) U | uw:
dist,(u, v) =2} . In this paper, we use the technique of vertex insertion on /-connected (I =k or k + 1, k=2) claw-free

graphs to provide a unified proof for G to be Hamiltonian, 1-Hamiltonian or Hamiltonian-connected. The sufficient

k

conditions are expressed by the inequality concerning z | N(Y,) |and n(Y) in G for each independent set Y = {y,, y,,
i=0

-+, ¥, of the square graph of G, where b (0 <b <k +1) is an integer, ¥, = {y,, y;_,, =, ¥i_,-1,) CSY forie {0, 1,
-=+, ki, where subscriptions of y,’s will be taken modulo % +1, and n(Y) = [ {ve V(6). dist(v, Y)< 2] |.
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1 Preliminaries and Main Results

In this paper, the terminology and notation not
defined will follow Ref.[1], and we consider simple
finite graphs only. G will always stand for a graph. Let
G be a graph, for any ue V(G), let N(u) denote the
neighborhood of w and d(u) = | N(u) | be the degree
of u. More generally, for any UCV(G), let N(U) =
UN(u).

uel

Many results on Hamiltonicity of claw-free
graphs have been discovered. We are especially
interested in the following results.

Theorem 1’ Let G be a k-connected claw-free

k
graph of order n= 3, and k= 2. If Y d(y,) > n -
i=0

k — 1 for each independent set {y,, v,, =+, ¥, of G,
then G is Hamiltonian.

Theorem 2"°'  Let G be a k-connected claw-free
graph with k=2, If a( G*) < k, then G is Hamiltonian.

Theorem 3'*'  Let G be a (k + 1)-connected
k

claw-free graph with k=2.1f » d(y,) > n -k +2 for
1=0

each independent set {y,, y,, **, y,} of G, then G is
Hamiltonian-connected.

To understand the relation among these sufficient
conditions on Hamiltonicity. We
following notation.

Let ¢ >1 be an integer. Denote /,(G) = {Y: Y is
an independent set of G, |Y| =¢}.

Let G be connected, YCV(G), and v e V(G).

introduce the
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Denote dist(v, V) = mly {dist(v, y) !, where dist(v,
ye

y) stands for the distance between v and y in G,

N,.(Y) ={veV(G): distw, Y) =i}

i=0,1,2, -
and
n(Y) = [No(Y) UN, (Y) UN,(Y) | =
[ {lveV(G): dist(v, Y)< 2! |
Clearly, N(Y) =N, (Y), and n(Y) < |V(G) |. For
eachie {0, 1,2, -, |Y|}, denote

S.(Y) = lveV(6): IN(w)NY| =il

For v € V(G), denote N[v] =N(v) U {v}. Let
{u, v} CV(G). Set

J(u, v) ={weN(u)NN(v): N(w) C

N[u] UN[v]}

The partially square graph G*°' of G is a graph
satisfying V(G*) =V(G) and E(G") =E(G) U
lw: we E(G), and J(u, v) #}.

The square graph G* of G is a graph satisfying
V(G*) =V(G) and E(G*) =E(G) U {w: dist; (u,
v) =21.

Clearly, V(G) =V(G*) =V(G), E(G) C
E(G")CE(G).

In this paper, we use the vertex inserting lemmas
introduced in Ref.[ 6] to prove the following new
results (theorems 4 to 6). In theorems 4 to 6, we
assume that ¥ = {y,, y,, -, y,} €l,,,(G) is an
ordered set, Y, = {y,, yi_y, ", ¥i_,_1,| CY, forie
{0, 1, ---, k}, where the subscriptions of y;’s will be
taken modulo £ +1.

Theorem 4 Let G be a k-connected claw-free
graph with £=2, and let b be an integer with 0 <b <k
+1.If

k

o (Y) = Y IN(Y) [ > b(n(Y) —k-1)

1=0
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in G for each Yel,,,(G*), then G is Hamiltonian.

Theorem 5 Let G be a (k +1)-connected claw-
free graph with £=2, and let b be an integer with 0 <
b<k+1.1f

o, (Y) = 25 IN(Y) | > b(n(Y) =k -1)

in G for each Yel,,,(G*), then G is 1-Hamiltonian.

Theorem 6 Let G be a (k£ +1)-connected claw-
free graph with £=3, and let b be an integer with 0 <
b<k+1.1f

o, (Y) = 25 IN(Y,) | > b(n(Y) =k -1)

in G for each Yel,,,(G*), then G is Hamiltonian-
connected.
For the case b =1, we have the following results.
Corollary 1 Let G be a k-connected claw-free
graph with k=2. If

Z{,}d(%) >n(Y) -k -1

in G for each Y=1{y,, y,, -, v,/ €l,,,(G”), then
G is Hamiltonian.
Corollary 2 Let G be a (k + 1)-connected

claw-free graph with k=2. If
k

Z,)d(yi) >n(Y) -k -1

in G for each Y ={y,, y,, ==, v,} €l,,,(G*), then
G is 1-Hamiltonian.
Corollary 3 Let G be a (k + 1)-connected

claw-free graph with k=3. If
k

Z}d(yi) >n(Y) -k -1

in G for each Y ={y,, y,, ==, y,| €l,,,(G*), then
G is Hamiltonian-connected.

From the above corollaries, it is easy to see that
theorem 4 generalizes theorems 1 and 2, and theorem

6 generalizes theorem 3 with slight improvements.
2  Vertex Inserting Lemmas

In this section, we always assume that G is a
connected non-Hamiltonian graph and C is a maximal
cycle of G, i.e., there is no cycle C' in G, such that
V(C)CV(C"), and H is a component of G - V(C).
, v, EN,(H) and v,, v,,
--, v, occur on C in the order of their indices. The

m

Also assume {v,, v,,

subscriptions of »,’s will be taken modulo m. If x
V(C), denote by x* and x~ the successor and the
predecessor of x along the orientation of C,
respectively.

For eachie {1, 2, ---, m}, a vertex ue C(v;,

v;,,) is called insertible'® if there is some vertex w e

Clv v;) such that {w, w* | CN(u). Otherwise u

i+1
is called non-insertible.

Lemmal® Letue C(v;, v,,,) for some i e
{1, 2, -+, mf{. If all vertices in C(v,, u) are

insertible, then u & N, (H). Therefore, there exists a
vertex in C(v,, v,,,), which is non-insertible.
By lemma 1, for each ie {1, 2, -+, m}, let «;
be the first non-insertible vertex in C(v;, v;,,).
Let X, = {x,, %,, -, %, | and X,, = {x,} UX
(where x, is an arbitrary vertex of H). Set
X=ix,x ,,x | CX

P’ T2 Pk€ =m

m

where 1< p, <p, <--- <p, < m. For convenience, we
always assume that x, =y'and v, =y'forte {1, 2,
o, kb, Set X =X'U {x, | (where x =x,).

Denote J, :’LiJlC[x’l, v’ ], Ky =V(G)\J,.

Lemma2'® X, el (G),Xel,. (G), K,
CSy(X)US,(X), and K, NN, (X) = {«}.

Lemma 3"’ X, e/, (G"), therefore X e
Ly (G7).

A segment C[z,, z,) (CC[x, v, ], tell,
2, -+, k}) is called a CX-segment if

@ C(Zl ’ Zz) r-]So(X> :@;

@z, eN,(X)UX, z,eS,(X)U{v 7l }.

A CX-segment C[z,, z,) is said to be simple if
C(z, 2z)CS8(X).

Lemma4'® Let C[z, z,)(CC[x), v/, ], ¢
e{l, 2, -, k) beaCX-segment. If L, =N(x]) N
C(z,z) (ie {0, 1, -+, k}), then

L, L_y, L, L, Ly, -, L, Ly

(some of them may be empty) form consecutive
subpaths of C (z,, z,) which can only have their
Ll<1foriei{0,1,

i

endvertices in common, and
e kN ).

3 Other Lemmas

Lemma5 Let G be a claw-free graph. Then (D
G =GP @ V(6) =S,(X)US, (X)), So each
CX-segment on J is simple.

We always assume that b is an integer (0 <b <k
+1); X; = {af, Ly, o, xlo f (CX) (forie
{0, 1, ===, kif, and the subscriptions of x/’s will be
taken modulo £ +1).

Let UCV(G). We always set

o, (U, X) = ZO IN(X.) N U]

o (X) =0, (V(6), X) = Y |N(X,) |

1=0

Lemma6 D IfwesS, (X),then o,( |w], X)
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=b; @ o (K, X) < b (K] -1 -

|[L>J2(N,(X) NK,)|); @ Let G be a claw-free graph,

and A be the number of CX-segments on C, then
o,(Jy, X) =b( |-]X| -A- ‘]EJZ(Nl(X) NJy) ‘)

Proof By the definition of o, (Y) and lemma 2,

it is not difficult to check that ) and @ hold.

We first prove two results.

D Let €[z, ) (CClx,, v/, ], 1el, 2,

k! ) be a CX-segment, then

a,(Clz, z), X) =b( |C[zl’ z) ‘ -1)

In fact by lemma 5@), C[z,, z,) is a simple CX-
segment, so forwe C(z,, z,),weS,(X);and z, €S,
(X). Thus by @,

UIJ(C[ZI9ZZ>,X) = z b :b(‘c[zl722>‘_1>

we C(zy,2p)

so 1) holds.
2) If there are A, CX-segments on C[x!, v, ],
then

0'b<C[x[, t+lJ X)—b(|C Xy, t+l:|‘
\lgzm,(xmcm MD\)

In fact for te {1, 2, ---, k!l , divide

Clx), z+1]\(U(N<X)ﬂC[x,, Vi)
into A, CX-segments

C[Zi;),zlz)) C[ZZI ,222 ), C[Zi\'l)’ ﬁ\jz))
Thus by 1)

0'1><C[ ) r+1 20'17(0 J([])’ /(tz>) X) =

zb(IC 5, )= 1) =

b(‘c['xt’ t+l:|‘_/\t_ ‘ZL;JZ(NI(X> N
C['xl ’ Ul+1 ) ‘ )
so 2) holds.

k
Now we prove (3. Consider that J, = glC (%,

k
Ut’+l] ’ and z/\t

t=1
that

= A . Thus by 2), it is easy to see

k
O-b<])(’ X) = 20’],(6[.%;, 1],z+1]7 X) =

Zb(|C[x“ L+1:H )\ -
\U(N(X)HC[ L DD =
b= 4= 1y (N0 A7) D

so (3 holds.
Lemma 7 Let G be a claw-free graph, and A be
the number of CX-segments on C, then
o,(X)b(n(X)-A-1)sb(n(X) -k-1)
Proof Note that V(G) = J, UK,, and A = k.

Thus by lemma 62 and lemma 6(3),
o,(X) =0,(Jy, X) +0,(Ky, X) <
b =A = TU N NI D) +
b( ‘KY‘ -1- ‘1L>JZ<NI(X) N KX) |> =

b(n(X)-A-1)<sb(n(X) -k-1)

Now we involve a graph G' other than G. In
order to distinguish the notation such as N (U),
S.(X), N;(X), Ky, n(X), o,(X) introduced for
G, we will simply add a prime to the notation with
respect to G'. For example, N'(U), S'.(X), etc

By the proof of theorems 9 and 10 in Ref.[8 ],
we have the following two lemmas.

Lemma 8  Assume that G is a (k& + 1)-
connected graph with £=2, and there exists some w e
V(G) such that G' = G — {w} is non-Hamiltonian.
Choose a cycle C of G such that

@ |N',(w) | is maximum;

@ Subject to ), € is maximal.

Let H be a component of G’ — V(C), and
N.(H) ={v,, vy, -+, v, | with the convention that
vy, Uy, =+, v, occur on C in the order of their indices.
Set «x; as the first non-insertible vertex in C(v,, v,,,)
Let X, = {xy, %, =,
x, |, where x, is an arbitrary vertex of H. Then X,, e
I,.,((G")"), and there exists some X C X,,, such
that x,e X and X el,,,(G").

Lemma 9  Assume that G is a (k + 1)-
connected graph with k =3, and there is some {u,,
u,} CV(G), G contains no (u,, u,)-Hamiltonian-
path. If there exists a (u,, u,)-path P such that

) V(P)2N(u,);

@ Subject to M, |N,(u,) | is maximum;

@ Subject to D and @), P is maximal.

Let H be a component of G — V( P). Denote by
G' the resulting graph obtained from G by adding a
new vertex w and two new edges u,w, u,w. Then

O In G, C=Plu, u ) wu, is a maximal
(choose the orientation of C agree with that of P), but
not Hamiltonian cycle of G'; H is a component of G’
-V(C).

@ Let {Ul’ Uyy ™77, Um% =N, (H) =N, (H).
Then v, # u,, there exists the first non-insertible
vertex «, in C(v,, v,,,) forieil, 2,
m=k+1=4;, X, = {x, %, =, %,] €
I,,,((G") "), where x, is arbitrarily chosen in V(H).

(3 There exists XC X, such that x, e X and X e

L, (G7).
4 Proofs of Theorems
Proof of Theorem 4

foreachie {1, 2, ---, m}.

m/| , where

Suppose that graph G
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satisfies the conditions but is non-Hamiltonian. Let C
be the longest cycle of G, and H a component of G-
V(C). Since G is a k-connected graph with k=2,
IN.(H) |=Fk. Let {v,, v,, -, v,} CN.(H) (where k
=m). Thus by lemma 1, for each i e {1, 2, -, ki,
choose x; the first non-insertible vertex in C (v,
v,,,). Set X = {«x,, x,, -
arbitrary vertex of H).

Note that G is a claw-free graph. By lemma 3 and
lemma 5@, X = {x,, x,, =+, 2, el,,, (G*) =
I,.,(G*). On the other hand, by lemma 7, we have

o, (X) = Z‘) IN(X,) |< b(n(X) —k-1)

a contradiction.

Proof of Theorem 5
the conditions but is not 1-hamiltonian. Then there
exists aw e V(G) such that G’ =G - {w/! is non-
Hamiltonian. Since G is claw-free, G’ is also claw-free.
Choose a cycle C of G such that

@ |N.(w) | is maximum;

@ Subject to @), € is maximal.

Let H be a component of G' — V(C), and
N.(H) ={v,, v,, -
, U,, occur on C in the order of their indices.

, x,} (where x, is an

Suppose that G satisfies

, v, | with the convention that
Uy, vy,
Set x; as the first non-insertible vertex in C(v,, v,,,)
Let X,, = {x,, %,, -,
x, |, where x, is an arbitrary vertex of H. By lemma 8§,
there is XCX,,, such that x, e X and Xe/,,,(G").

Note that G is a claw-free graph. By lemma 5 (D,
Xel,, (G") =1,.,(G).On the other hand, since G
and G’ are claw-free graphs, w e S,(X) US,(X) and
V(G") =S, (X) US| (X). Set¢=0ifweS,(X), &
=lifweS (X);s0n(X)+é< n(X). Thus by
lemma 7, we have

k k
o (X) = 2 INX) [ = 2 [N(X) [+ b6 =
i (X) +bE< b(n'(X) —k-14+¢) <
b(n(X) -k-1)
a contradiction.

Proof of Theorem 6
satisfies the conditions but is not Hamiltonian-con-
nected. Then there is some {u,, u,} CV(G), G con-
tains no (u,, u,)-Hamiltonian-path. By theorem 5,

foreachie {1, 2, -+, m|.

Suppose that graph G

there is a Hamiltonian cycle C’' in G — u,. Choose an
orientation of C’, let C' (u',, u,) NN(u,) =) and
u, e N.(u,). Then the (u,, u,)-path C'[u,, u),]u,
contains the set N(u, ). Thus one can choose a (u,,
u, ) -path P such that

@ V(P)2N(u,);

@ Subject to M, |N,(u,) | is maximum;

@ Subject to D and @), P is maximal.

Let H be a component of G — V(P). Add a new
vertex w and two new edges w,w, w,w to G and
denote by G’ the resulting graph. By lemma 9D, C =
Plu,, u, Jwu, is a maximal cycle in G’ (choose the
orientation of C agree with that of P), but not
Hamiltonian cycle of G'; H is a component of G’ —
V(C). Let {v,, vy, ==, v} =N.(H) =N,(H). By
lemma 9Q), v, #u,, there exists the first non-insertible
vertex x, in C(v,, v,,,) forie{l, 2, -+, m}|, where
m=k+1=4; X,, = {x,, x,, el
((G") "), where x, is arbitrarily chosen in V(H). By
lemma 9 (@), there exists XC X, such that x, e X and
Xel, (67).

Note that G is a claw-free graph. By lemma 5 (D),
Xel,, (G*) =1,,(G).On the other hand, by the
construction of G', n'(X) < n(X) +1 and w e §(X)
USI(X).Seté=0ifweS;(X),é=1ifweS (X).
Since |N,(H) | =k +1, it is easy to see that \' =k +
1 — & (where A’ is the number of CX-segments on J',).

,ox, el

Thus by lemma 7, it is easy to see that

o (X) = ELMWX»\=1§\N%X»\—fb=

o, (X) =éb<sb(n'(X) —A-1-¢) <
b(n(X) = (k+1-&) —&) =
b(n(X) -k -1)

a contradiction.
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