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A necessary and sufficient condition
for a vertex-transitive graph to be star extremal
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Abstract: A graph is called star extremal if its fractional chromatic number is equal to its circular chromatic
number. We first give a necessary and sufficient condition for a graph G to have circular chromatic number
|V(G) |/a(G) (where | V(G) | is the vertex number of G and «( G) is its independence number). From this
result, we get a necessary and sufficient condition for a vertex-transitive graph to be star extremal as well as
a necessary and sufficient condition for a circulant graph to be star extremal. Using these conditions, we

obtain several classes of star extremal graphs.
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Let £ and d be natural numbers such that k=2d.
A (k, d)-coloring of a graph G = (V, E) is a
-+« k =1} such that, for
each edge weE , |o(u) —p(v) |, =d , where |x|,:

mapping ¢: V—1{0, 1, 2,

=min{ |x|, k- |x|}. We say G is (k, d)-colorable
if there exists a (%, d)-coloring of G . The circular
chromatic number (also known as the star chromatic
number which was first introduced by Vince'" )
x.(G) is the infimum of k/d for which G is (k, d)-
colorable. For a different but equivalent definition of
the circular chromatic number, we refer the reader to
Ref. [ 2 ]. The circular chromatic number is a natural
generalization of the ordinary chromatic number.
Another generalization of the ordinary chromatic
number is the fractional chromatic number of a graph.
A mapping ¢ from the collection I" of independent
sets of a graph G to the interval [0, 1] is a fractional
coloring if for every vertex x of G we have

Z c(S) =1

Serl, st xe$

coloring ¢ is ZC(S)
Serl’

number y,(G) of G is the infimum of the values of

. The value of a fractional

. The fractional chromatic

fractional colorings of G . For equivalent definitions of
the fractional chromatic number, see Refs. [ 3,4 ]. For
any graph G , it is well known'*’ that

max{w(G) , Zg—gi}s)(f( 6)<x.(0) <

[x.(6) 1=x(6) 1)
where o (G) is the independence number of G and
w(G) is the clique number of G .
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A graph G is called star extremal if y . (G) =
x:(G) . This notion of star extremality for graphs was
first introduced by Gao and Zhu when they studied the
chromatic numbers and the circular chromatic numbers
of the lexicographic products of graphs in Ref. [6 ].
Klavzar*’ used star extremal graphs to investigate the
chromatic numbers of lexicographic products of
graphs. Lih, et al.”’ studied relations between
circulant graphs and distance graphs and discussed
their star extremality. Some other star extremal
circulant graphs were also obtained by Lin'"".

Let p be a positive integer and let S be a subset
of {1,2, -+, p—1} . The circulant graph G(p, S) is
a graph with vertex set V=140, 1, -, p—1 | and
edge set E={ij: i, jeV, |i-jl, eS| , where |x],

=min{ |x|,p - |x|} . It is known and easy to prove
that if a graph G is vertex-transitive, then y;(G) =
|V(G) |/a(G) , where o ( G) is the independence
number of G . Since any circulant graph G =G(p, S)
is vertex-transitive, we have y;(G) =p/a(G). Thus
to prove that y_(G) =y,(G) for a circulant graph G =
G(p, S), it is sufficient to prove that y (G) =p/
a(G) . Using the multiplier method, Refs. [ 5, 6]
obtained some star extremal circulant graphs. The
following two theorems will be used in our proofs.

Theorem 1 If S={1,2, -+, k-1}, then
the circulant graph G =G(p, S) is star extremal.

Theorem 2" Suppose that k' =k +[<p/2 , S
={k, k+1, -, k'} .Ifp-2k"<min{k, I} ,then G
=G(p, S) is star extremal.

1 Graphs G with y.(G) = |V(G) |/a(G)

For two integers k and d with k=2d , let GZ be
the graph with vertex set {0, 1, 2, -=-, kK -1} in
which jj is an edge if and only if d< |i —j| <k -d .
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Note that G} is just the circulant graph G(k, {d, d +
1, .=, | k/2]}) . Suppose that G and H are graphs.
A homomorphism from G to H is a mapping f from
V(G) to V(H) such that f(x)f(y) € E(H) whenever
xy € E(G). If there is a homomorphism from G to H,
we say G is homomorphic to H, denoted by G— H. It
is known and easy to prove that for any graph G,
X.(G) <k/d if and only if G is homomorphic to Gj.
Let p and « be two positive integers with p=2« .
Suppose (p, a) = A, let p, =p/A and o, = a/A. And
denote by S;the set { (i —=1)A, (i=1)A +1, -+, i

-1{(i=1,2, -+, p,). The graph E;Tfhas vertex set

Po
US; and if ay < |i ~j| <p, - a, then any vertex of S,

is adjacent to any vertex of S;. Clearly there exists a
homomorphism f'; é?—»Gfg and f ((’Z\f ) = G,’. When
(p, @) =1, G is exactly the graph G*. If A =2, G* is
a proper subgraph of é? . Note that the independence
number of (’;f is « . And it is not difficult to check that

é? is a vertex-transitive graph but not a circulant
graph when A > 1.
Theorem 3 Let G be a graph with p vertices

and independence number «, then y,(G) =p/« if and

only if G is isomorphic to a spanning subgraph of é\f .

Proof Let A =(p, a)=1.Letp, =p/A and a,
= a/A. If x.(G) = p/a, then there exists a
homomorphism g: G—G;°. Denote by S, the vertex set

[vlg(v) =i, veV(G)I}O(izo, 1,2, -, po-1).

Clearly V(G) = I);LjolSi. Following we shall prove that

|S.|=A fori=0,1,2, -, p, — 1. Since HEJI__ISj is
i+ag-1

independent, we have i \Sj | < « (where additions

in indices are tal]:eln

po-1  i+ap-1 po-1

Z 2 ‘Sj|:a026|5,-|:aop=p0a,wehave
j=i i=

modulo  p, ). Since

i=

i+ap-1
YIsl=a(i=0,1,2,
j=i

ag-1 ay

Y S| = Y S, |, we have |Sy| =[S, |. And since

j=0 j=1

, po — 1) . Since

2ap-1 2aq
Is 1= 2 IS 1], [S,] =18y, Going in this
J=ag j=ag+l

way, it follows that [S,| =[S, [ =S

=15
=[S, [ = Note that (p,, a,) =1, we have

1Syl =18, I=--=1S _,|=A. And this implies that

2aq 3ag

po=1

G is a spanning subgraph of é? .
Conversely, if G is a spanning subgraph of G~

P2
theny, (G) <y, ( é?) = p/a. Also, p/a <y, (G)
follows from (1).

2 Star Extremality of Graphs

In this section, we shall use theorem 3 to obtain
some star extremal graphs which are not necessarily
vertex-transitive. By (1), if y,(G) = [V(G) |/ a(G)
then y, (G) =x,(G) and G is star extremal. From
theorem 3, we have the following theorem.

Theorem 4 Let G be a graph on p vertices with
independence number «. If G is isomorphic to a

spanning subgraph of é?f, then G is star extremal.

Since for any vertex-transitive graph G, we have
x:(6) =1V(6) |/ a(G), thus by (1) the following
theorem holds.

Theorem S Let G be a vertex-transitive graph
(or especially a circulant graph) with vertex number p
and independence number «. Then G is star extremal
if and only if it is isomorphic to a spanning subgraph
of (ff .

By the definitions of y_(G) and y,;(G), if G is
homomorphic to H, then y, (G) <y, (H) and y;(G) <
x:(H). Using this simple observation and theorems 1
and 2, the following two theorems can be established.
Let C;' denote the circulant graph G(p, {1,2, -, m

-1}).

Theorem 6 Given two integers p and m with p

=2m.Letp =am +¢,0<qg<m —1. Then any graph

G satisfying C;"HGH@“/ is star extremal.

Theorem 7 Suppose that o’ =« +[<p/2 and
p -2¢' <min{a, l},S={a, a+1, -+, 'l and G,
=G(p, S). Then for any graph G satisfying G,—G—

é\f , G is star extremal.

Proof From the proof of theorem 9 in Ref. [1],
the independence number of G, is o and y, (G) =
x:(G) =p/a. And the theorem follows.

Corollary 1  Suppose that o’ =« + [ <p/2 and
p—-2a' <min{e, [}. Any circulant graph G(p, S)
with its generating set S satisfying

la, a+1, -, '} CSCla, a+1, -+, p-af
is star extremal.

Corollary 2  Given two integers p and m with p
=2m.letp=am +q,0<g<m-1.1f G(p, S) is a
circulant graph and S satisfies

la, 2a, -, (m=-1)a} CSC
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-, p-al
then G is star extremal.
Proof Let S, ={a, 2a, -+, (m-1)a}. We
define a mapping from C7' to G(p, S,) as follows:
f(i) =ai(mod p) i=0,1,2, -, p-1
Since if i —je {1, 2, -=-, m =1} then f(i) -
S(j) €S, fis a homomorphism from C”' to G(p, S,).

la, a+1,

Thus if S satisfies the condition of the corollary, then
C'— G(p, S)— G;. By theorem 6, G(p, S) is star
extremal.

Corollary 3  Given two integers p and m. If p =
ma+q,0<g<m-1and (p, o) =1, then for any S
satisfying

11,2, -, m-1} CSC {1

iy, iy oy ig

the graph G (p, S) is star extremal. Where i; is the

2, e, p =1

integer with oi;(mod p) =j,j=1,2, -, a —1.
Proof Let
S, =1{1,2, -, m-1}
Sz={l,2, s> P _1}\{il,i2’.”’ia—l}

Define f: G (p, S,) — G, as in the proof of
corollary 2. Since (p, a) =1, f is one to one and it is
not difficult to check that f/ is an isomorphism from
G(p, S,) to 6. Thus if S, CSCS,, then C'—~G(p,
S)—G;. From theorem 6, the corollary holds.

Theorem 8 Given two integers p and m with p
=2m and m=2. Suppose p=am +¢q,0<g<m - 1.
And let

s={1,2, e m=1, (PR ) J}
where FI%M—I<L L. If @D « is odd and 2

m, or @ « is even and ¢ +2<I/<m, then G(p, S) is
star extremal.

Proof 1) is odd and2<iI<m

Clearly the independence number of G is at most
a. On the other hand, it is not very difficult to check
that the following vertex set A is an independent set of
G with [A] =a.

:{O,m, -~,T_1m O+m, m+m, -,
—a_3m+ﬁL}
2
where m =p — fp_’;iJrZW + 1. Thus the independence

number of G is « and y;(G) =p/a.

Now define f: G—G; as follows:

f(i) =ia (mod p) i=0,1,2, -, p-1
Let ¢ and j be two arbitrary vertices of G and let ¢ =
li-jl,.1fije E(G) (thatis te S ), we shall show

that /(i) f(j) e E(G)). Ifte {1, 2, m-11{,itis
easy to see that | (i) —f(}) |[, =q. So we suppose i e

-1+2
{re===,
some h (2<h<I<m) such that t =(p -h +2)/2.
Without loss of generality, assume ¢t = (p —h +2)/2.
Then

) =fD |, = T, =

p—h+2 p—(h-2)a

2 Y 2 ,

Hence f(i)f(j) e E(G;) and this implies that f
is a homomorphism from G to G;. Thus y,(G) <p/a.
By (1), x.(G) =x:(G) and G is star extremal.

2)ais even and ¢ +2<I<m

We first show that o (G) =« — 1. Let A be a
maximum independent set of G. As G is vertex-

, L%j } It is clear that there exists

=

=

transitive, we may assume O € A. Let

_ oo pPzlH24
_{0715 ”7 2 —I 1}
and
B p-l+2
L={p-T 55141,
_rboi+2 .
p=l 142, p m}
Since 0 is adjacent to every vertex of
[p=m+1,p-m+2, -, p-1f
and
-1+2 -1+2 —l+2
e e R R e ).
2 2
It is clear that A € [, U I,. Note that every m

consecutive vertices of G induces a clique, we have

17|

AnI | < - 1,k=1, 2. But
Fp_l+27 rma+q—l+2—|
1,
b2 g2 .
(q—l+2w
(63 (63
Sl 1=
and
" fB_l+2T—m
f;ﬂJ 2m 7=%—1

Hence |A| < a - 1. On the other hand, it is not
difficult to check that the following vertex set A" of G
is an independent set with |A’| = —1.

A= {0, m, -, (%—1)m,0+z, m+l, -,
(%—2)m+2}
p- l+2

where [ =p — [ 1+1. Thus a(G) =a - 1.
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And y.(G) =p/a-1.

Define f G—»G;"l as follows:

f(i) =i(a—1)(mod p) i=0,1,2, -, p-1
By very similar argument in the proof of 1), one can
easily show that f is a homomorphism from G to Gl‘f’l.
This implies that y.(G) <p/(a-1).By (1),x.(G) =
x:(G) and G is star extremal.

Remark 1 In the study of star extremal graphs,
Klavzar'*’ gave a family of circulant graphs G, =
G(3n-1, {1,4, -, 3n-2}) and proved that
x.(G,) =x;(G,) =3 = 1/n. However by defining a
mapping f: G,—G;, _, such that for each vertex i =0,
1,2, ,3n-2,f(i) =m (mod 3n - 1), one can
easily see that G, While
x.( G}) was determined by Vince in 1988. Zhu'' also
mentioned this family of circulant graphs G, viewing
it as a new class of star extremal circulant graphs.

Remark 2 In some sense, theorems 4 and 5
determine all star extremal graphs which satisfy
[V(G) |/a(G) =x;(G) =x.(G) and all star extremal
vertex-transitive graphs, respectively. By (1), we ask

is isomorphic to G5 .
3n-1

how to determine all the star extremal graphs which
satisfy y(G) =x.(6) =x(G).
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