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Weight-based shape modification of NURBS curves
by constrained optimization

Wang Zhiguo

Zhou Laishui

Wang Xiaoping

(Research Center of CAD/CAM Engineering, Nanjing University of Aeronautics and Astronautics, Nanjing 210016, China)

Abstract: A new method for shape modification of non-uniform rational B-splines (NURBS) curves is
presented, which is based on constrained optimization by means of altering the corresponding weights of their
control points. Using this method, the original NURBS curve is modified to satisfy the specified geometric
constraints, including single point and multi-point constraints. With the introduction of free parameters, the
shapes of modified NURBS curves can be further controlled by users without destroying geometric constraints
and seem more naturally. Since explicit formulae are derived to compute new weights of the modified curve,

the method is simple and easy to program. Practical examples show that the method is applicable for computer

aided design (CAD) system.
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The non-uniform rational B-splines (NURBS)
have become the de-facto standard for designing or
representing all kinds of complicated shapes in the
field of computer aided geometric design (CAGD) and
computer graphics because they give a uniform
description of free-form shapes and analytical curves
or surfaces. Some complex geometric models might
not have been created without NURBS as they can
represent ordinary B-splines and Bézier as well as all
conic curves. However, shape design is a time-
consuming  process
accomplished in one stroke. After creating NURBS
curves or surfaces, we often need to modify them such
that their shapes satisfy our design requirements.

Shape modification of parametric curves and
surfaces has been attentively investigated. Piegl "
proposed two classic approaches to modifying the
shape of an NURBS curve and surface: control-point-
based modification and weight-based modification. Au
and Yuen'”’ presented an approach based on altering
the weights and locations of the control points
simultaneously to deform the NURBS curve. Fowler
and Bartels"”’ investigated a method to let users
interactively specify properties that depended on the
curve’s values and derivatives at selected parametric
points. Sanchez' ' developed a simple technique to

and usually cannot be

modify NURBS curves based on a perspective
functional transformation of arbitrary origin. Hu,
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et al.”>® presented a method for shape modification of
NURBS surfaces via geometric constraint optimization.

Physically-based shape modifications also have
been developed during the past twenty years. In the
physically-based method, curves and surfaces are
viewed as real objects that are subject to physical
laws, and can be allowed to stretch and bend.
Terzopoulos' "’ proposed clastically deformable models
of surface and derived different deformation equations
by means of elastic theory in 1987. Celniker and
Gossard "’ investigated a method to deform
constrained B-spline curves and surfaces by
minimizing deformable energy. Welch and Witkin'"’
proposed variational surfaces in geometric modeling
and deformed their shapes by constraint optimization.
In brief, in a physically-based method we need to
compute the surfaces satisfying specified constraints
with minimal deformable energy.

However, in some cases, we only need to deform
the original curve in a subtle area without moving
control points, therefore altering weights of the curve
is a good choice. In this paper, we present a new
method to modify the shape of NURBS curves by
minimizing the variation of weights by means of the
least square method. Explicit formulae are also derived
to compute new weights of the modified curve.

1 Problem Statement

An NURBS curve with control points P, (0 <i<

n) can be defined as

n

zwiPiNi,k(u)

P(u) == ————  wuy<us<u, ()
ZwiN,;’k(u)
=0
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where w, are corresponding weights of control points
and N, , (u) are the normalized B-spline base
functions of degree %k defined over knot vector U =
lg, =y ey ooy Wy oy U -

As shown in Fig.1, suppose T is a target point in
modified curve P(u) and § is a start point in original
curve P(u) with the same parameter e [u,,, u, ., ]
How should we modify original curve such that the

modified curve passes through T exactly?
T

—\s‘\l’(u)

Fig.1 Illustration of shape modification

2  Constrained Optimization Solution for
Single Point Constraint

2.1 Single target point constraint

An NURBS curve can also be rewritten as
1 n
P = P.N. 2
(u) W(u)lz:(,)wz i z,k(u) ()

where W(u)

= z w;N; ,(u). Suppose that weights
=0

w,(j<j<j,, m—k<j<m) are to be changed, and
we choose perturbation Aw; (j, <j <j,) for those
=w; + Aw;). As a result, the modified
curve takes the form of

ZwPNl (u) + ZAwPN (u)
P(u,) J=i

W(u) + ZAw

J=h

weights (o,

A(u)
G)

For the start point, we can get the following
equation:

Zw;,PiN;,k(ﬂ) @)

i=0

For the target point, Eq.(5) can be derived.

A(u) =

W(a)S =

2
W(a)T + TZ Aw,N,

J=

ZwlPlNl L(@) + ZAijNj,k(a) ®)

J=0

From Eq.(4) and Eq.(5), we have

ZAw N, (&) (P, =T) (6)

J=i

We determine Aw, (j = jj,

(T-$)W(n) =

) .]2) by the
constrained optimization method. The optimization

pp)
objective function is z ®Aw; = min, where o, (j =
7=
Jis s Ja3 0 <a; <1) are free parameters which are
)
given by designers. Here we set 2 o = L
J=i
Consequently, the Lagrange function is defined as
i
L = z ajAa)? +
J=i ’
pp)
K[(T -$)W(a) = Y AwN, (1) (P, - T) ]
J=1
)

where K = {k,, k| ! is a Lagrange multiplier.

Let —(L) - 9.(L) =0 and ﬁ(m =0 for
y J

J=Ji, "', J,, and write derived formulae in vector

form, then the following equations can be derived.

Aw,N; (1) (P,
,Z‘l (@) ( )}(8)

20Aw; = N, ,(2)K(P; - T)
From Eq.(8), Eq.(9) can be derived.
ij :Nj.k<a) (P] _T>TK
2q;

Therefore, we have

(T -8)W(&) ——Z

J=h

(P, -T) (P,, -T)'K  (10)

N ( )(P T)(P,-T)" for j, <

(T-8)W(a) =

©)

N2 k(u)

Setting A; =
7
2

2 A, where A; is a 2 X2 matrix, we can
J=i
get explicit solution for single point constraint from
Eqgs.(8), (9) and (10).
L AROL
;
Fig. 2 are examples of single target point
constraint. The original curve is an NURBS curve with
seven control points. Weights w, (1 =2, 3, 4) are

<j,andA =

(Pj—T)TA'](T—S) (11)

changed.

From Fig.2, we can see that free parameters can
be adjusted to keep some parts of the original curve
less changed. Since negative weights are not allowed,
one rule must be emphasized here. When we choose
the target point, it must be within the piecewise
convex hull, otherwise the shape of the modified
curve will be inestimable. We can see that from Fig.3.

In Fig.3, since the target point is not within the
piecewise convex hull constructed by control vertices
P (i=1,2,3,4),the new weight (w, =w, +Aw,)
equals -0.167 3.
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1

(a)

(b)
1 — Original NURBS curve; 2 — Modified curve, o, =0.3, o =
0.4, o, =0.3; 3 — Modified curve, a, =0.01, a; =0.98, o, =0.01

Fig.2 Shape modification with single target point constraint

Fig.3 Shape of modified curve with negative weight

2.2 Discussions in some special cases

Eq.(6) accounts for the relationship between the
varied weights and the target point. Although we have
derived an explicit solution for a single target point
constraint, there are some special cases.

Case 1 If only one weight of the control point
P; is changed, Eq.(6) can be rewritten as

(T-S)W(a) =Aw,N, (2) (P, -T) (12)
Therefore, only when vector (T -=S) x (P, -T) =0,
that is to say, the target point should be restricted to
the line joining the start point S and the control point
P;, we can get a unique solution.

A T
py VOB =D(T-5) )
Nj, () HPj - T”
Fig.4 shows the example of shape modification via
altering one weight.

Fig.4 Shape modification via altering one weight

Case 2

and P, are changed, Eq.(6) takes the following form:
(T-8S)W() =Aw; N, ,(2)(P, -T) +

ij sz,k(a)(sz -T) (14)

When the target point 7 is not on line 1, line 2 and

If only two weights of control points P;

2

line 3 (see Fig.5), we only need to solve a linear
equation system without optimization.

le 1

2
S
Fig.5 [Illustration of start point and two control points

Setting A =[N, « () (P, =T) N, (@) (P, -T)]]
and Aw = { Aw

) s ijz} where A is a 2 X2 matrix, we

can obtain a unique solution as

Aw=W(a)A™ ' (T -S5) (15)
When the target point is on line 2 or line 3, we can
obtain one solution (such as Aw; ) from Eq.(13), and
the other perturbation (Aw),) equals 0.

However, when the target point is restricted to
line 1, since matrix A is singular, no solution can be
obtained from the constraint equation.

3  Constrained Optimization Solution for
Multi-Point Constraint

Suppose there are p target points T, with

parameters &, ({ =0, 1, ---, p), then the modified
curve satisfies the following requirements:

)
(T, - S)HW(2,) = 3, AN, (&) (P, ~T))
J=I1
(16)
So the Lagrange function is defined as

J2 P
L= z:%Aw./2 + zkl[(T/ _S/)W(i‘z) -
=0

J=i

2
> Ao, () (P, -T) |
7=
As a result, the following equations can be derived.

(Tz _SZ)W(a[) = 2 ijNj,k<al)(Pj_Tl)

J=i
P
20A w; = zNj,k(aZ)kl(Pj -T)
=0

L=0,1, -, p
(17)
Therefore, Eq.(18) can be derived.

1 <
Aw; :72]\]/'.k(az>(Pj_Tf>Tk’ (18)
zajt:()
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. 1
Setting B, =~ | N (1) (P, =T,) "~ N, (&, -
7

(P].—TP)T] and K = [ko T kt kp]-erxl’it
follows that
1 . ..
ij :?BjK Ji gjgjz (19)

Accordingly, Eq.(17) can be rewritten as

1 2 2 N, (a)N, (&,)
T -S)H)W(w,) =— L L .
(T, =5)W(2,) 25 ;1 &

(Pj_Tl)(Pj_Tt)Tkt (20)
N ()N, (2,)

Write Aj, = (P,-T,)"(P,-T,) and

]
Al=[A) A, - AL, for0<i<p, 0<I

<p, then Eq.(20) takes the form as

1 2
(TI—SZ)W(a,):?ZAJ’.K 0<I<p

J=h

@1)
Set
A° W(ao)(To_So)
A =|A , € =| W(w,)(T, - 8))
AP 2px2p W( ali) (TI’ - SI’> 2px1

J2
1 1 3
where A’ = ZAf’ 0 <[ < p, then we can write Eq.
J=I1
(21) in unified matrix form.

C- %AK 22)
B,

n
As a result, denoting B = , the explicit solution

B

2

for multi-target point constraint is governed by the
following equation derived from Eq.(19) and Eq.(22):

Aw=BA~'C 23)
Fig.6 are examples of multi-target point constraint.
Weights w,(i=1, 2,:--, 5) are changed.

Considering the local support property of B-
spline base function, altering a weight w, only affects
curve segments defined over interval [u,, u,,,,, .
An NURBS curve with degree £ and n + 1 control
points has n — k£ + 1 curve segments. Let Q =
{gi, 34 s
positional constraints applied on each curve segment
and V = {v,,--- } represent the number
of weights that affect each curve segment among the
weights to be altered. In general, for planar NURBS
curve we can get a unique solution for a single target
point constraint by changing two weights. Therefore, if

represent the number of

sVis " 5V fs1

(a)

(b)
1 — Original curve; 2 — Modified curve, a; =0.45, @, =0.02, o

=0.06, ¢y =0.02, a5 =0.45; 3 — Modified curve, ) =0.01, o, =
0.01, a3 =0.96, oy =0.01, a5 =0. 01

Fig.6 Examples of multi-target point constraint

there appears to be 2¢, > v;, no solution can be
obtained. Fortunately, in practice we can increase the
stiffness of the curve by using a knot insertion
algorithm until each interval only contains only one
positional constraint.

4 Conclusion

This paper presents a new method for shape
modification of an NURBS curve by minimizing
variation of weights by a least square method. Explicit
solutions for single target point constraint and multi-
target points constraint are derived to compute new
weights. With the introduction of free parameters, not
only can the geometric constraints be satisfied, but
also the shape of the modified curve can be controlled
by designers. Practical examples show the proposed
method is acceptable in CAD systems.
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