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Three-dimensional calculation of roadway earthwork volume
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Abstract: To solve the inaccuracy problem caused by the two existing methods (average end-area method and
prismoidal method) used for the calculation of roadway earthwork volume, this paper puts forward a new
concept of the 3-dimensional algorithm that takes all the roadway geometric design procedures as a kind of
geometrical operation between the ground model (original terrain model) and the roadway model ( designed
model) under certain constraints, and then presents a complete 3-dimensional algorithm of roadway earthwork
volume as well as its executable computer program. The algorithm benefits from the re-triangulation technique
of constrained delaunay triangulation ( CDT), which can yield a true volume value theoretically. Through a

number of practical tests covering varied intervals between adjacent cross sections, it is proven to possess a
higher accuracy compared with that of traditional methods. All the work involved in this paper indicates that the
3-dimensional calculation of roadway earthwork volume is feasible, more accurate and should have further

application in practice.
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The average end-area method and prismoidal
method are widely used in the calculation of roadway
earthwork volume. A volume is calculated by an aver-
age-area or an adjusted area of multiplying distance
between the two sections in these two methods. How-
ever, the core of the calculations is 2-dimensional and
theoretically defective because two adjacent sections
do not change linearly along its central line of road-
way. Therefore, to get a more accurate result of earth-
work volume, some adjustments, such as the special
treatment at curved roadway and transition sections,
were used'' *'. Meanwhile, to simplify the calcula-
tion, the dispose of ground line as unilateral linear or
bi-directional linear straight line was employed"”.

Although there are several 3-dimensional calcula-
tion methods, typically using triangle-based or grid-
based digital terrain model, for calculating earthwork
volume mainly at site engineering!®™™, there has not
been a 3-dimensional calculation method for roadway
engineering. It is partly because a roadway is a long
strip-shape with many more restrictions than that of a
site leveling in a DTM-based 3-dimensional calcula-
tion, for example.

However, with the help of a digital terrain model
(DTM) and its re-triangulation techniques, this paper
puts forward a concept in which all results of roadway
geometrical design can be regarded as geometrical al-
gorithms between ground models ( original terrain
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model) and roadway models ( designed model) under
certain restrictions, presenting a complete 3-dimen-
sional algorithm of roadway earthwork volume and
furthermore reaching some positive conclusions after a
series of tests was accomplished.

1 Principle of 3-Dimensional Calculation of
Roadway Earthwork Volume

According to the theories of mesh generation in
computer science, any complicated surface can be
presented and simulated by triangular meshes. There-
fore, the calculation of earthwork volume among a
whole area can be divided into the volume calculation
of each triangle pair consisting of the original terrain
triangle and designed surface triangle, which share the
same vertices on a horizontal plane in only four types
as shown in Fig. 1. It is easy to calculate the fill or/
and cut volume in a single triangle pair as well as the
whole earthwork volume. Then, the key of the 3-di-
mensional algorithm turns into how to organize the tri-
angle pairs of a desired area.

For applications of a 3-dimensional algorithm in
fields such as real estate and land record surveying,
they are relatively easier because only boundary lines
are taken as constraints and constrained delaunay trian-
gulation (CDT) is easily executed to form triangle
pairs. However, for the applications in roadway engi-
neering, it is much more complicated. The following
steps show how to get the triangle pairs for roadway
engineering by re-triangulation technique (see Fig.2).

(D At first, the roadway model should be triangu-
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Fig.1 Four types of triangle pair with three coincided
vertices on a horizontal plane

(b) (¢)
Fig.2 Re-triangulation of DTM within road boundary.
(a) TIN of original terrain, dashed line showing road boundary;
(b) Triangular network of road surface; (c) Re-triangulation with-
in road boundary

lated with the constrained lines along cross sections.

(2) On the horizontal plane, triangle meshes of the
roadway model are overlaided on those of the original
terrain model, the intersected points and boundary
points of which are considered as newly added points,
meanwhile, all the existing lines ( triangular edges),
including roadway boundary lines, may be divided as
many new small-segment boundary lines that should
be considered as constrained lines.

3 Based on all points and constrained lines crea-
ted through step (D and step 2), execute CDT.

@ On the vertical plane, elevations of roadway
model points can be obtained with their projection on
the original terrain model, and elevations of the origi-
nal terrain model points can also be obtained with
their projection on the roadway model. Similarly,
elevations of new points produced by intersections can

also be obtained with their projection on the two mod-
els respectively.

(® Triangle pairs with the roadway model and the
original terrain model fully identified on the horizontal
plane are obtained and their corresponding fill and cut
earthwork volumes can be calculated.

(6 The amount of fill and cut earthwork volumes
between each station interval as well as the whole
earthwork volume within the roadway boundary can
finally be calculated.

Actually, according to the above working flow,
the author developed a software program using Ob-
jectARX under AutoCAD to test this 3-dimensional
method. The details of the software are omitted for the
sake of space.

2 Comparing 3-Dimensional Algorithm with
Traditional Average End-Area Method

In order to compare the 3-dimensional method
with the traditional average end-area method, five ca-
ses are referenced to validate the differences between
these two kinds of algorithms, which focus on differ-
ent intervals between cross sections, that is, 50, 30,
20, 10 and 5 m, respectively. As anticipated, the shor-
ter the interval, the smaller the difference between
these two algorithms.

In the test, the original terrain model is described
as a plain and small hill and the roadway as a grade-
two highway, with 2 x 7. 0 m-wide driving lanes and
2.5 m-wide shoulders, without a center divider. The
route length is 1. 8 km long. According to these two
kinds of algorithms, earthwork volumes, classified as
cut, fill and sum, of each interval between adjacent
cross sections are calculated. For each group of vol-
umes, there are two volumes corresponding to the two
methods and then their relative errors can be compu-
ted to get three series of them, which can be respec-
tively marked as cut error, fill error, and sum error. As
for those cases in which errors exceed 50%, they
should be considered as nonpermissible errors caused
by defects of the traditional algorithm and the cases
should be taken out from the whole sample. The
differences between the two methods analyzed by rela-
tive error is shown in Tab. 1.

Tab.1 Error analysis between two methods of earthwork volume calculations

Route Interval/m Amount  Average value of cut Average value of Average value of sum  Proportion of cases in which
length/m of sample sample errors/ % fill sample errors/ % sample errors/ % errors exceed 50% /%

1 800 5 360 2.45 1. 65 0.97 1. 11

1 800 10 180 2.41 2.14 2.54 6. 67

1 800 20 90 4.79 4.53 6.26 12.22

1 800 30 60 7.07 6.51 9.74 16. 67

1 800 50 36 10. 40 12.15 17.72 30. 56
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In order to describe intuitively, relative errors of
different intervals of 5, 10 and 20 m are illustrated in
Fig. 3 (Cases within the error range of 5% are just
listed for clarity) .
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Fig.3 Error analysis with three different intervals.

(a) Sm;(b) 10 m;(c) 20 m

From Tab. 1 and Fig. 3, we can find the actual
results are consistent with the anticipated ones, which
indicate that the 3-dimensional algorithm of earthwork
volume based on the digital terrain model can be ap-
plied in engineering and achieve more accurate re-
sults. In order to testify the 3-dimensional algorithm’s
accuracy, every pair of triangles can be created into
meshes under AutoCAD after earthwork volume cal-
culation, and intervals between adjacent stations
should be placed on two different layers ( for in-
stance, layer “odd” and layer “even”), so we can
clearly judge the veracity of the original terrain, de-
signed surface as well as their fill and cut relations by
freezing one layer and shading or rendering. As shown
in Fig. 4, the roadway model(in darker color) and ter-
rain model (in lighter color) are equally spaced and
their 3-dimensional relations ( especially in the direc-
tion of cross sections) are clear at a glance.

Fig.4 Both original terrain and road surface created after
earthwork volume calculation

3 Conclusions

1) The 3-dimensional algorithm of earthwork
volume based on the digital terrain model and re-trian-
gulation technique is proven as theoretically correct
and more accurate than that of traditional methods,
which can be used in roadway engineering.

2) Furthermore, if there are original terrain data
with layered geological information such as soil and
stone, the earthwork volumes calculated are also able
to be classified to the related layers, which are defi-
nitely better than those roughly estimated layer pro-
portions used nowadays.

3) The 3-dimensional algorithm of earthwork
volume is also able to be used in site engineering ( see
Fig. 5), which is easier compared with its use in road-
way engineering.

(b)

Fig.5 The 3-dimensional algorithm used in leveling up a

site. (a) Triangular meshes consisted by triangle pairs; (b) Ren-
dered view at AutoCAD
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