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Meso-mechanical analyses of shape memory alloy wires
reinforced smart structures with damages
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Abstract: The thermo-mechanical behaviors of shape memory alloy (SMA) wires reinforced smart structures
with damages are analyzed through variational principle and meso-mechanical method. A governing equation
on the structure is derived. Mathematical expressions on meso-displacement field, stress-strain field of typical
element with damages are presented. A failure criterion for interface failure between SMA wires and matrix is
established under two kinds of actuation which are dead-load and temperature, where the temperature is
included in effective free restoring strain. In addition, there are some other composing factors in the failure
criterion such as interface properties, thermodynamical properties of SMA, initial debonding length L -/, etc.
The results are significant to understand structural strength self-adaptive control and failure mechanism of
SMA wires reinforced smart structures with damages, and provide a theoretical foundation for further study on
the integrity of SMA smart structures.
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Smart structures have attracted more and more attention due to their dual properties of conventional
composite structures and functional composite structures. They are being applied or to be applied in some fields,
such as aeronautics and astronautics, national defense, architecture, and medicine'!' *'. Among them, shape
memory alloy (SMA) reinforced smart structures could be used to do self-adaptive structural shape and strength
and to prevent structural failures. Although many researches on SMA reinforced smart structures without damages
have been made"”~'"'; researches on SMA smart structures with damages have rarely reported thus far''>"*' . In this
paper, thermo-mechanical behaviors of SMA wires reinforced smart structures with damages have been analyzed
by utilizing a variational principle. The results presented herein provide a theoretical basis for further study on the
integrity of SMA smart structures.

There are three restoring states of SMA wires in smart structures; they are free restoring, restrained restoring,
and controlled restoring. Considering a controlled restoring state, which is similar to an actual situation, a one-
dimensional constitutive relation of SMA can be written as

g, =8 — &, =ko+k, (1)

where ¢,, ¢ and g, are the restoring strain, total strain and pre-strain, respectively; k; and k, are the effective

res

restoring flexibility and effective free restoring strain, respectively.
1 Analysis Model and Typical Element

Assume that analysis object is SMA reinforced one-directional composites, and partial failures of interface at
the ends have taken place, but there are still bridge and friction effects between peeled faces, which resist peeling
damage development. We use equivalent friction shear stress 7, to denote the degree of resistance effect, and
assume that

l
=T (2)
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where 7, denotes instantaneous equivalent friction shear stress just after initial peeling, and 0 <7,<7,(when [ =
L,t,=7,), 7, is the shear yield strength of the interface.

The typical element of an SMA reinforced smart A,
structure with damages is shown in Fig. 1, where L is the | |<—l— re
half length of the element, / is the length of a portion without ( I 7

damage, L - [ is the length of a peeled portion, r; is the // 7/////////// 5
. ' . . ' 4 P, <

radius of the SMA wire, and r is the radius of any circle

. . . . |
round matrix. Let R denote the maximum radius of circle 0] 1 -

round matrix, and define &, (&, = dwp/dz) as the known

average strain of an SMA reinforced smart structure. P, is a Fig.1 Typical element of SMA reinforced smart structure

concentrating load at ends of the SMA wire, and there is an with damages

equation P, = w70, where o, denotes the average stress at ends of the SMA wire.
2 Variational Principle on Failure of SMA Reinforced Smart Structure with Damages

We just consider a half of a typical element because of symmetry, the strain energy u, of typical element is

composed of the tensile strain energy u; of SMA wire and the shearing strain energy u,, of matrix. Therefore, there is

U, =up +u, (3)
where
= J' %a'fgde (4)
e =5V = s [ [ rardsaz w7 ) rarana: -
T lr(l;(f/rf) fOTiz 4 o lré(mR/rf)flLT;dZ (5)
where 7, is the interface shear stress. Considering a situation of slight deformation, we have'"”’

G, (wg —w;
’Ti — m( R t) (6)
rin(R/r;)
where w; is the axial displacement of SMA wire at r = r;, and wy is the axial displacement of matrix at r = R.

dw
Substituting Eq. (1) into Eq. (4) and noting that dfzf =g; = &,, We can obtain

2
_ T - de %
=g [(Tz) —k, dz]dz (7)

Introducing Eq. (6) into Eq. (5), we have

In(R/r;)
—w)d e Vo2ep
“m ln(R/rf)f (W =wo)dz + === (L =) (®)
Thus, the function of potential energy can be expressed as
L
I, =2(u, +u, —Pw(L) +f fowedz) (9)
1

where f, is the equivalent friction shear stress of the peeled portion in a unit of length, and there is f, =27r7,.
According to the principle of action of minimum potential energy''*"', the first variation of the function of
potential energy is equal to zero, that is
oIl [w(z)] =0 (10)
Then, we can obtain
2 L 1 L
;TT:: ( dd—v;fdiv;f -k, di—‘:f) +1nzTI§;/";f)f02(wR —wp) (dwy —owp)dz — P.sw, |, +flfp8wfdz =0 (11)

To integrate the first item of Eq. (11) in subsection, noting that Swy =0( where wy has been defined as the

known displacement), then we have

2 > 2
e dw, L oo dw ) B kyory
kl (Tzﬁwr foawf dzz dz 2kl oW,

fz(wR w) (=dw)dz - Psw, |, +fop5wfdz =0 (12)

1 (R/r)
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Because of 6w (0) =0, Eq. (12) can be rewritten as

2 2 2 L 42 220G ! L
mry dwy kymr; ) _Th d"w, _ M m _ —
(%TE?Lf'%I_PaM“L klodfmmz]mﬂmﬂwa mmm&+ﬁﬂmmz 0 (13)
Now we introduce a function as follows:
1 7<=l
G=D={y et (14

The domain of definition of the function is [0, L].
Thus, Eq. (13) becomes

2 2 2 L dg? L L
ar; dwy; kywry _mrt dwy _ 27G, _ _ —{z - =
e P ) L P = L o] M A A AU LR
(15)
To any slight virtual displacement, the first item of Eq. (15) gives out boundary condition:
2 2
mredw; kyTrry
_ -pP = 1
k, dz 1. 2k : (16)
And other items give out governing equation:
arid’w, 2wG
— — m_ _ _ _ _ —
o TRy e w0 (=D +f(1= (2= D) =0 (17
Expressing Eq. (17) in different portions and solving it, in a portion 0 <z</, there is
212
wredw,  2wG, B
Tk dZ IR/ R0 =0 (18)
5 2k, G, :
Let n” =——————, and note that w, =¢g,z, then Eq. (18) can be written as
r; In(R/1,)
d*w, 2
7 +n (gyz—w;) =0 (19)
The solution of Eq. (19) is
C, G, .
we(z) = Icosh( nz) + 751nh( nz) +gy2+C; (20)
where C,, C, and C, are the coefficients to be determined.
In a portion [ < z<<L, there exists
212
wryd wy,
- = 21
g =0 (1)
where w, denotes the displacement of SMA wire in the peeled portion. The solution of Eq. (21) is
k
Wy = 4 2t (22)

f
where C, and C; are coefficients to be determined. In addition to boundary condition Eq. (16) there are four other

boundary conditions as follows:

dw; dwy, G,(wg —wy)
Wi ‘o =0, w; ‘1 =Wy ‘ Pz 1,7 1’ Ty = rIn(R/7,) (23)
Therefore we can establish coupled equations of the coefficients through Egs. (16), (22) and (23).
o
—+C, =0
n
. 2k 7,1
C,sinh(nl) + C,cosh(nl) +¢, = +C,
f
C, G . lep 2
?Cosh( nl) + 7s1nh( nl) +e,l+C, = F+C,l+C (24)
f
2 2
w2k T, kyr; _
3 ( P L+C4) 2k, P, =0
rdn(R/r k
gz | -t (RIr) Kty 2 +Cyz| +C
L G I L L

m
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Solutions of the above coupled equations are

k, 2k 7yl
C, = 5 +o,.k, - . (25)
_ k, Tolrdn(R/r;)  k,1,Ll
C=(e0-5 -0, ) B A (26)
C _8osinh(nl) —ng,lcosh(nl) +qu-olz[nlcosh(nl) —2sinh(nl) ] . plcosh(nl) —sinh(nl) . . ncosh(nl) (27)
re 1 - cosh(nl) [1 - cosh(nl)]Lr, Y 1 —cosh(nl)  * "1 -cosh(nl)
2kl C, £ C,sinh( nl) (28)
* 7 Lrycosh(nl) +cosh(nl) _cosh( nl) - cosh(nl)
C
Cy=- (29)
n

Substituting Eq. (20) into Eq. (6), we can get the shear stress of interface between SMA wire and matrix in
the portion 0 <z</

C C
Gm[ — ZLcosh(nz) ——2sinh(nz) —C3]
7 = L n (30)

rfln( rﬁ)
f

3 A Ciriterion of Interface Failure for SMA Reinforced Smart Structure with Damages

Substituting C,, C, and C, into Eq. (30) and solving the maximum shear stress of the interface, we get

kG, (L-1) Tl(L-1) & k Tol

Timax = ;l’,-ln(R/rf) [0 Lr, _17?+272]] t (D

When 7, achieves the shear strength 7, of the interface, the interface failure takes place. Therefore, a
criterion of the interface failure for SMA reinforced smart structure with damages can be established as

Timax =Tp (32)

Eq. (32) actually consists of two kinds of actuation which are dead-load and temperature, where the

temperature is included in parameter k,. It is not difficult to find that there are many composing factors in the failure

criterion for interface failure. They are interface properties, dead-load, temperature, thermodynamical properties of

SMA, initial debonding length L -, etc. If let 7,,,, = 7, then the stress o, is defined as debonding stress, and

denoted by o,
rdn(R/r)(ryL—100) 7,(L-1) &, k
T =T G.L(L-0) L,k 2k (33)
In terms of Eq. (33), we can obtain the debonding stress of the interface under two kinds of actuation which

are dead-load and temperature.
4 Conclusions

1) Thermo-mechanical behaviors of SMA wires reinforced smart structures with damages have been analyzed
through variational principle and meso-mechanical method, mathematical expressions on meso-displacement field,
stress-strain field of typical element with damages have been presented.

2) The criterion of interface failure for SMA wires reinforced smart structures with damages has been
established under two kinds of actuation which are dead-load and temperature, where the temperature is included in
parameter k,. In addition, there are some other composing factors in the failure criterion, such as interface
properties, thermodynamical properties of SMA, initial debonding length L -, etc.
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BBRGTERICICAESERE REMB AN D
WA R
(O FAEAR K FH A B HREARELZRE, BT 210016)

WE: A@ALA R R, B R K 5 RIEATABHIRITILES2(SMA) 3B K e & Meg I N F 4T A2
T 54, FH T A4 SMA 337 sk 45 e de ) r 42, 251 T A Bih o A S u ke e AL A5 3 |
N EZRFFEE, E 5T SMA 2% 4 2 M R dm XX F . @K AFN BT, RMLEAT A
BAT AR BAT 2 A, L PR ASERA K AR AR E S P, 04T REEs SMA #
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