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L(d, 1) -labeling of regular tilings
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Abstract: L(d, 1)-labeling is a kind of graph coloring problem from frequency assignment in radio networks,
in which adjacent nodes must receive colors that are at least d apart while nodes at distance two from each
other must receive different colors. We focus on L(d, 1) -labeling of regular tilings for d=3 since the cases d
=0, 1 or 2 have been researched by Calamoneri and Petreschi. For all three kinds of regular tilings, we give
their L( d, 1)-labeling numbers for any integer d = 3. Therefore, combined with the results given by
Calamoneri and Petreschi, the L(d, 1) -labeling numbers of regular tilings for any nonnegative integer d may

be determined completely.
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L(d, 1)-labeling of a graph G is a generation of
L(2,1)-labeling. The L (2, 1)-labeling, proposed by
Griggs and Yeh'", arose from a variation of the fre-
quency assignment problem introduced by Hale'”'. Sup-
pose that a number of transmitters or stations are giv-
en, in order to reduce the interference, “close” transmit-
ters must receive different frequencies and “very close”
transmitters must receive frequencies that are at least
two frequencies apart. We can construct an interference
graph for the frequency assignment problem so that
each vertex represents a transmitter and two vertices
are adjacent on G if the corresponding transmitters are
“very close”. Two vertices are of distance two on G if
the corresponding transmitters are “close”.

Thus, for a given graph G, an L(2, 1) -labeling of
G is defined as a function f: V(G) —{0, 1, 2, 3, ...}
such that |A(u) —f(v) | =2 if w e E(G); and
|f(u) —f(v) | = 1if d(u,v) =2. The L(2, 1)-labeling
number A(G) = m/in max{f(v):ve V(G)}. L(2,1)-

labelings of graphs have been extensively studied in
the past decade” "',

Chang, et al. " generalized the L(2, 1)-labeling
to the L(d, 1) -labeling. An L(d, 1) -labeling of a giv-
en graph G, where d is a nonnegative integer, is a
nonnegative integral function f on V(G) satisfying the
following condition:

if d(u,v) =1

d
=g 1=2{1 e,

The L(d, 1)-labeling number of G, denoted by
A,(G), is the smallest integer number k such that
there exists an L(d, 1) -labeling f: V(G)—{0,1,2,...,
k}. We call the L(d, 1)-labeling f of G optimal if
Vlenggé)f(V) =1,(G).
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Chang, et al. ! gave the upper bound of L(d, 1) -
labeling number for general graph G. They also ob-
tained different lower and upper bounds of A ,(G) for
some families of graphs including trees and chordal
graphs.

The tiling problem consists in covering the plane
with copies of the same polygons. If we tile the plane
regularly, that is, use the same regular polygons to tile
the plane, only hexagons, squares and triangles may be
used. So, regular tilings considered here only have
three kinds, including the hexagonal tiling, the squared
tiling and the triangular tiling. We call the graph
formed by tiling a plane a tiling graph. Let A be the
degree of a regular tiling graph. Then A =3 if the til-
ing is hexagonal tiling; A =4 if the tiling is squared
tiling and; A =6 if the tiling is triangular tiling.

Calamoneri and Petreschi'* have proved that, for
d=0,1 or 2 and for any regular tiling graph G with
degree A, A,(G) =A +2¢ -2.In what follows, G,, G,
and G, denote the hexagonal tiling graph, the squared
tiling graph and the triangular tiling graph, respective-
ly. Then A,(G,) =29 +1,A,(G,) =27 +2,A,(G,) =
29 +4 for d =0, 1, 2. Note that, for any nonnegative
integer d, A ,(G,) <A,(G,) <A,G;) since G, is a
subgraph of G, and G, is a subgraph of G;.

In this paper, we investigate the L(d, 1) -labelings
(d=3) of three regular tiling graphs G,, G, and G;,,
and obtain the exact values of the L(d, 1)-labeling
numbers of them as follows:

A(G) =d+4  if d=3
8 ifd=3
Aa(G2) ={d 16 ifd=4
11 ifd=3
A4(G3) _{2d 16  ifd=4

Thus, together with the known results A ,(G;) =A
+29-2,d=0,1,2and i =1,2,3, all L(d, 1) -labeling
numbers of three kinds of tiling graphs here for any
nonnegative integer d are determined completely.
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1 Main Results

Based on the fact that regular tiling graphs have
infinite vertices, it is impossible to draw them thor-
oughly. In this paper, all shown regular tiling graphs
are only a part of them.

The star K, , and wheel W, are two graphs as
shown in Fig. 1. These two graphs will be used in the
proofs of the following theorems.

(a) (b)
Fig.1 Graphs of star k, , and wheel W. (a) K, ,;(b) W,

Suppose G is a graph with alternate vertices in
row and column. An (m x n)-periodic labeling of
graph G means a periodic coloring of G with row pe-
riod m and column period n. That is, for i =1,2,..., s
-mand j=1,2,...,t - n, vertices in the (i + m)-th
row of graph G have the same labels with correspond-
ing vertices in the i-th row of graph G; vertices in the
(j + n)-th column have the same labels with corre-
sponding vertices in the j-th column. Where s, ¢ are
the numbers of row and column of G, respectively.
Call f an (m x n)-periodic L(d, 1)-labeling of graph
G if fis an (m x n)-periodic labeling and also an
L(d, 1) -labeling of graph G.

The method how we get the L(d, 1)-labeling
numbers of regular tiling graphs is to find optimal pe-
riodic labelings of regular tiling graphs or their iso-
morphic graphs at first, and then get the L(d, 1) -labe-
ling numbers by proving that the periodic labelings are
optimal.

First of all, we investigate L(d, 1)-labeling of
hexagonal tiling graph G, for d=3. G, is isomorphic
to a subgraph G| of squared tiling graph G,. Fig. 2
shows such a subgraph G| obtained by deleting a fam-
ily of edges on G,. We use G; to find an optimal
L(d, 1)-labeling and obtain L(d, 1)-labeling number
of G, stated in theorem 1.

d+4 1 dj+4 |1

a3 2 dk3

d+2 10 d+2 |0

h alea 1l dlia

a3 (2 df+3 |2

o 2o df2
d+4 1 d+4 1

(a) (b)
Fig. 2  Graphs of G, and G|. (a) G,; (b) G; and its
(6 x2)-periodic labeling

Theorem 1 A, (G,) =d +4,if d=3.

Proof Since G, is isomorphic to G, their L(d,
1) -labeling numbers are equal. Fig. 2 gives graph G,
and a (6 x 2)-periodic labeling of G| with the maxi-
mum label d +4. It is straightforward to check that it
is an L(d, 1)-labeling of G,. Thus A,(G,) =A,(G})
< d +4 for d=3.

Next we prove that A,(G,) = d +4 for d=3.
Notice that, for any L(d, 1)-labeling of graph G,, if
some number in {3,4,5,...,d,d +1} is used to label
a vertex u, then there must be an adjacent vertex of u
with label at least d +4. Suppose that A ,(G,) <d +3,
then there are only 5 numbers 0, 1,2, d +2,d +3
available to label G, for any optimal L(d, 1) -labeling.
However, this is impossible since G, contains a cycle
Cs. A contradiction. So A,(G,) = d +4.

Hence, the (6 x2) -periodic labeling in Fig. 2(b)
is optimal and A,(G,) =d +4 for d =3. This com-
pletes the proof of the theorem.

Now, we consider L(d, 1) -labeling of squared til-
ing graph G,. Note that G, is isomorphic to graph P
x P, the product of two paths with infinite length.

8 if d=3
Theorem 2 A ,(G,) = {d+6 i d=4
Proof
Casel d=3

For d =3, there is a (3 x9)-periodic L(3,1)-
labeling of G, with label no more than 8. See Fig. 3.
So A;(G,) <8.

1 6 2 1 3 8 4 0 5 1

7 3 18 14 0 [5 11 16 |2 |7

4 [0 |5 1 6 [2 [7 |3 I8 4
1 6 2 |7 3 8 4 [0 |5 1
Fig.3 A (3 x9)-periodic labeling of G,

We next prove that A, (G,) = 8. Suppose that
A,(G,) <7, then numbers 2, 3,4, 5 cannot be used
by any optimal L(3, 1)-labeling of G,. Indeed, any
vertex of G, with any label of 2, 3,4, 5 has an adja-
cent vertex with more than 8 labels since G, is a regu-
lar graph of degree 4. So there are only four numbers
0,1, 6,7 available to form an optimal L(3, 1)-labe-
ling of G,. But G, contains star subgraph K, ,, and
any four numbers cannot form an L(3, 1)-labeling of
K, ,.Hence 0,1,6,7 cannot form an L(3, 1) -labeling
of G,, which contradicts the assumption. So A;(G,) =
8. Thus, A;(G,) =8.

Case2 d=4

For d =4, there is a (4 x 4)-periodic L(d, 1)-
labeling of G, with label no more than d + 6. See Fig.
4.50 A,(G,) < d+6.

Further, we claim that A ,(G,) = d +6. Suppose,
by contraries, that A ,(G,) < d +5. Then any numbers
in{3,4,5,...,d,d +1,d +2}cannotbeused by any
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2 d+6 [l d+3 |2
® L L L L J

Fig.4 A (4 x4)-periodic labeling of G,

optimal L(d, 1)-labeling of G,. Indeed, for any L(d,
1)-labeling of G,, if a vertex u of G, is labeled with
some number in {3,4,5,...,d,d+1,d +2}, then u
has an adjacent vertex with label no less than d + 6
since u is of degree 4 and d=4. Thus, there only re-
main five numbers 0,1,2,d +3,d +4, d +5 available
to L(d, 1)-label G, optimally. This is impossible since
G, contains a subgraph K, ,. A contradiction to the as-
sumption. So A,(G,) =d +6. Thus, A,(G,) =d +6,
which completes the proof.

Next we consider triangular tiling graph G;. G, is
isomorphic to the graph G', obtained by adding a
family of edges on the squared tiling graph G,. See
Fig. 5.

2 6 10 2

5 N9 \lI \!5
8 \J0 \/4 \/8
11N\[3 \|7 \|11
2 \[6 \[10\[2

(a) (b)

Fig.5 Graphs of G; and Gj. (a) G;;(b) Gj and its (4 x3)-
periodic labeling

11 ifd=3
Theorem 3 ) ,(G;) = {2d+6 it d=4
Proof

Casel d=3

For d =3, there is a (4 x 3)-periodic L(3,1)-
labeling of G} with the maximum label 11, where G;
is an isomorphic graph of G,. See Fig. 5. So A,(G;)
=2,(Gy) <11.

Now we prove that A; ( G,) = 11. Suppose
A;(G;) <10. Then for any optimal labeling f of G,

max f(v) <10. Thus, we claim that the numbers 2, 3,
ve 3

4,6,7,8 cannot be used to label any vertex of G; by
/- Indeed, if some vertex of G, is labeled with the
number 2, then its six adjacent vertices can only be la-
beled with the numbers 5, 6,7, 8,9, 10 since d = 3.
However, this is impossible since the six adjacent ver-
tices of u# induce a cycle and any two vertices of the
six vertices are of distance two. Similarly, the numbers
3,4,6,7,8 cannot be used as vertex labels of G by f.

So there only remain five numbers 0, 1,5,9, 10 avail-
able by f to label G,. However, such an f does not ex-
ist since G, contains a subgraph W,. Hence A;(G;) =
11. And so for the case d =3, A;(G;) =11.

Case2 d=4

For d =4, Fig. 6 shows a (3 x 3) -periodic L(4,
1)-labeling of G} with the maximum label 14. So
A(Gy) =2,(Gy) <14

1 14 6

-

Fig.6 A (3 x3)-periodic labeling of G;

Next we prove that A, ( G;) = 14. Suppose

A, (G;) <13, then for any optimal L(4, 1)-labeling f

of G, m%xf(v) < 13. Thus, for any vertex u of G,
ve Gy

f(u) #3,4,5,8,9, 10. Indeed, if the center vertex of
W, is labeled by f with number 3, then the cycle in-
duced by its six adjacent vertices can only be labeled
differently with the numbers in {7, 8,9, 10, 11, 12,
13} since d = 4. But the numbers in {7, 8,9, 10, 11,
12,13} are impossible to form an L(4, 1) -labeling of
the cycle. Hence f( u) #3. Similarly, f(u) #4,5,8,9,
10. So there remain eight numbers 0, 1,2,6,7, 11, 12,
13 available for f. Furthermore, among these eight
numbers, for any vertex u of G;, f(u) #0, 1, 2, 11,
12, 13 for similar reasons. Thus, the labeling f does
not exist. A contradiction to the assumption. Hence,
A,(G;) =14. And s0, A,(G;) =14 =2d +6.

Case3 d=5

Fig.7 is a (3 x 3)-periodic L(d, 1)-labeling of
G} just with the maximum label 2d + 6. So A,(G;) =
A,(GY) <2d +6.

2d+4 d+4 1 %d+4

d+3

‘2d +4
Fig.7 A (3 x3)-periodic labeling of G}

For any optimal L(d, 1)-labeling f of G;, the
three vertices of any triangle in G, have labels differed
by at least d. Thus, there exist vertex labels of G in
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[0,d-1],[d,2d -1] and [2d, + »).

If f(u) =d for some vertex u, then the six adja-
cent vertices of u have different labels in {0} U {2d,
2d +1,2d +2,... }. Since the six adjacent vertices in-
duce a cycle, there must be a vertex with label at least
3d+2.But 3d +2=2d +7 > A,(G,). A contradic-
tion. Hence, for any vertex u of G;, f(u) #d. Similar-
ly, flu) #d +1,d +5,d +6,d +7,...,2d - 1.

Sod+2,d+3,d+4 are the only available num-
bers in [d,2d - 1] for f. And 0,1,2,d+2,d+3,d +
4,2d +4,2d +5,2d + 6 are the only available num-
bers for f since G, contains a subgraph W, and A ,( G;)
<2d + 6. Furthermore, if f(u) =d +4 for some vertex
u of G, then u has an adjacent vertex with label no
less than 2d +6.

Assume that A ,(G;) < 2d +5, then the available
numbers for fare only 0,1,2,d +2,d +3,2d +4, 2d
+5. But the numbers in {0,1,2,d +2,d +3,2d +4,
2d +5 } are impossible to form an optimal L(d, 1)-
labeling f of G,. Contradict to the assumption. Hence,
A, (Gy) =2d +6 if d=5.

From the above proof of three cases, we have

1 i d=3
Ad(Gs) = {2d 16 ifd=4

2 Concluding Remarks

Combined with the known results studied by Ca-
lamoneri and Petreschi for the cases d =0, 1 or 2, we
determine the L(d, 1) -labeling numbers of three regu-
lar tilings for any nonnegative integer d. That is

2941  ifd=0,1o0r2
ALG) _{d+4 if d=3

2942 ifd=0,1 or2
A,(G)) ={8 if d=3

d+6 if d=4

2944 ifd=0,1 or2
A,(G>) :{11 if d=3

2d +6 if d=4

We point out that L(j, k) -labeling of regular til-
ings is the generalized problem of L(d, 1)-labeling of
regular tilings. It seems to be a little complicated.
L(j, k) -labeling is a direction in which to further re-
search labeling coloring of regular tilings.
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