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Analytical model for power dissipation in cell membranes
in suspensions exposed to electric fields
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Abstract: Due to interaction among cells, it is too complex to build an exact analytical model for the power
dissipation within the cell membrane in suspensions exposed to external fields. An approximate equivalence
method is proposed to resolve this problem. Based on the effective medium theory, the transmembrane voltage
on cells in suspensions was investigated by the equivalence principle. Then the electric field in the cell
membrane was determined. Finally, analytical solutions for the power dissipation within the cell membrane in
suspensions exposed to external fields were derived according to the Joule principle. The equations show that the
conductive power dissipation is predominant within the cell membrane in suspensions exposed to direct current
or lower frequencies, and dielectric power dissipation prevails at high frequencies exceeding the relaxation
frequency of the exposed membrane.
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Biological cells are responsive to electromagnetic irradiation. In general, evaluation of these bioeffects is based
on the power dissipation caused by the exposure. While an electric field is applied to biological cells, the motion i-
ons in the medium surrounding the membrane, accumulation of the charges at the membrane surfaces and membrane
polarization will result in a transmembrane voltage, leading to a variety of biochemical and biophysical changes in
cells. For an exposure at frequencies in the range of direct current (DC) and millimeter waves, the power dissipation
in the cytoplasm is far less than that within the cell membrane'" . Thus, it is very significant to study the power dis-
sipation in a cell membrane exposed to an external field.

Due to interaction among cells, it is an especially complex theoretical problem to build an exact analytical
model for the power dissipation within the cell membrane in suspensions exposed to external fields. Therefore, based
on the Maxwell-Wagner equation, several equations were derived in this paper for power dissipation in the cell
membrane in suspensions exposed to external fields of various frequencies by the equivalence principle.

1 Derivation of Equations for AY¥ Induced on Cells in Suspensions Exposed to AC Fields

For spherical cells in suspensions arranged orderly in
an sc, bee or fee lattice' ( see Fig. 1), the transmembrane
voltage Ay induced on the cells in suspensions exposed to
a DC field on the cells is'”

1+0.5
Ayy = S(—fO)IEORcose (1) (a) (b) (@
2 3\ Fig.1 Unit cells arranged orderly in different lattices. (a)sc;
! (4N1T) (b)bee; (¢) fec

where E, is the amplitude of the external electric fields, @ is the angle between the field line and a normal drawn
from the coordinate origin to a point of intersection on the cell membrane, R is the cell radius, f, is the volume
fraction of the cells, and N is the number of the cells in the unit lattice.

As a suspension is exposed to an AC field, the Maxwell-Wagner equation can be used to calculate the effec-

tive complex conductivity o * of the equivalent body of the dilute suspensions'>*'.
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where o =0, +jwe, is the complex conductivity of the external medium; o, =0, +jwe, is the equivalent com-
plex conductivity of a biological cell, which has a heterogeneous structure having complex conductivity of mem-
brane o, =0, +jwe, and cytoplasm o, =0, +jwe;; 0, (&,),0,(e;) and o (&,) are the conductivity (permit-
tivity) of the membrane, cytoplasm and external medium, respectively; d, is the membrane thickness.

A physiological cell has a zero value of membrane conductivity. Thus ¢ =0. Written in the frequency
plane, the effective field inside the equivalent sphere can be obtained according to the Laplace equation:

5

3
E(jo) =5 —E,(jo) =(1 +0.5/) E,(jo) (4)

Under the same conditions of the exposure to £ (jw), the value of the potential of the unit cell in suspen-
sions is different from that of a single cell. The shape of the equipotential plane in the internal medium and in the
external medium close to the membrane of both cells, however, is similar ( for details of the discussion see Ref.
[3]). Assume that when a cell suspension is exposed to an alternating field £, (jw) and a single cell to E. (jw),
the distribution of the local field of the cell in suspensions is the same as that of the single cell. We proceed as the
derivation of the transmembrane voltage on the cells in suspensions exposed to a DC field"”, but with complex
conductivity and electric field written in the frequency plane, we obtain

. 1 +0.5f, .
E'(jw) =T E,(jw) (5)
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If f<100 kHz, the transmembrane voltage on a single cell exposed to E’,(jow) is"”

. 3 1 '
Ay (Jow) = > (1 +ijm)Eo(]w)Rcost9 (6)
where 7, = RCm( 1 + %) is the time constant of the membrane charging process, and C,, = g,/d, is the mem-
o 2o,

brane capacitance.
Inserting Eq. (5) into Eq. (6), Ay on the cells in suspensions exposed to E (jw) should be

: 3 (1+0.5f) 1
Alpl(]w) B 2 3f ;*1 +j(1)7'm
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For 100 kHz<f<100 MHz, A on a single cell exposed to E’,(jw) is'"
3 (1 +jor,,)

E_ (jw) Rcosf (7)
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where 7., and 7, are the first and second time constants of the membrane charging process.
As the derivation of Eq. (7), Ay induced on the cells in suspensions exposed to E (jw) 1S
3 (1+0.5F) 1+jwr,

Apajo) =5 3 ¢ L Hior,
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E, (jw) Rcos (10)
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If f=100 MHz, Ay induced on a single cell exposed to E!(jw) is'"

. I +jor,(w) _, .
AW 22 or) (J©) =iy (@) " E! (jw) Rcosf (11)
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where
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(12)
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() =o(0) +o ¥ Aiki:’: (13)
k
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where n is the number of steps of dielectric relaxation of the material, Ag, is the magnitude of the k-th relaxation
step, 7, is the time constant of the k-th step, while ¢(0) and o(w) are respectively the conductivity and dielectric

s . 1\t
permittivity of the material (Values measured at f<<2 ) .
T,

Analogously, we can derive Ay on the cells in suspensions exposed to E (jw):
(1+0.5£) 1 +jor,,(w)
3f0 )% 1 +ja)7'm1(w)

A¢(2+DR)(jw) =fs(2+DR)((U) E,(jw) Rcosh (15)

2 Derivation of Equations for Power Dissipation within Cell Membrane in Suspensions

The power dissipation per unit volume P, in membrane in suspensions is given by'"

1 2

According to Egs. (1), (7), (10)and(12), P, within the cells in suspensions exposed to various frequencies can
be determined as follows:
For DC field,
9 (1+0.5f,)> E’ R’cos’6

Pmd :ga-m 3f % 5 di (17)
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For 100 kHz <f<100 MHz,
9 (1+0. 5f)2 1 +(wr,,)’ E2R*cos 6

P, = 19
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For f=100 MHz (relaxation frequency of the exposed membrane),
1 (1+0.5£)° 1+ (wr,y,)’ EX Rcos’0
Pm(2+DR) :7F§(2+DR)U 21 +(meI)2 d02 (20)
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where F,, g, is the magnitude of f,,, g, (jw) . For f=20 GHz, the conductivity of the membrane o, is far less
than that of the cytoplasm and external medium and can be ignored. Thus one can get F,, pz, =3/2. But for 100

MHz <f<20 GHz, o,, increases dramatically. In this case, it cannot be assumed to be zero value''".

3 Conclusion

Egs. (17) to (20) show that the power dissipation in membrane of cells in orderly cell suspensions exposed
to external fields depends on the intension of external fields, the conductivity of the cytoplasm and external medi-
um, the cell arrangement and cell volume fraction. Moreover, for AC fields, the frequency of external fields, the
permittivity of the cytoplasm, membrane and external medium also have an influence on the value of the power
dissipation.

Compared with the analytical solution for the power dissipation within the membrane of a single cell''’, there

3f,
4N«

2
is an added function of (1 +0. 5f,) / [ 1+ ( ) ] which only varies with f, in Eq. (19). Thus, the distributed
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power dissipation within the membrane in suspensions has the same characteristics as for a single cell'’: At DC
and lower frequencies below 100 kHz, the dielectric power dissipation can be ignored. The conductive component
is predominant. If the frequency exceeds the relaxation frequency of the cell membrane, dielectric power dissipa-
tion prevails. However, for frequencies above 20 GHz, dielectric power dissipation starts decreasing, and the power
dissipation of the aqueous media inside and outside the membrane are predominant.

Since the Maxwell-Wagner equation is the best valid for deriving the analytical solutions of power dissipation
volume fractions in the range of 0 and 0. 6'*', the equations obtained in this study are very significant for studying
in vitro the electromagnetic bioeffects on cells in suspensions which are usually used at a density between about
10° and 10° cells/mL (0 <f, <0.6).
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