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Direct computing methods for turn flows in traffic assignment
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Abstract: Two methods based on a slight modification of the regular traffic assignment algorithms are proposed
to directly compute turn flows instead of estimating them from link flows or obtaining them by expanding the
networks. The first one is designed on the path-turn incidence relationship, and it is similar to the computational
procedure of link flows. It applies to the traffic assignment algorithms that can provide detailed path structures.
The second utilizes the link-turn incidence relationship and the conservation of flow on links, a law deriving
from this relationship. It is actually an improved version of Dial’s logit assignment algorithm. The proposed
approaches can avoid the shortcomings both of the estimation methods, e. g. Furness’s model and Frator’s
model, and of the network-expanding method in precision, stability and computation scale. Finally, they are

validated by numerical examples.
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Turn flows at intersections are critical parameters
for various intersection analyses such as control-type
determination, geometry design, signal setting (for sig-
nal-controlled intersections) and ramp design (for in-
terchanges) . However, they are not easy to be surveyed
compared with link flows.

Even in traffic assignment algorithms that aim at
predicting traffic flows, generally, only link flows are
computed directly while turn flows have to be esti-
mated from link flows by such approaches as Furness’s
method and Frator’s method'"? after traffic assign-
ment. But turn flow output by these methods are mere-
ly approximations after iterative computation. Namely
they are not always consistent with the path flows that
underlie link and turn flows. Moreover, these methods
are unstable because the results depend on the initial
values.

Another approach to computing turn flows in
traffic assignment is the network-expanding meth-
od", where the original network with real turning
movements is transformed to the expanded network
with corresponding dummy links firstly, and then the
dummy link flows, i. e. the original turn flows, can be
calculated with the conventional traffic assignments al-
gorithms provided these dummy links are handled as
the ordinary ones. But this method increases the size
of networks too much for introducing dummy links
and nodes. Thus it leads to redundant computational
time and computer memory unacceptable for large-
scale networks.

Fortunately, only a few improvements are re-

Received 2004-10-29.

Foundation item: The National Natural Science Foundation of China
(No.50378016) .

Biography: Ren Gang (1976—), male, doctor, lecturer, rengang@ seu.
edu. cn.

quired for the commonly used traffic assignment algo-
rithms covering the deterministic and stochastic mod-
els to directly compute turn flows as well as link
flows, and to eliminate additional iterative estimation
and network transformation as in Furness’s method,
Frator’s method and the network-expanding method.
This is just the subject this paper is to deal with.

1 Traffic Assignment Models

1.1 Notations

Let G=(N,A) be a directed graph defined by a
set N={i} of nodes and a set A = {(i,j) } SN xN of
links. Let R C N be the set of trip origins and SCN be
the set of trip destinations, and let W = {r-s} SR x §
be the set of O-D pairs. Let F(i) ={j | (i,j) e A} be
the set of nodes adjacent to i and B(i) = {j | (j, i) e
A} be the set of nodes adjacent from i, Vi e N. Let
K,, denote the set of paths between O-D pair r-s and
q,, denote the travel demand between O-D pair r-s,
Y r-s € W. The flow, travel cost and choice probability
of path k between O-D pair r-s are denoted by f;, ¢,
and P, respectively, Vr-se W, ke K,,. Let x; and ¢;
denote the flow and travel cost on link (i, j) respec-
tively, V (i,j) € A; thus x is a vector representation of
all x;. The indicator variable of the path-link inci-
dence relationship is denoted by &;,, Vr-se W, ke
K, (i,j) € A, where §;, =1 if link (i, ;) is on path k
between O-D pair r-s, and 8, =0 otherwise. The flow
on turn (i, j, m) is denoted by Yijms Y (i,)),(j,m) €A.
1.2 Fundamentals

The general traffic assignment models can be cat-
egorized into user equilibrium (UE) and stochastic us-
er equilibrium ( SUE) in terms of the route choice
mechanism. The foundation of UE assignment is an
all-or-nothing network loading model while that of
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SUE assignment is a stochastic network loading model
(sometimes called multiple path loading).

The above two network loading models, howev-
er, can be generalized as finding a link-flow pattern x
satisfying

x; = > > 8, Y (i, )) (1)
rs k

¢ =4q,.P; Vrs, k (2)

where0 < P’ < 1, ) P =1, and P; usually de-
k

pends on ¢, that is calculated by

¢ = z 1,6
y
For each r-se W, if set P, =1 and P’ =0( YV k( #m)
e K,;) where m is the shortest path between O-D pair
r-s, Eqs. (1) to (3) become an all-or-nothing network
loading model; otherwise, i. e. { P, } are not deter-
mined that simply, so it is a stochastic network loading
model.

The popular stochastic network loading models
are of logit and probit types. In the logit model, P}’ is
in the form of

Py =eF / Y e
1K,

where 6 is a positive constant. But there exists no
mathematical formula for P’ in the probit model.

Once the interaction between link flow and travel
cost is introduced into network loading models, name-
ly ¢; is replaced by a function 7;(x), UE and SUE
models can be formulated immediately. However, the
key to the solution algorithms for UE and SUE models
are still all-or-nothing and stochastic network loading
algorithms. For this reason, only network loading algo-
rithms are to be studied in this paper without loss of
generality.

2 Method Based on Path-Turn Relationship

Vr-s, k (3)

Vr-s, k (4)

In most traffic assignment algorithms, whether
path flows are explicit or implicit, link flows are es-
sentially derived from path flows by Eq. (1), which
reveals exactly the incidence relationship between
links and paths.

In general, these algorithms do not give turn
flows simultaneously, but we find turn flows can be
computed according to the incidence relationship be-
tween turns and paths, that is
Vim = 2, Zk,ff 83k Sk

rs rs

ij,k Yjm, k

Y (i), (,m) (3)

where ¢, =6 is just an indicator variable of
the path-turn incidence relationship.

Eq. (5) means that the flow on each turn is the
sum of the flows on all paths going through that turn.
When this method is implemented, for each O-D pair,
turn flows are determined in such a way that the travel
demand should be assigned onto the turns on the se-

lected path connecting this pair as well as onto the
links on this path.

This kind of direct computing method for turn
flows is suitable for those assignment algorithms that
can provide such detailed information on path struc-
tures as to utilize the path-link relationship, whether
the path is the shortest path or not. Such algorithms
include the all-or-nothing loading algorithm based on
the shortest path search, the logit loading algorithm
based on the column generation technique'*’, and the
probit loading algorithm based on the Monte Carlo

. . 5
simulation procedure"’ .

3 Method Based on Link-Turn Relationship

For those traffic assignment algorithms that do not
give detailed information of path structures, turn flows
cannot be calculated by the path-turn relationship as in
Eq. (5). Such algorithms are mainly the logit loading
approaches proposed respectively in Refs. [6 — 8], of
which Dial’s algorithm is the most widely used. How-
ever, we find that Dial’s algorithm only needs a small
improvement before it has the ability to directly com-
pute turn flows according to the link-turn relationship
rather than the path-turn relationship.

3.1 Original Dial’s algorithm

Dial’s algorithm assigns O-D flows only to rea-
sonable paths (not to all paths) connecting each O-D
pair and obviates path enumeration, which is acknowl-
edged to be the most efficient algorithm for logit net-
work loading. In other words, path flows and link
flows in this algorithm are not derived directly from
Egs. (1) to (4), but the results can exactly agree with
these formulas.

For each trip origin r, the algorithm performs
three steps as follows:

Step 1 Preliminaries

(D Compute the shortest distance r, from r to
node i, YieN,

@ Compute the likelihood L;, V (i, j) € A,

where
e
L.= 6
v {O otherwise (6)

Step 2 Forward pass to compute link weights
Process nodes in ascending order of r,, starting
with r. Namely, for each node i, compute the link
weight w,, Vj e F(i), where
L, ifi =r

Wi TAL, 2 w otherwise 7)

ij mi
me B(i)

OLrj=ri=ty] ifr.<r
i=7j

ij>

Step 3 Backward pass to assign link flows

Process nodes in descending order of r;, starting
with the most distant node. Namely, for each node j,
compute the link flow x,, Vi e B(j), where

i
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0 ifj =r

w..
X.. = § Y
! [Q,-j " F<'>ij] E w
meF(j
m e B(j)

otherwise (8)

mj

In this expression, g,; denotes the travel demand be-
tween node pair r-j, which is set at zero if node j is
not a trip destination.

Once the above three steps are performed for all
trip origins and then link flows are added up, the
whole procedure of logit loading is completed.

3.2 Improvement on Dial’s algorithm for turn
flows

Utilizing the conservation of flow at nodes, Dial’s
algorithm assigns flows by link while path variables in-
cluding structures and flows have never appeared. Thus
the algorithm succeeds in avoiding path enumeration
but fails to directly compute turn flows by Eq. (5).

However, the inherent relationship between turns
and links, a turn (4, j, k) consisting of two links (i, j)
and (j, k), generates another law that network flows
keep conservation on a link, which is expressed math-
ematically as Y r-se W, (i, ) € A, the following con-
straint must satisfy

rs s __ s _ rs Lo
D Vet =X = ) Vi ifi=r

me B(i) ke F(j)
s .rs _ rs rs Lo
D Yoy =X = D Vi +dj ifj =s )
meBli) «EF0)
Y oy =X = Vi otherwise
meB() ke F(j)

where x;; and y;; denote the share of g, assigned on
link (i, j) and on turn (i, j, k), respectively, and g;;
denotes the share of ¢,, either emanating form (i, j) if
i =r or arriving at (i,j) if j=s.

The conservation of flow on links is to say that
the flow on a link, the sum of flows entering this link
by different turns and the sum of flows leaving this
link by different turns have some relations to each oth-
er. All or part of these relations can surely be utilized
to calculate turn flows. For example, starting with the
left-hand equations of Eq. (9), we can make use of the
known link flows in company with the link weights
concerned to directly calculate the unknown turn
flows. Thus an improved Dial’s algorithm appears.

The improved algorithm differs from the original
version only in step 3 as follows: in addition to the
original operations, the turn flow y,, Yie B(j), ke
F(j),is computed subsequently by

0 ifj =r
wW..
Vi = {xp—=—— otherwise (10)
Z wmj
me B(j)

In fact, the relationship as for Eq. (9) is also
used in estimating turn flows from link flows by
Furness’s and Frator’s methods, but turn flows in these

methods cannot be calculated uniquely and exactly
due to the absence of supplementary information such
as link weights.

4 Numerical Examples

For the example in Fig. 1, numerical examples to
demonstrate the directly computing methods for turn
flows will be given respectively. This network, coming
from Ref. [9], has nine nodes with nodes 1 and 9 con-
stituting the unique O-D pair, 12 links whose travel
costs are labeled nearby and hence 14 turns. The travel
demand g,, between the O-D pair is 1 000.

2 2

Fig.1 Example network

Example 1 The direct computing method for
turn flows based on the path-turn relationship explained
here is a case of all-or-nothing network loading. First,
we can get the shortest path 1-4-5-6-9 (with the shor-
test distance of six units) between O-D pair 1-9 by any
practicable shortest path algorithm. Subsequently, ac-
cording to the all-or-nothing mechanism, the flow on
this path is set at 1 000 while those on any other paths
are zero, and thus the flows on links (1,4), (4,5), (5,
6) and (6,9) belonging to this path are set at 1 000 re-
spectively while any other link flows are zero. In addi-
tion, the flows on turns (1,4,5), (4,5,6) and (5,6,9)
belonging to this path are set at 1000 respectively
while any other turn flows are zero.

Example 2 The direct computing method for
turn flows based on the link-turn relationship ex-
plained here is a case of the improved Dial’s algo-
rithm. The shortest distances r, calculated in step 1 are
listed in Tab. 1, and the link likelihoods L, are listed
in Tab. 2. In step 2, w;, and w,, are calculated firstly
according to algorithm rules, and the last one is wyg,.
All the link weights are listed in Tab. 2. In step 3, x,
and x,, are firstly calculated, followed by x5, X;g, Vsgo
and y,,. When x,,, y,,; and y,,s are reached, this step
is completed. Thus the resulting link and turn flows
are shown in Fig. 2. The consistencies between these
turn flows and link flows are easy to verify, namely
the relationship as in Eq. (9) holds. This indicates the
validity of the improved algorithm.

Tab.1 The shortest distances computed in step 1
j 1 2 3 4 5 6 7 8 9
r; 0 20 40 2.0 3.0 40 40 50 6.0
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Tab.2 Link likelihoods and weights (for § =1) computed in step 1 and step 2
(i.J) (1,2) (1,4) (2,3) (2,5) (3,6) (4.5) (4.7) (5,6) (5,8) (6,9) (7.8) (8,9)
L; 1.0 1.0 1.0 0.3679 0.1353 1.0 1.0 1.0 1.0 1.0 0.3679 0.3679
w; 1.0 1.0 1.0 0.3679 0.1353 1.0 1.0 1.3679 1.3679 1.5032 0.3679 0.6386
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Fig.2 Link and turn flows computed in step 3

5 Conclusion

In this paper, the two methods for directly com-
puting turn flows as well as link flows in traffic as-
signment are proposed. The first method is based on
the path-turn relationship and is suitable for those traf-
fic assignment algorithms that can provide detailed
path structures. On the contrary, for Dial’s logit load-
ing algorithm that cannot provide detailed path infor-
mation, the second method based on the link-turn rela-
tionship is suitable.

These two methods have the following advanta-
ges: (D Avoiding shortcomings of the conventional ap-
proaches including the estimation method and the net-
work-expanding method; (2) Applicability to most of
the UE and SUE algorithms with no need of large
modification. Turn flows are critical parameters in such
intersection analyses as control-type determination,
geometrical design, and signal setting, so the proposed
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