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On L(2,1) -labellings of distance graphs
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Abstract: The L(2, 1)-labelling number of distance graphs G(D), denoted by A(D), is studied. It is shown that
distance graphs satisfy A(G) <A’. Moreover, we prove A({1,2,...,k}) =2k +2 and A({1,3,...,2k-1}) =2k
+2 for any fixed positive integer k. Suppose k,a e N and k, a=2.If k=a, then A({a,a+1,...,a+k-1}) =
2(a+k-1).0Otherwise, A({a,a +1, ...,a+k —-1}) <min{2(a + k- 1), 6k —2}. When D consists of two
positive integers, 6 <A (D) <8. For the special distance sets D = {k, k + 1}( VY k e N), the upper bound of A (D)
is improved to 7.
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The channel assignment problem''! is to assign a channel( nonnegative integer) to each radio transmitter so
that interfering transmitters are assigned channels whose separation is not in a set of disallowed separations. Ro-
berts introduced a variation of this problem, where close transmitters must receive different channels and very
close transmitters must receive channels at least two apart. To formulate the problem in graphs, the transmitters are
represented by the vertices of a graph: two vertices are “very close” if they are adjacent in the graph and “close”
if they are of distance two in the graph. Given a graph G with vertex set V and edge set E, for any u, ve V, let
d;(u, v) denote the distance between u and v in G. An L(2, 1)-labelling of G is a function f: V—{0, 1,2, ... }
such that |f(u) —A(v) |=2 if uw e E(G) and |[f(u) —f(v) | =1 if d,(u, v) =2. Elements of the image of f are
called labels. A k-L(2, 1) -labelling is an L(2, 1) -labelling such that no label is greater than k. The L(2, 1) -label-
ling number of G, denoted by A (G) (or simply A), is the smallest number k£ such that G has a k-L(2,1)-
labelling.

The L(2, 1)-labelling problem was first researched by Griggs and Yeh'”'. They found exact values of A for
paths, cycles, wheels, etc. For some other kinds of graphs, they presented the bounds of A. For general graphs G
with the maximum degree A, they proved that A(G) <A” +2A, which was later improved to A”> + A by Chang and
Kuo"'. In Ref. [2], Griggs and Yeh proposed the following conjecture:

Conjecture 1 For any graph G with the maximum degree A =2, A(G) <A’.

This remains an open problem and scholars have studied A(G) for some special graphs'*~"'. To study the
conjecture, we focus on the integer distance graphs. Suppose D is a subset of all positive integers. The integer dis-
tance graph( or simply distance graph) G(Z, D) with distance set D is the graph with vertex set Z( Z is the set of
all integers) and two vertices u and v are adjacent if and only if |u —v| e D. For simplicity, we denote G(Z, D)
by G(D) and A(D) denotes the labelling number of G( D). For the case where D is a set of positive integers with
g =gecd(D), each component of G(D) is isomorphic to G(D'), where D' = {d’: gd' € D}. So when we study
A(D), we may assume that gcd(D) =1.

1 Preliminaries

In this section, we summarize some definitions and known results.
Suppose D ={a,, a,, ...,a,},0<a, <a, <...<a,.Let
D’ ={2a;|1<i<k}Uf{aq, +a,|1 <i<j<kand i#j}\D

k
So |D* | <k +2(2) =k* = | D|*. From the definition we can assert that Yu, ve Z, |u —v| e D* if and only if
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Aoy (u, v) =2.

An L(2,1)-labelling f:Z—{0, 1,2, ... } is called periodic with period p if f(i) =f(i +p) for all i e Z. We
denote a p-periodic L(2, 1) -labelling by f,.

A labelling f:Z—{0, 1,2, ... } is called D-consistent if it satisfies

@ [ftw) —fv) |=2,if |u-v|eD;

@ |fw) —fiv) |=1,if [u-v|eD.

The definition above implies that a labelling f is D-consistent if and only if it is an L(2, 1)-labelling of
G(D).

Suppose i is a label, we define the labelling i* =i ... i of length k. Let N be the set of all nonnegative inte-
[ S———
k

gers.

Lemma 1'® If D is a finite distance set, then

2|D|+2<A(D)<|D*| +3|D|

If |ID|=1, by lemma 1 A(D) =4. In this case each component of G(D) is actually a path on infinite verti-
ces. Griggs and Yeh'” proved that A(P,) =4, for n=5. Thus when |D| =1, lemma 1 is equivalent to their re-
sult. In the next section, we shall point out the lower bound is sharp for |D|=2.

From the definitions above, we obtain the following lemmas.

Lemma 2 Iffp is D-consistent with period p where D ={d,, d,, ...,d,},p>d,(i=1,2, ...,n), thenfp is al-
so {k,p =d,, k,p =d,, ..., k,p £d, }-consistent for all k,e N(i=1,2,...,n).

Proof Since f, is {d,, d,, ..., d, }-consistent with period p, for all v e Z we have

5,00 —£,(v +d) |22, | £,(0) f,(v +2d) |21, |£,(v) —f,(v+d, =d)) | =1

where 1<i, j<n and i#}.

It follows that

f,(v) =f,(v+kpxd) | = f,(v) ~f,(v£d)|=2
f,(v) =f,lv+2(kp £d)] | = |f,(v) =f,(v£2d) | =1
f,(v) =f, v+ (kp £d) +(kpxd)] | = |f,(v) =f,[v(d £d)]|=1
f,(v) =f v+ (kp £d) = (kpxd)] | = |f,(v) =f,[v(d £d)] =1
This yields that f, is also {k,p +d,, k,p +d,, ..., k,p +d, }-consistent (Vk,eN,i=1,2,...,n).
In the proof of our main results, a conclusion is useful.
Lemma 3" Let a and b be two positive integers such that the greatest common divisor of a and b is 1. If
t is an integer such that # > ab — a — b then the equation 7 = na + mb has at least one solution with n and m nonneg-
ative integers.

2 k-Element Distance Sets( YV k € N)

In this section we first prove that general distance graphs satisfy conjecture 1.

Theorem 1 Let G(D) be a distance graph with finite distance set D and the maximum degree A. Then
(D) <A’

Proof Since G(D) is2|D

-regular, A =2|D|=2.1t follows from lemma 1 that A\(D) < |D*| +3|D|<
2
DI +3|D] =5+ Jasa®

We now turn to some special k-element distance sets D. If D is composed of the first k positive integers or
odd integers, A( D) can be determined completely by next the two results:

Theorem 2 If D={1,2, ...,k},then A(D) =2k +2.

Proof By lemma 1, A(D) =2 |D| +2 =2k +2. It suffices to show A(D) <2k +2. Consider the periodic la-
belling P, ,, =0,2,4, ...,2k+2,1,3,5, ..., 2k + 1. It is straightforward to check P,, ,; is {1, 2, ..., k}-consistent.
So A(D) <2k +2.

Theorem 3 If D={1,3,5,...,2k—-1}, k=2, then A(D) =2k +2.

Proof A(D) =2k +2 follows from lemma 1. On the other hand, we define a labelling P,, ., =2k +2, k, 2k
+1,k-1,2k, k=2, ...,k +5,3, k+4,2,k+3,1,k+2,0, k +1. This makes a (2k +2)-L(2, 1)-labelling of
G(D).So A(D) <2k +2, which completes our proof.
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By the previous two theorems, we see that G(D) when D ={1,2,...,k} or {1,3,5,...,2k -1} are the ex-
amples where the lower bound 2 |D| +2 in lemma 1 is attainable.

If D consists of arbitrary k consecutive integers, we have the following theorem.

Theorem 4 If D={a,a+1,...,a+k-1},a k=2,then A(D) <min{2(a+k-1),6k-2}.

Proof First define a periodic labelling P,,,,,_; =0, 1,2, .., 2(a + k-1). It is straightforward to check
P,, .., is D-consistent. So A(D) <2(a +k —1). Now we prove A(D) <6k —2.By lemma 1, A\(D) < |D*| +
3|D|.Here D> ={1,2, ....,k-1,2a,2a +2, ...,2a +2k -2,2a + 1,2a +3,2a +2k -3}, hence | D’ | <3k -2.1t
follows that A(D) <3k -2 +3k =6k -2.

In particular, for the case when k= a we find the exact value of A(D).

Theorem 5 If D={a,a+1,...,a+k-1},k=a=2,then A(D) =2(a+k-1).

Proof Recall the definition of the set D’ at the beginning of this section. Obviously, for all u, v e Z,
d;(u, v) <2 if and only if lu—-v| e D*UD. Thus if |u—-v| e D*UD, then u and v must have distinct labels.
Note that D ={a,a+1,...,a+k -1} and k=a, so DZUD={1,2, oa-l,a,a+1,...,a+k-1,a+k,a+k+
1,....,2(a+k—-1)}. For all distinct u, ve S={1,2,....,2(a+k-1),2(a+k—-1) +1}, we have 1 < |u -v| <2
(a+k-1),i.e., lu-v|eD*UD. This implies the labels of u and v must be distinct. Since S has2(a +k -1) +
1 numbers and O can be used as a label, A(D) =2(a +k-1).

On the other hand, the periodic labelling P,,,,,_; =0, 1,2, ...,2(a+k-1) is {a,a+1, ...,a +k —1}-con-
sistent. Hence A(D) <2(a + k —1). The proof is complete.

3 Two-Element Distance Sets

In this section, we concentrate on the distance sets D = {a, b} with a <b. From lemma 1,6 <A (D) <10. The
lower bound has been shown to be sharp in section 2. Therefore, we try to improve the upper bound 10.

Theorem 6 If D ={a, b} and a#1, then 6 <A (D) <8.

Proof The lower bound 6 is immediate from lemma 1. To show the upper bound, we construct a proper 8-
L(2, 1) -labelling for G(D) in all cases.

Case 1 a <b <2a. The following periodic 8-L(2, 1) -labellings are {a, b}-consistent.

@ %a <b<2a

P :Ob—a12a—b2b—a32a—b4b—a52a—b6b—a72a—b8b—a

3a+b

@ %asb <%a

P3b’a :Oh—ﬂlb—023a—2h3h—a4h—a5h-a63a_2/;7;,_a8,,_a

@2n+1a$b< 2n a,n=2,neN

2n 2n -1
- - —aq2na-2n-1 - - - - - —a2na-(2n-1 - - - - - -
P(2n+1)b_(2n_1)a :Ob alb zz'” Ob al na - (2n )b2h a3b a4b asb a4h a“. Sb a4 na - (2n )b6b a8b a7b a'” 817 a7b a 8b a

n pairs of ‘01" n—1 pairs of “54” n—1 pairs of “87”
2n +2 2n +1
@ —a<b< a,n=2,neN
2n +1 2

P(2n+1)l,_(2n_l)“ zobfa]bfa‘” Obfa]b7a2(2n+1)a72nh3ble4b7115bfa'” 4b7a5b7a 6(2n+1)a72nb7b7a8b7a7b7a.“ 8b7a7b7a8b7u

n pairs of “01” n pairs of “45” n -1 pairs of “87”
Case 2 2a <b <3a.lt is straightforward to check P,, =0°24°6“8°135“7“ is {a, b}-consistent.
Case 3 3a <b<4a. We construct a proper L(2, 1) -labelling P,, =0°51°6“2*7°384“.
Case 4 b >4a. Without loss of generality, we may assume ma <b < (m +1)a, m=4, m e N. The following
8-L(2, 1) -labellings are D-consistent.
@O m=3k+1,k=1,keN
P, =3740°4%2... 0°4“2° 7™ 6“1 3°7°5"... 375" ""0“4°6“18"... 618" ™™

k terms of “042” k terms of “375” k terms of “618”

@ m=3k+2,k=1,keN
P3b :3117a2a Oa40211“. 0a4a2hfma6zzla5a 311705:1“. 307115b—ma0u40811 6a1a8a‘” 6alz18bfma
k terms of “042” k terms of “375” k terms of “618”

@ m=3k+3,k=1,keN




On L(2,1)-labellings of distance graphs 247

P,, =357°2° 0°4°2"... 0°4“2" "6 “8“15“ 3“7°5"... 3“7°5"7""0"2°48 6“1°8"... 6"1°8" ™™
k terms of “042” k terms of “375” k terms of “618”
From all the cases above, we can conclude A(D) <8 when D = {a, b}.

Theorem 7 If D = {1, b}, then

)\(D)${8 if b=0(mod 3)
7 otherwise

Proof First we consider the case when b =2,3,4,5,6.

@ b=2,5.We set P, =0246135 which is obviously {1, b}-consistent. Again from lemma 1 this implies
A(D) =6.

@) b=3,4.1t is easy to see P, =0362514 is {1, b}-consistent. So A(D) =6.

@ b=6. P, =02461357 is {1, 6}-consistent, which implies A(D) <7.

In the following proof we suppose b >6.

Casel b=3k+1,k=2 keN.

We set Py, =046 ... 046  137... 137 , which is a proper L(2, 1)-labelling of G({1, b}). This yields A (D)

k+1 terms of “046”  k terms of “137”

Case2 b=3k+2,k=2,keN.
We take a periodic labelling P, ., =046... 046 137 ... 137 . It is straightforward to verify Pg,,,, is

k+1 terms of “046” k+1 terms of “137”

{1, b}-consistent. Also A(D) <7.
Case3 b =3k k=3, keN.
We set P, =135...135 702 ... 702 468 ... 468 , which is obviously {1, b}-consistent. Thus A (D) <8.

-
k terms of “135” k terms of “702” k terms of “468”
Combining theorems 6 and 7, we have the following theorem.

Theorem 8 If |D| =2, then A(D) <8.

The remainder of the paper provides the upper bound of A for D = {k, k+1}.

Lemmad 1If D={k k+1},k is an even integer. Then A(D) <7.

Proof For the case when k =2, P, =0123456 is {2, 3}-consistent. This implies A(D) =6 <7.

Suppose k > 2. We define a periodic labelling P,,,, =0101 ... 01 2 3434 ...34 5 6767 ... 67 6,

g pairs of “01” % pairs of “34” %— 1 pairs of “67”

which is {k, k + 1}-consistent.

Theorem 9 If D={k, k+1},k=1.Then A(D) <7.

Proof From lemma 4, the theorem holds when k is even. We now construct 7-L(2, 1) -labellings when k is
odd.

We set P, =0123456, P, =01234567. It can be verified that P,, Py, P,P;, PP, are all {2, 3 }-consistent.
Since ged(7,8) =1, the equation t =7n +8m has a nonnegative solution (n, m) for all t>7 x8 -7 -8 =41 by

lemma 3. For such a solution (n, m) we define a periodic 7-L(2, 1) -labelling of the form P, = P;P; =P,... P,

[ S —
n

P... P,. Tt is straightforward to check P, is {2, 3 }-consistent. By lemma 2, P, is also {7 -3, t —2}-consistent. Set-

R
ting k=t-3,P,=P,,;is {k k+1}-consistent for all k>41 -3 =38.

It suffices to construct a 7-L(2, 1) -labelling of G(D) when k<38 and k is odd.

(a) k=1,5,15,19,29,33; P, =0246135.

(b) k=9, 11, 23,25,37; P, =0123456.

(¢) k=3, Py, =76753401024767243501035767342010565732317064540212.

(d) k=17, P, =7676754510123703434012.

(e) k=13,21; Py =01234567.

(f) k=17, Py =02461357.

(g) k=27,P, =P,’P;’, where P, =0123456 and P, =01234567. It is easy to check P, is {2, 3 }-consist-
ent. By lemma 2, P, is also {30 -3, 30 —2}-consistent, i. e. , P;, is {27, 28 } -consistent.

(h) k=31, P,, = P,P;, where P,, P, are the same as in (g). It is {31, 32}-consistent by lemma 2.

(i) k=35, P, = PP;, where P,, P, are the same as in (g). We can use the same arguments as above.
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From all the cases above, A({k, k+1}) <7.
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