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Reliability analysis for anchorage of reinforced concrete beams
with longitudinal cracks due to corrosion at anchorage zone

Shi Bo

Zhao Guofan

(School of Civil and Hydraulic Engineering, Dalian University of Technology, Dalian 116023, China)

Abstract: An anchorage reliability analysis approach for simply supported reinforced concrete beams under

corrosion attack in the anchorage zone is developed. The first-order second-moment method is employed to

analyze the effects of various factors on the anchorage reliability. These factors include both the length and

width of cover cracking due to reinforcement corrosion, the cover thickness, the anchorage length, and the stirrup

ratio. The results show that the effect of corrosion-induced crack length on the reliability index for anchorage,

B, is negligible when the crack on the concrete surface is just appearing, but with the crack widening, the 3,

value is reduced significantly; the considerable changes in B, result from a variation in cover depth and

anchorage length; the effect of changes in the diameter or space of stirrups on the anchorage resistance is very

limited, and the variation in 3, is also very low.

Key words: reinforcement corrosion; bond behavior; anchorage; reinforced concrete structure; corrosion-induced

crack

The structural performances of reinforced concrete
beams, such as the load bearing capacity, the deflection
at the midspan, and the ductility, are based on sufficient
bond stress between concrete and reinforcement and on
the adequate end anchorage of bars at supports. How-
ever, steel corrosion in concrete is induced by environ-
mental attacks, e. g., chloride contamination and car-
bonation of cover. Furthermore, cover cracking along
the longitudinal bars is caused by increasing corrosion
level. Thereby, reduction in serviceability and load car-
rying capacity is produced by insufficient bond
stress'"? . In addition, the higher corrosion level which
causes the cover cracking in anchorage zones at beam
ends can lead to failure in anchorage for simply sup-
ported beams'>”'. It is explained that, the corrosion
products change the physical characteristics of bar/con-
crete interface, i. e. the friction between the bar and the
concrete is reduced by a weak layer of oxides at the in-
terface between the two, and the formation of cracks
caused by corrosion reduces its confinement in the con-
crete. Thus, the anchorage resistance is significantly re-
duced.

1 Limit State for Anchorage

Two failure states for anchorage may be caused
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by the tensile force of steel bars anchored in the con-
crete'”, namely: (I) Failure state for anchorage
strength, i. e. the bond stress exceeds the ultimate bond
strength; (2) Failure state for anchorage rigidity, i. e. the
local slip or its increase rate is excessive.

For certain reinforcement and concrete, the yield
force of a bar is constant, whereas the anchorage resist-
ance caused by the bond stress between the concrete
and the bar increases with increasing anchorage length,
[,, as shown in Fig. 1", This figure shows that, when
the anchorage length is equal to a certain critical value
of I, both the failure in anchorage and the yield state
of reinforcement will occur at the same time. Accord-
ingly, the so-called limit state for anchorage is that the
ultimate bond stress between rebar and concrete reaches
the permissible value when the tension stress of an-
chored bar in concrete is the maximum.
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Fig.1 Anchorage resistance vs. relative anchorage length

2 Limit State Equation of Anchorage

To simplify the analytic process, the assumptions
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of uniform corrosion for the reinforcement bar in the
anchorage zone and of ignoring variation in both diam-
eter and yield strength of the bar due to the corrosion
are taken.

As shown in Fig. 2, if a longitudinal crack at the
anchorage zone occurs due to steel corrosion, then the
anchorage resistance of the bar can divide into two
parts, i. e. the component of that in the non-cracking
region and that in the cracking region. Let 7, and 7,
represent the ultimate bond strength for the non-crack-
ing and cracking region, respectively. Moreover, the 7,
value may be expressed as a product of the 7, value
and a reduction coefficient of the ultimate bond
strength'®”" . Thus, the components of anchorage resist-
ance can be expressed as

P =nd(l -a)l,7, (1)

P, =wdal, 7, =wdal,m,71, (2)

where P, and P, are the components of anchorage re-

sistance in non-cracking and cracking regions, respec-

tively; d is the bar diameter; /, is the anchorage length;

o 1s the ratio of longitudinal crack length to anchorage

length; =, is the reduction coefficient of bond
strength.

l/’
Longitudinal corrosion crack

Fig.2 Scheme of longitudinal cover cracking due to corro-
sion in anchorage zone at supports for simple concrete beam

From Egs. (1) and (2) the total anchorage resist-
ance of the bar can be expressed as
P=P +P,=[1-a(l —m)]mdl, T, (3)
In terms of the equilibrium condition of the limit
state for anchorage, the ultimate tension applied to the
steel bar, F, is equal to the anchorage resistance P.
However, the F, value is also expressed as'"!
2
L, )

where f, is the tensile strength of a steel bar in MPa; 7

F,=n

is the abundance ratio of reinforcement stress. For both
the end anchorage at supports and the anchorage at
midspan for simple beam the 75 value is equal to
0.617, or else to 1. 0.
From Egs. (3) and (4),
41 (X(ldnb)]lﬂul_nﬂ:o (5)

It is obvious that Eq. (5) is the limit state equa-

tion for anchorage for the simple beam with a corro-
sion-induced cover cracking in the anchorage zone at
supports. If it is assumed that
R:4[1—a(1_77b)]la’7'u1 (6)
d
S =nf, (7)

then Eq. (5) becomes the general limit state equation

as follows:

Z=R-5=0 (8)
where Z is the performance function for structural
members, R is the generalized resistance, and S is the
generalized load effect.

3 Reliability Analysis for Anchorage

3.1 Statistic parameters of random variables in
limit state equation
For sound, simply supported beams, the ultimate
bond stress in the anchorage zone at supports can be
calculated by'”
Tu = (0. 82 +0.9 li)(l. 6+0.75 +20pw)ﬁ 9)

where ¢ is the cover depth in mm, p, is the stirrup

a

ratio, and f, is the tensile strength of concrete in MPa.
Therefore, from Egs. (6) and (9), the generalized
resistance, R, can be calculated by
A1 —a(1 -p)]1,
y .

R=(.R, =02,

(0. 82 +0.9li)(1.6 +O.7%+20pw)fl -

a

A1 —al —nb)mp(oa +0.82 %)

C (dsv/d)2
[1.6+0.7;+15.7m]f1 (10)

Furthermore, the performance function for anchor-
age can be expressed as

Z=4[1 -a(1 —nb)mp(oy +0. 821—”)-

d
c (d,/d)’
[1.6 +0.7g+15.7m]ft -nf, (11)

where (), is the random variable for uncertainty associ-
ated with resistance modeling, R, is the calculated re-
sistance by Eq. (6), d
the spacing between stirrups.

is the stirrup diameter, and s, is

sV

Hypothesis testing indicates that, for the random
variables in Eq. (11),1.e. 4%, f,.1,, ¢, d. d,, s, n, and
[, the distributional assumption does not require a re-

sv?

jection of the normal distribution'*®’. Thereby, the sta-
tistical parameters of these stochastic variables are giv-
en in Tab. 1 to Tab.3'""'.
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Tab.1 Statistical parameters of geometric variables

Spacing of stirrups® Cover thickness

Bar diameter® Anchorage length [,/1,

Variabl ()
. 7 S/ Ssvk /¢y d/dy, dy,/dg Deformed bar Plain bar
Mean value 1. 065 0.617 1. 00 1.017 8 1.00 1. 025 1. 007
Coefficient of variation 0. 229 0.076 0. 06 0. 0496 0.024 7 0.077 0. 128

Note: (D The symbols with and without the subscript “k” represent the design value and the measured value, respectively.

(2 The statistical parameters of bar diameter are calculated from cross section area of bar.

Tab.2 Statistical parameters for f, value in members

ffici
Grade of concrete Mean value/MPa Coefficient

of variation

C15 1.69 0.239
C20 2.05 0.227
C30 2.51 0.189
C40 2.93 0.151

Tab.3 Statistical parameters for f, value in members

Coefficient

Steel grade Mean value/MPa

of variation
I 259.71 0.1211
Il 368. 87 0.0719
1 413. 16 0.064 5

3.2 Target reliability index for anchorage

The limit state for anchorage is deemed to occur if
both the bar stress in the anchorage zone at supports
and the bond stress reach the acceptable maximum val-
ues together. Thereby, the occurrence probability of the
limit state for anchorage, p,, can be expressed as

pi=Plo,=nf,7=1,) =

P(a,=nf)P(r=7,| o =nf) (12)

In view of the importance of adequate anchorage
for concrete structural members, the acceptable level of
reliability for anchorage is limit states should be greater
than that for other limit states(e. g. serviceability or ul-
timate limit states)'".

According to Ref. [9], for bridge elements with
secondary safety classes, the target reliability index for
ductile fracture is equal to 4.2 and for brittle failure
4.7.In order to ensure the reliability index for anchor-
age is adequately greater than that for other limit
states, it is suggested that the total reliability index for
anchorage, 8, and the corresponding failure probability,
p¢, have been given by

B=4.95 p;=3.71x10"" (13)

For a steel bar anchored in concrete at supports,
the occurrence probability that the bar stress will reach
the maximum acceptable value (i.e. o, =nf,), and the
corresponding reliability index can be given according
to Ref. [9] as follows:

By =42, p,=1.34x10" (14)

Under the condition of the event “the bar stress in
the anchorage zone at supports reached the acceptable
value (i.e. o, =7nf,)”, the occurrence probability of the

event “the bond stress also reached the acceptable val-
ue (i.e.7=7,)7 is

pl’o ZP(T:Tu‘O-s:n‘fs) :%:2'77X10_2 (15)

1
Further, the corresponding reliability index is B, =

1. 92.

Thus, from the analysis mentioned above it can be
seen that, for concrete bridge members with secondary
safety classes, in order to ensure that the total reliability
index for anchorage is not less than 4.95 under the
condition that the reliability index for bearing capacity
of normal section has value 4.2, the target reliability
index, B, , which is as high as 1. 92 determined by Eq.
(11), should be considered.

3.3 Reliability analysis for anchorage
The basic variables in Eq. (11), such as (2, f,, [,

¢, d, d, s, n, and f,, can be expressed as parameters
X, (i=1,2,...,9). In addition, these variables are as-
sumed to be statistically independent and have a nor-
mal distribution. In terms of design point approach, the
equation set is given as follows:

x'_* = iy, +B00'X,COS€X1 i =1,2,...,9
_9J8
0X; P*O-Xi
costy, = — T (16)
aig 2
[ ,ZT(GX,- P*O-Xi) ]

g('xl* 9'X; 9 vy x:) = 0
where uy and o are the mean value and the standard

deviation for basic variables, respectively; x;” is the

original coordinate value of the design point P*; g( +)
is the performance function which is expressed as Eq.
98
11); —=
an:
rivative of function g( -) with respect to X, at design

is the value of the first-order partial de-

point P~ .

The statistical parameters for the variables in Eq.
(11) have been given in Tab. 1 to Tab. 3. Further, the
B, value can be calculated by Eq. (16) with statistical
parameters listed in Tab. 1 to Tab. 3.

4 Results and Discussion

From Eq. (10) it can be seen that, the generalized
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resistance can change as the length and width of longi-
tudinal corrosion crack, the anchorage length, the cover
thickness, and the stirrup ratio vary. Thereby, the S,
value will also be influenced by these variables. For il-
lustrative purpose, a reinforced concrete beam with a
concrete of grade C30 and a steel bar of grade Il is con-
sidered.

4.1 Effect of both length and width of longitudinal

crack

Once the cracking of cover concrete due to steel
corrosion along the longitudinal reinforcement has oc-
curred, the reduction coefficient of ultimate bond stress
for structural members can be expressed as'”

7, =0. 949 5¢ 7" (17)
where w is the width of longitudinal crack in mm.

For anchorage reliability analysis, the adverse con-
ditions are considered. Namely, it is assumed that c¢/d
=1,1,/d=30,d,/d =0.25,s.,/d =15.

The variation in 8, with both length and width of
longitudinal crack is shown in Fig. 3. When the cover
concrete cracks just due to corrosion (w =0.05 mm),
the reduction of B, with the increasing crack length is
negligible. Thereafter, the B, value is significantly re-
duced by the increase in length or width of the corro-
sion crack. For example, if the crack width increases
from 0.3 to0 0.6, 0.8, and 1. 0 mm, then B, reduces by
11% ,18% , and 23% for a =0.5, and by 20%, 32%,
and 44% for o =0. 7, respectively.
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Fig.3 Effect of both length and width of corrosion crack-
ing on the B, value

Moreover, the effect of crack width on the B, val-
ue is insignificant if the length of corrosion crack is
shorter (e. g. «<0.3). In addition, the reduction in the
B, value is also comparatively lower for w<0. 3 mm.
However, the B, value is already below 1. 92 if w=0. 8
mm and « >0. 5.

4.2 Effect of cover depth

The test results show that the loss in bond strength

of specimens is increasingly reduced as a relative cover

thickness (i. e. cover-to-bar diameter ratio, ¢/d) is in-
creased""” . This implies that the bond strength, espe-
cially the residual bond strength, is significantly influ-
enced by the cover depth. Further, the 8, value will in-
crease with increasing cover depth. Fig. 4 shows the
changes in the B, value when w =1. 0 mm and c/d ratio
has a value in the range 1. 0 to 3. 0. It can be seen that,
the increment of 0.5 for ¢/d ratio leads to increase in
ultimate bond stresses about 10% to 14%, and the 3,
value correspondingly increases by 0. 2 to 0. 3 approxi-
mately.

3.5T
3.0
2.5
2.0
1.5
1.0
0.5

Reliability index 3,
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Relative length of longitudinal corrosion crack a

Fig.4 Effect of cover depth on the 3, value

4.3 Effect of anchorage length
From Fig. 1 it can be seen that the anchorage re-
sistance increases by increasing relative anchorage
length ([,/d). Therefore, the B, value also increases
with the value of [ /d ratio. It is assumed that w =1.0
mm, the /,/d ratio ranges from 25 to 40, and other con-
ditions are unchanging. A variation of 8, is shown in
Fig.5. It is indicated that the B, value is significantly
influenced by the /,/d ratio. For a smaller /,/d ratio, 3,
may be less than the target reliability index of 1.92
even though the corrosion crack length is still shorter
(e.g. «<0.3). Hence, a severe restraint of develop-
ment of both length and width of the corrosion crack-
ing in the anchorage zone, beyond doubt, is required
for a structural member with a short anchorage length.
3.0

250 el TN

)
(=)
T
-
;
"'
ol‘
;
.
/
’:' /
>
S !
E
a4
S
/

Reliability index 3,
W
T

1.0 teee 1,/d =30
o 5L la/d=35
U —— l/d=40 “.\‘
0 I I I I ]
0 0.2 0.4 0.6 0.8 1.0

Relative length of longitudinal corrosion crack a
Fig.5 Effect of anchorage length on the 3, value

4.4 Effect of stirrup ratio
The stirrups can provide an effective confinement
to prevent excessive cracking in concrete elements. For
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a reinforced concrete member with stirrups, bond fail-
ure results from the crushing of concrete keys adjacent
to the rib lugs without splitting of cover. Experimental
results show that bond strength for specimens with
hoop reinforcement is linearly increased by the stirrup
ratio'® . Apparently, the stirrup ratio will increase with
the reduction of stirrup spacing or the increase in the
diameter of the stirrups. Fig. 6 and Fig. 7 indicate the
variation of B, by changing the stirrup diameter (d,,/
d) and the stirrup spacing (s,,/d).It can be seen that,
the increment of B3, resulting from either increasing stir-
rup diameter or reducing stirrup space is very small, as
the influence of changes in value of d,/d ratio or s/
d ratio on the anchorage resistance is very limited. For
instance, the resistance increased by 1. 5% as the value
of d,,/d was enhanced from 0. 25 to 0. 3, and by 4. 5%
as the value of d_,/d increased from 0. 25 to 0. 4. In ad-
dition, the increment of 1.5% for resistance results
from the reduction in s./d value from 15 to 10. Fur-
thermore, the resistance was increased by 2. 5% as the
value of s,,/d was reduced from 15 to 8. An explana-
tion for this is that the ultimate bond strength of mem-
bers with stirrups depends on the resistance of crushing
of concrete keys. Although the presence of links en-
hances the split resistance for concrete cover, its effect
on the resistance of crushing of concrete keys is insig-

nificant.
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Fig.7 Effect of stirrups spacing on the 3, value

5 Conclusion

Corrosion-induced cover cracking in the anchor-

age zone at supports can result in loss of the effective
anchorage length; furthermore, the failure probability in
anchorage for members is also enhanced. In order to
ensure the structural safety, the total reliability index
for anchorage should be greater than that for ultimate
or serviceability limit states.

The analysis results show that the effect of corro-
sion crack length on the reliability index for anchor-
age, 3,, is negligible when the crack on the concrete
surface is just appearing, but with the crack widening,
the B, value is reduced significantly; the considerable
changes in 3, result from a variation in cover depth and
anchorage length; the effect of changes in diameter or
space of stirrups on the anchorage resistance is very
limited, and the variation in 3, is also very low.
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