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Abstract: The state equation and observation equation of the structural dynamic systems under various analysis

scales are derived based on wavelet packet analysis. The time-frequency properties of structural dynamic

response under various scales are further formulated. The theoretical analysis results reveal that the wavelet

packet energy spectrum ( WPES) obtained from wavelet packet decomposition of structural dynamic response

will detect the presence of structural damage. The sensitivity analysis of the WPES to structural damage and

measurement noise is also performed. The transfer properties of the structural system matrix and the observation

noise under various analysis scales are formulated, which verify the damage alarming reliability using the

proposed WPES with preferable damage sensitivity and noise robusticity.
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Recently the damage identification using structural
dynamic responses based on the wavelet packet energy
spectrum ( WPES) has received growing attention in
the field of structural health monitoring of civil engi-

1-7 . . .
=71 Numerical simulation results

neering structures
show that the wavelet packet energy spectrum can re-
present structural damage status effectively and effi-
ciently through energy variations of structural dynamic
responses decomposed by wavelet packet analysis;
i. e., such tiny structural damages are often discernible
from wavelet packet analysis, although they are not
sensitive to existing methods such as the modal fre-
quency approach. However, the theoretical basis and in-
nate characteristics of the structural damage identifica-
tion based on the wavelet packet energy spectrum have
never been formulated, which will undoubtedly result
in adverse applications in the structural damage alarm-
ing of long-span bridges. In present work, the systemat-
ic study has developed the theoretical basis for the
structural damage alarming by wavelet packet energy
spectrum of the decomposed structural dynamic respon-
ses using wavelet packet analysis, which is outlined in
brief as follows:

1) Applicability analysis of damage alarming:
Whether the WPES will detect the occurrence of the
structural damage sensitively or not?
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2) Sensitivity analysis of damage alarming: Which
of the wavelet packet decomposition levels can most
sensitively represent the structural damage status?

3) Noise sensitivity analysis of damage alarming:
What influence of the measurement noise will be exer-
ted on the WPES?

1 Wavelet Packet Energy Spectrum

In this section the state equation and observation
equation of dynamic structures under various analysis
scales are derived, firstly, based on wavelet packet
analysis'® . Assuming that one accelerometer is installed
on the structure to measure its acceleration response,
the state equation and observation equation of the
structure with n degrees of freedom can be expressed as

Mi(t) + Cx(t) +Kx(t) =F(1) (1)

f(0) =Tx(1) +v(1) (2)

where M e R"*",CeR"*" and K € R"*" are the mass,

damping and stiffness matrices of the structure, respec-

tively; x e R"*! and F e R"*' are the displacement vec-

tor and the force vector, respectively; T e R”*" and v e

R’*' are the sensor location vector and the measure-

ment noise vector, respectively; f(¢) is the measured

acceleration output at the sensor location. These equa-
tions can be rewritten in the state-space form as

x(7) =Ax(7) + BF(1) (3)
Sf(1) =Cx(1) +DF(1) +v(1) (4)

_ x(1) 0 1
where x(¢t) :{x'(t)}’ A:[ MK —M'IC]’B:

[_1?4—1 3], C=[-TM'K -TM 'C], D =
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[TM™' 0],F(t) = {F;t) } The state-space Eq. (3)
and Eq. (4) can be expressed in the discrete form as
X(N,k+1) =A(N)X(N, k) + B(N)F(N, k) keZ”
(5)
f(N, k) =C(N)X(N, k) +D(N)F(N, k) +

v(N, k) keZ* (6)

o o 13 At
whereA =e**, B :f e* " Bdr =f e’ Bdr, At is
t—At

0
the time step increment and N is the corresponding

analysis scale.

Assume that the state equation and observation
equation of the structure under wavelet packet analysis
scale i (1<i<<N) are expressed as

X(i,k+1) =A()X(i, k) +B()F(i,k)  keZ®
(N
f(i, k) =C(i)x(i, k) +D(i)F(i,k) +v(i,k) keZ®
(3)

Through wavelet packet multiscale decomposition from
scale i to scale i — 1, the state equation and observation
equation of the structure on coarse scale space V,_,

i

(low-frequency band) can be expressed as
(i -1Lk+1) =Y n(Dx(i,2k -1 +2) =
1

Y h(DA(D)X(i,2k =1 +1) +
S h(DB()F(i,2k =1 +1) =Ay(i —1) -

Xy(i =1,k +By(i =DFy (i =1,k (9
Ali=1k) = 3 h(DfGL2k = 1) =
1
2 h(D)[C(i)x(i,2k =1) +D(i)F(i,2k = 1) +
1
v(i,2k =] =Cy(i —1)xy(i —=1,k) +
lf)"v(i—l)Fi,J(i—l,k) +v,(i = 1,k) (10)
where h (/) are quadrature mirror filters associated
with the scaling function, the subscript V denotes the
projection of the state vector x (i, k) on the coarse
scale space V,_, and the superscript i denotes that Eq.
(9) and Eq. (10) are obtained through the wavelet
packet decomposition from analysis scale i.
Ay(i-1) =A(DA(i), By(i-1) =B(i) (11)
Fy (i-1,k) =A() Y h(DF(i,2k -1) +
]

N h(hF(i,2k =1 +1) (12)
Cy(i-1)=C(i), Dy(i-1)=D(i) (13)
Fy,(i—1,k) =Y h(DF(i,2k - 1)

vi(i =1,k = Y h(Dv(i,2k - 1) (14)

Similarly, the state equation and observation
equation of the structure on the fine scale space W,_,

(high-frequency band) can be expressed as

Xp(i—1,k+1) = 2g(l)f(i,2k—l+2) =

1
Ay(i = Dxy(i =1,k +By(i —=1)Fy, (i =1,k
(15)
fuli =1k = S g(Dfi,2k 1) =
1

Cy(i —Dxy(i —1,k) +Dy(i —1) -

Fy (i =1,k +vy(i -1,k (16)
where g (/) are quadrature mirror filters associated
with the wavelet function and the subscript W denotes
the projection of the state vector X (i, k) on the fine
scale space W,_,.

Ay(i-1) =A(DA(i), By(i-1) =B(i) (17)
Fy (i -1,k =A() Y g(DF(i,2k -1) +
1
2g(1)F(i,2k—l+1) (18)

1
Cy(i —-1) =C(i), Dy(i-1) =D(i) (19)
Fy,(i-1,k = g(DF(i,2k -1
! (20)
v(i —1,k) = Y g(Dv(i,2k - 1)

From the aforementioned structural multiscale de-
composition, it can be seen that after performing
wavelet packet decomposition of structural dynamic
response f( N, k), a series of component signals f( i, k)
(1<i<N) will indicate the dynamic properties of the
structural system in various frequency bands. There-
fore, the structural damage will suppress or enhance
some component signals in special frequency bands.
Hence, the energy distribution of component signals
in various frequency bands contains ample information
of structural damage; i.e., the structural damage can
cause energy increase of some component signals or
energy decrease of other component signals. Accord-
ingly, the energy variation of one or several compo-
nent signals can provide an effective indication for
changes in the structural system. Hence, the energy
distribution of structural dynamic responses decom-
posed using wavelet packet analysis in various fre-
quency bands, namely, the WPES, is extracted as the
index vector for structural damage alarming'*~®. Let f
denote the original signal of structural dynamic re-
sponse, and then it can be expressed as

f = Zf;k =Jio tJi o tJ5000
k
k=0,1,2,..2 -1 (21)
where f; , are the component signals with orthogonal

frequency width f,, /2’( here f, denotes the highest an-
alytical frequency of the original signal f);j indicates
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the wavelet packet decomposition level. The energy of
these component signals f; ; is obtained as

E, = f\fj_k(t) |2dt (22)

Hence, wavelet packet energy spectrum E; of
structural dynamic response f at decomposition level j
can be expressed as

E, ={E,} k=0,1,2,..2 -1 (23)

2 Damage Sensitivity Analysis

In this section, a damage sensitivity analysis is
performed on the proposed wavelet packet energy
spectrum. Assuming that structural damage only cau-
ses the stiffness loss in one or more elements of a
structure, but not a loss in the mass, the stiffness loss
AK of a structure is expressed as

e

AK = ) oK, (24)
j=1

where K is the stiffness matrix of the j-th element, «;
is the stiffness reduction factor ranging between - 1
and O for the j-th element, and n_ is the number of
structural elements.

Hence the system matrix A*(N), control matrix
B‘(N) and output matrix C*(N) in Eq. (5) and Eq.
(6) of a damaged structure can be rewritten as

At
Zd(N) = A Ed(N) =j AT B (25)
0

C(N) =[-TM (K +AK) -TM™'C] (26)
where
0 I
AA = 27
[—M"AK —M"C] 27

As discussed in section 3, when the structure is
multiscale decomposed by wavelet packet analysis
from scale i to scale i — 1, the control matrices
B(i-1),D(i-1) and output matrix C(i —1) under
analysis scale i-1 are the same as those under
analysis scale i, while the system matrix A(i —1) un-
der analysis scale i — 1 is changed as

Ay(i = 1) = ADA(D), Ay(i=1) = A(DA()
(28)
Thus, the system matrix A°(i) of the damaged struc-
ture under analysis scale i can be obtained through the
following iterations:
Al =AY+ DAY+ 1) = .. =T
(29)
Through the derivation of Eq. (29) to AA, the sensi-
tivity coefficients of A(i) can be obtained as

Sd, . 2(N=i) (A +/ 2(N=) (A +/
dA‘(i) _ de’ TArbAT get T ARMIAT Ay

dAA dAA dAt dAA T~

dAt
dAA

Similarly, the sensitivity coefficients of A‘(N) to

2(N—i)(A +AA) eZ(N*i)(A+AA)Al (30)

AA can be expressed as
dZd(N) _de(A+AA)At i A+ M) Ar dAt
dAd C daa CArAe dAA
(3D)
Noticing from Eq. (30) and Eq. (31), it can be
seen that the system matrix becomes more sensitive to

structural damage with the decrease of analysis scale
i. Hence a series of component signals f; , decomposed
from structural response signal f using wavelet packet
analysis are more capable of catching the changes in
the structural system with the increase of the decom-
position level j. Therefore, the wavelet packet energy
spectrum is sensitive to tiny structural damage, which
is suitable for detecting the initial damage in various
engineering structures.

3 Noise Sensitivity Analysis

Assuming that the measurement noise v (i, k) of
the structure under analysis scales i is zero-mean sta-
tionary Gaussian white noise process, which meets the
following statistical characteristics

E[v(i,k)] =0, E[v(i,k)v'(i,))] =R(1)6,; (32)

Through wavelet packet decomposition of v(i, k)
from scale i to scale i — 1, the measurement noise on
coarse scale space V,_, and fine scale space W,_, are
v, (i—1,k) and v}, (i -1, k), respectively. Auto-corre-
lation of component signal v}, (i — 1, k) can be ob-

tained as'
ELOMG =1, 0) (i = 1,)) "] = R(D5 (33)

Similarly, auto-correlation of component signal

v;V(i —1, k) can be expressed as'”
P P . 1 .
E[(vw(l—l,k))(vw(l—l,J))T]=?R(l)8k,- (34)

Cross-correlation of component signal v},(i -1, k) and
vy (i—1,j) can be determined as'”
EL(vy(i-1,0) (vy(i=1,))"1=0  (35)
Noticing from Eq. (33) and Eq. (34), with the in-
crease of the wavelet packet decomposition level, the
amplitude of noise in the measurement is effectively re-
duced. In addition, component signal v, (i —1, k) is un-
correlated with the signal v}, (i —1,j) according to Eq.
(35). Hence, the wavelet packet energy decomposition
of measurement noise has two basic properties. On the
one hand, the energy of measurement noise is evenly
distributed in all frequency bands; on the other hand,
the noise energies in all frequency bands are reduced
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effectively with the increase of the wavelet packet de-
composition level. Therefore, the proposed wavelet
packet energy spectrum is sensitive to structural dam-
age but insensitive to measurement noise, which makes
it suitable and viable to develop a robust scheme for

structural damage alarming.
4 Conclusion

In this paper a thorough investigation on the
theoretical applicability of wavelet packet energy
spectrum for the purpose of structural damage alarm-
ing has been conducted based on the theoretical for-
mulation of wavelet packet multiscale decomposition
of structural dynamic systems. The sensitivity analysis
of WPES to structural damage and measurement noise
is further formulated, which verifies that with the in-
crease of the decomposition level the WPES is more
sensitive to tiny structural damage and the energy of
measurement noise is effectively reduced and evenly
distributed in all frequency bands. Therefore, the pro-
posed wavelet packet energy spectrum is sensitive to
structural damage but insensitive to measurement
noise, which makes it suitable and viable to develop a
robust scheme for detecting the initial damage in long-
span bridges.
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