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Test analysis on relationship between anti-vibration performance
and chaos characteristics of vehicle suspension
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Abstract: Based on the primary principle of anti-vibration on vehicles, a chaos description on the vibration in
suspensions is put forward. The vibration curve of the suspensions of test vehicles is obtained based on the data
from a test rig for vehicle braking vs. suspension anti-vibration efficiency. The system parameters such as first
inherent frequency and damp rate, as well as the chaos parameters such as the minimum embedding dimension
and correlation dimension, are calculated by the vibration curve. The relationship among anti-vibration
performance, chaos parameters and system parameters of vehicle suspension is presented. The research results

show that the minimum embedding dimension M_. can be used to estimate the change of the anti-vibration

min

performance of the front suspension of the off-road jeep. The smaller M, is, the worse anti-vibration
performance is. The corresponding stiffness and damp of the front suspension of the off-road jeep is smaller.

Correlation dimension D, can be used to identify different suspension types such as those of the off-road jeep

and the car. The D, of the off-road jeep is larger than the one of the car.
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The anti-vibration performance of vehicle suspen-
sion influences the smoothness, comfort and control
stabilization directly. In order to make the suspension
achieve better adaptation to different road conditions,
the nonlinear stiffness of suspension and the nonlinear
damp of the absorber are usually designed, yet up to
now there is not a kind of nonlinear criterion which can
be a token of anti-vibration performance. In this paper,
based on the chaos properties of unstable and nonlinear
dynamic systems, the anti-vibration performance of ve-
hicle suspensions is described by using the chaos char-
acteristics. By testing, the chaos phenomena in signals
of suspension vibration is found; by correlation analysis
between anti-vibration performance and chaos behav-
ior, the relationship among anti-vibration performance,
chaos parameters and system parameters of vehicle sus-
pension is presented. Therefore, it is possible to estab-
lish a kind of new criterion that is a token for the anti-
vibration performance of vehicle suspensions.

1 Primary Principle of Anti-Vibration on
Vehicle Suspension

The anti-vibration on vehicle suspension means set-
ting some components with proper stiffness and damp in

Received 2005-05-04.

Foundation items: The Natural Science Foundation of Higher Educa-
tion Institutions of Jiangsu Province (No. 04KJB580037), the Natural
Science Foundation of Hunan Province (No. 03JJY3006) .

Biography: Zhang Yu (1958—), male, doctor, professor, zy586187 @
163. com.

the transfer route between the vibration source and ob-
jects needed to anti-vibrate; that is, to cut off or prevent
vibration transfer. As for the linear anti-vibration system,
some rules are listed where f; is first inherent frequency,
& is damp rate, H is transfer function and f is the fre-

quency of exciting force: D f e (0,42f,) and H=1, there
is not any anti-vibration performance in this value in-

creasing domain; @) f=y2f, and H < 1, there is anti-vi-
bration performance in this value decreasing domain and
it can be designed by controlling f, and £. By increasing
f5» the value decreasing domain is moved up; by increas-
ing &, the anti-vibration performance is decreased while
the sympathetic vibration can be restrained effectively.
The limitation of the linear anti-vibration system is that
the length and performance of the value decreasing do-
main is almost solely dependent on f; and £. The anti-vi-
bration effect is not symmetrical. Because of the limita-
tion of structure, the linear anti-vibration cannot always
reach the expectant effect on the vehicle suspension,
which demands lower first inherent frequency and wider
domain of anti-vibration.

The anti-vibration performance of vehicle sus-
pension should be expressed in two ways: (1) Based on
Mechanical vibration and shock-evaluation of human
exposure to whole-body vibration—Part 1: general re-
quirement, in the situation that the “limit of tiredness
decreasing work efficiency” becomes a lower limit,
the driver’s tiredness will not increase because of the
anti-vibration performance of vehicle suspension after
a long time of driving. 2) In order to increase the ex-
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posed limit that the passengers can endure'"”, the
transfer rate of vehicle suspension vibration in the sen-
sitive frequency band from 4 Hz to 8 Hz should be de-
creased. Meanwhile considering that the first inherent

frequency of vehicle suspension in China is usually

1,3 .. .
31 " the anti-vibration

more than or equal to 2 Hz
performance of vehicle suspension can be reviewed by
the transfer rate of vibration in the frequency band

from 2 Hz to 8 Hz.

2 Chaos Description on Vehicle Suspension
Vibration

Chaos is more prevalent than orderliness in na-
ture and its characteristic factors are unpredictability,
inseparability and dense periodicity. Chaos was no-
ticed by a scholar in 1963. When the American mete-
orologist E. N. Lorenz did the numerical calculations,
he found that the non-periodic or chaos result was ob-
tained whereas the parameters of a third degree invari-
able differential equation that was completely determi-
nate were endued with certain values. Because the
subsystems interact and variables interrelate in the
complex nonlinear anti-vibration system of vehicle
suspension, the output is easier to come into chaos. A
time variable will cover the abundant information of
all variables which are involved in the dynamic
process, so the chaos characteristic in a time serial of
suspension vibration signals can be analyzed, and the
chaos space formed with some factors which influence
the anti-vibration performance of vehicle suspension
can be expressed quantificationally. The primary chaos
characteristics parameters are minimum embedding di-
mension M, , correlation dimension D,, Kolmogorov en-
tropy and so on'*'.

Reviewing the course of researching chaos, the
track'® is expressed as follows: (1) The mechanism of
chaotic motion — (2) The parameters and approaches
which influence chaotic motion—(3) The characters of
chaos and the identification measures for them — (4)
The chaotic motion rule in different systems—(5) The
control of chaotic motion. Up to now, the research has
been focused on the control and synchronization of
chaos and complex system motions'”" , yet the correl-
ative report about the chaos description on the per-
formance of the anti-vibration system has not been
found. The anti-vibration device based on the nonlin-
ear principle is researched thoroughly because of the
dissatisfaction with linear anti-vibration system, but it
is limited in the field of periodic motion. In spite of
the fact that much work about act-vibration mecha-
nism has been done by the chaos vibration'', the anti-
vibration problem often met in engineering has not

been researched effectively based on the chaos analy-
sis all along, including the anti-vibration performance
on vehicle suspension.

The two chaos parameters, such as the minimum
embedding dimension and correlation dimension,
which are suitable for describing the chaos characteris-
tics of vehicle suspension which belong to unstable
and nonlinear dynamics systems, reflect the whole
change of the strange attractor in a chaos system.
These are chosen as tokens of the relationship between
the performance of anti-vibration on vehicle suspen-
sion and chaos characteristics. Meanwhile, a new cri-
terion of anti-vibration performance is gained.

3 Minimum Embedding Dimension M,
and Correlation Dimension D,

The strange attractor in the chaos system is the
result of interaction between the whole stability and
the part instability, and it is the geometrical object in
phase space of the motion orbit after puckering, twis-
ting and extending infinitely, reflecting the degree of
chaos. The strange attractor is with the truss of self-
comparability; i.e., an infinitely subtle fraction
structure that can be gained by re-constructing the
phase space. If there is a time serial {x;}(i=1,2, ...,
N,), the elements in the re-constructed phase space
R" are expressed as

X;(M, Ny, 7) = {2, X005 oo X oy )

X, eR" j=1,2,..,p (1)
where M is the dimension of the re-constructed phase
space; 7 =kAt is the time delay, k is the natural num-
ber, At is the sampling interval; p =N, - (M - 1) 7 is
the vector number of time serial that embeds in phase
space. All the elements of original time serial are in-
volved in the vector aggregation { X, ‘,:1,2,_..,,,}. Ac-
cording to the embedding theory, it can be found that
several major characteristics of original space state or-
bit are reserved in the space state orbit that is formed
by the vector aggregation{X;}. Through vector aggre-
gation{X; }, orbit matrix X is constructed as

X:l[xf, X, ... X" (2)

p

The covariance matrix S = X' X is constructed and it
becomes a standard model by full-order linearity trans-
form. The characteristic vector groups of S become a
group of complete radices of re-constructed phase
space. The minimum embedding dimension will be
confirmed until the maximum characteristic value of
covariance matrix S does not change when the phase
space dimension M changes from small to large.

A norm vector X, is selected arbitrarily from the
p vectors in vector aggregation {X; ‘,-:1,2,.“,p }, the
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distances from the other p — 1 vectors to vector X, are

calculated as
p-1

= X0 = Y X X, (3)

1=0
This process is repeated to all X;(i=1,2, ..., p), the
correlation integral is obtained as
14
Cule) = o Z g 2o = 1%, 1) ()
where 0 (u) is the Heaviside function, 6 (u) =
1 u=0
{0 u<0
process of &—0 is attenuated with the constant « and

; ¢ 1s the unmarked observation scale, the

a=lm-2" =2.502907875....n=1.2.3, ... If e is

o8y
small enough, Eq. (4) approaches Eq. (5).

InCy, (&) =InC + D(M) Ine (5)
The correlation dimension D, of the strange attractor
in R" can be expressed as
dlnC,,( &)

- M-, g0 611‘18

(6)

4 Experiments and Analysis of Results

The experiments are carried out by two off-road
jeeps BJ212 and BJ2020S with leaf spring rigid axle
suspension, and by two passenger cars SUZUKI 2.5
and HONDA 3. 0 with coil spring independent suspen-
sion. The test rig for vehicle braking vs. suspension an-
ti-vibration efficiency, which 1is co-produced by
Tsinghua University and Italy Orient Company, is
shown in Fig. 1. The vibration curve of the suspension

Fig.1 4PLD test rig for vehicle braking vs. suspension
anti-vibration efficiency

of the test vehicle at a velocity about 5 km/h is ob-
tained (see Fig.2) with an example of the off-road
jeep BJ2020S. The average result is obtained after 10
tests are repeated under each test condition. The system
parameters such as first inherent frequency and damp

rate””' can be obtained, meanwhile the chaos parame-
ters such as the minimum embedding dimension and
correlation dimension can be calculated by the vibra-
tion curve.
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BJ2020S off-road jeep suspension. (a) Front suspension vi-
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bration; (b) Rear suspension vibration

4.1 Test result and analysis while changing the

numbers of leaves of front suspension

To the front suspension of BJ212, the response
curve of vibration is obtained under the conditions pre-
serving the numbers of six leaves that is in original con-
dition, four leaves and two leaves, respectively. The stiff-
ness and damp of the front suspension decrease at the
same time.

Reviewing the data and test results under the same
conditions, it is found that the system parameters and
chaos parameters of the left front-suspension are almost
coherent to the ones of the right, which means there is
a symmetry between the left front-wheel and the right
one of the test vehicle. Different damps are obtained by
calculations on the vibration response curve with differ-
ent overshoots, so the front suspension of the test vehi-
cle is a nonlinear system'"”'. After averaging the param-
eters between the left and the right front-suspensions,
the system parameters and chaos parameters are ob-
tained and expressed in Tab. 1.

Tab.1 Parameters while changing the numbers of leaves of front suspension

Test conditions Front suspension

System parameters Chaos parameters

(Numbers of leaves spring) Stiffness and damp Anti-vibration performance fo/Hz £ M i D,
6 Original value Original performance 1.2757 0.3554 67. 82 0.5811
4 Middle value Worse performance 1.1453 0.3375 53.58 0.5250
2 Minimum value Worst performance 1. 100 4 0.3201 47.71 0.604 7
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From Tab. 1, what can be learned are listed be-
low:

1) When the numbers of leaves spring is de-
creased from 6 to 2, the first inherent frequency f, of
the front suspension is decreased by 14% , meanwhile
the damp rate ¢ is decreased by 10% .

2) To the in-use vehicle or production vehicle,
the parameters of the front suspension in original con-
dition correspond to the better designed anti-vibration
performance. After decreasing the numbers of leaves
the minimum embedding dimension M_, would be de-
creased with the anti-vibration performance decrea-
sing. This strong correspondence between the anti-vi-
bration performance of the front suspension and the
minimum embedding dimension M_.. can be used to

min

identify different anti-vibration performances of front
suspensions of the same type vehicle.

3) The minimum embedding dimension M, is
decreased with the first inherent frequency f, and
damp rate ¢ of front suspension decreasing, but there
is not a corresponding relationship between the corre-
lation dimension D, and f, or £.

4.2 Test result and analysis for front suspension
of different types of vehicles

It is shown by the test data that there is a symme-
try between the left front-wheel and right one of the
test vehicle. After averaging the parameters between
the left and the right front-suspensions, the system pa-
rameters and chaos parameters are obtained and ex-
pressed in Tab. 2.

Tab.2 Vibration parameters of front suspension of different types of vehicles (original condition)

Test vehicles Vehicle types Front suspension types

System parameters Chaos parameters

Jo/Hz ¢ M D,
BJ212 . Leaf spring rigid 1.2757 0.3554 67. 82 0.5811
Off-road jeep .
BJ2020S axle suspension 1.3580 0.2922 136. 56 0.5516
SUZUKI 2. 5 c Coil spring independent 1.4160 0.3902 46.02 0.354 4
ar
HONDA 3.0 suspension 1.3100 0.3719 33. 64 0.3160
From Tab. 2, what can be learned are listed below: sion.

1) The first inherent frequency f;, of front suspen-
sion of different types of vehicles is about 2 Hz corre-
sponding to the test result presented in Ref. [3]. The
anti-vibration domain is begun from about 2 Hz in
which the most sensitive frequency band to the human
body from 4 Hz to 8 Hz is involved.

2) The first inherent frequency f; of the same
type vehicles can be compared with each other, such
as the off-road jeeps BJ212 and BJ2020S, or the cars
SUZUKI 2.5 and HONDA 3. 0. Meanwhile the cor-
relation dimension D, of the same type vehicles can
also be compared with each other. For different types
of vehicle suspension, for example, the suspension of
the off-road jeep or the car, there is not any differ-
ence in the first inherent frequency f, of suspension.
However, there is an obvious difference in the corre-
lation dimension D, of suspension. The D, of the off-
road jeep suspension is larger than that of the car sus-
pension. This strong correspondence between the type
of vehicle front suspension and correlation dimension
D, can be used to identify the type of front suspen-

3) There is not any correspondence between the
type of vehicle front suspension and the minimum em-
bedding dimension M,,.

4.3 Test result and analysis for rear suspension of
different types of vehicles

Reviewing the data and results of the tests, it is
found that the system parameters are almost coherent,
and the chaos parameters are the same, calculating
from the vibration curve of left-right rear suspension
of the test vehicle. That means there is a symmetry be-
tween the left rear-wheel and the right one of the test
vehicle. The system parameters and chaos parameters
are obtained and expressed in Tab. 3.

From Tab. 3, what can be learned are listed be-
low:

1) The first inherent frequency f, of rear suspen-
sions of different types of vehicles is about 2 Hz
which is larger than the one of front suspensions. The
anti-vibration domain begins from about 2.8 Hz in
which the most sensitive frequency band to the human
body from 4 Hz to 8 Hz is still involved.

Tab.3 Vibration parameters of rear suspension of different types of vehicles (original condition)
Test vehicles Vehicle types Rear suspension types System parameters Chaos parameters
fo/Hz ¢ M i D,
BJ212 Off-road jeep Leaf spring r%gid 2.034 0.1576 61.82 0.568 1
BJ2020S axle suspension 1. 860 0.1854 136.5 0.5516
SUZUKI 2.5 Car Coil spring independent 2.049 0.4753 46.02 0.364 4
HONDA 3.0 suspension 1.993 0.1855 33.97 0.3160
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2) Similar to the situation of the front suspen-
sion, there is a strong correspondence between the
type of vehicle rear suspension and correlation dimen-
sion D,. This feature can be used to identify different
types of rear suspension. Meanwhile, the correlation
dimension D, of rear suspension of the off-road jeep is
larger than the one of the car.

3) There is not any correspondence between the
type of test vehicle rear suspension and the minimum
embedding dimension M .

5 Conclusions

1) The anti-vibration domain begins from about

J2f, while the first inherent frequency of linear anti-
vibration device is f;. The anti-vibration performance
of vehicle front suspension should be estimated in the
frequency band from 2 Hz to 8 Hz.

2) The minimum embedding dimension M, can
be used to estimate the change in the anti-vibration
performance of the front suspension of the off-road
jeep. If the M, is smaller, the anti-vibration perform-
ance is worse, and the corresponding stiffness and
damp of front suspension of the off-road jeep are
smaller.

3) Correlation dimension D, can be used to iden-
tify different suspension types such as those of the off-
road jeep and the car. The D, of the off-road jeep is
larger than the one of the car.
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