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Direct interpolation algorithm for pen-cutting of sculptured surfaces
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Abstract: A direct interpolation algorithm for spatial curves on a surface is proposed for pen-cutting of

sculptured surfaces. The algorithm can carry out the direct interpolation for projective curves lying on the

sculptured surface. It is based on the geometric and kinetic relationships between drive curves and cutter-contact

(C-C) curves. It evaluates the parameter of drive curves corresponding to interpolation points by the Taylor

formula. Then it gains coordinates of interpolation points indirectly by inverse calculation. Finally, it generates

the motion commands for machine tool controller. This method extends the locus-controlled function in the

computer numerical control (CNC) system effectively and improves the efficiency for the numerical control

(NC) machining of sculptured surfaces. The simulation shows that the proposed algorithm is feasible and

practical. This algorithm can also be applied to the machining of the whole surface.
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The traditional approach, for instance zig/zag cut-
ting or spiral cutting, is inefficient for satisfying the
needs of sculptured surface machining, because it can
make the cutter move on this area of the surface that
need not be machined. Therefore, a new mode of sur-
face machining—pen-cutting is proposed. It can drive
the cutter along specified free-form curves on the sur-
face. This can improve surface machining.

Today, many researchers have studied curve or
surface interpolators to solve these problems, such as
NURBS interpolator'' ~*', B-spline interpolator'*, cubic
parametric spline interpolator’’, PH curve interpola-
tors'®’, hybrid interpolator'” and surface interpola-
tor'® ', But these interpolators can be used when tool
paths are NURBS or B spline, etc. When tool paths are
not these curves, tool paths need to be approximated to
these curves. The procedure is complex and approxi-
mate errors would be introduced''"'”. Hence the aim
of this study is to develop an interpolation algorithm
based on the Taylor’s expansion for realizing one kind
of free-form curve-on-surface interpolator on the open-
architecture CNC system.

1 Curve-on-Surface of Parametric Modeling

The non-uniform B-spline method is one of the
methods used to sculptured surface modeling in the
field of CAD/CAM because it has many strong points.
A general form to describe a parametric surface in 3-D
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space can be expressed as

S(u,v) = 2 Zdi,jNi,3(u)]Vj,3(v) (D
izl j=1

where d, ; are 3-D control points; N, ;(u), N;;(v) are
called the blending functions. The recurrence formulas
for computing N, ;(u), N, ;(v) are shown in the fol-
lowing equations, respectively.
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, U;,,} represents the knot vector for
the u direction, respectively. The same to parameter v.
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Likewise, a free-form curve can be expressed as

P(t) = Zpivi,S(t) t3 =7 g tw (2)
i=1

where V, ; is the cubic blending function, p; are the 3-D
control points, and the knot vector is W = {1,, t,, ...,
tyis )

Pen-cutting of sculptured surfaces differs from tra-
ditional methods in tool path planning. Now take mill-
ing a groove on the surface as an example. Fig. 1 illus-
trates the paths by applying the traditional method.
Fig. 2 illustrates the path by the new machining meth-
od. From Fig.2 it can be seen that the procedure plan-
ning tool path for pen-cutting is firstly to plan the tool
path for the whole surface without regard to the
groove, and secondly to plan the tool path for the
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groove after the tool path planning for the whole sur-
face is finished. Especially when the groove is very
narrow, we use a big diameter cutter to machine the
whole surface and then use a small diameter cutter to
machine the groove. Thus, it not only improves the ef-
ficiency of surface machining but also satisfies the pre-
cision of groove and avoids damaging on the machi-
ning tools because of uneven cutting. However, in Fig.
1 the smaller diameter cutter must be used to mill in
order to satisfy the precision of groove in the whole
procedure of surface machining. It is obvious that the
advantage of pen-cutting is to shorten the machining
time, thereby improving the efficiency of surface ma-
chining.

() = A=

Fig.1 Tool path by applying traditional zig/zag method

i
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Fig.2 Tool path by applying pen-cutting method

This paper does some research on the direct inter-
polation of curve on the sculptured surface. This is a
projective curve that is generated by projecting one
free-form curve onto the sculptured surface along a
specified vector.

Let P, () be the specified curve, which is a spa-
tial free-form curve derived from translation and rota-
tion of initial curve P(t), also defined as drive curve. It
is expressed as

P (1) =P(tH)A+B (3)
where A is the rotation matrix and B is the translation
matrix.

Suppose one vector O as a projective direction,
then the free-form curve-on-surface of parametric mod-
el can be expressed as

S(u,v) = i Zn,d[._/Ni,k(”)N_/,z(V)} (4)

F(t,n) =P, (1) +n0O
where F (¢, n) is the parametric drive surface; ¢, n are
two parameters of this surface. The C-C path is the in-
tersection of a parametric surface S and a parametric
surface F.

2 Algorithm Design

It is difficult to derive the mathematical expres-
sion of the intersection from formula (4). This is be-
cause two surfaces have common characteristics of bi-
parameters and high degree and parameter coupling.
The following gives the direct interpolation algorithm
for the C-C path curve that has not a direct mathemati-
cal expression by an indirect approach.

Suppose that Q is a point on the intersection. Vec-
tors Ng and N, are surface normal vectors of surface S
and surface F at Q such that Ny =S, xS, and N, =F,
x F,. A tangent vector T

intersect

at Q on the intersection
can be expressed as
Tows =T XN | Z f]\v’ | (5)

The differential form of one curve on the drive

surface F can be expressed as

dl =F,dt+F, dn (6)
where d¢ and dn are the corresponding infinitesimal
changes in ¢ and n directions.

The drive curve and the intersection of surface S
and F all lie on the surface F. When a C-C point B is
moving with a constant velocity along the intersection,
there is the corresponding point A moving on P,. The
two points are entitled “point couple”. They are shown
in Fig. 3.

d"( Timersect)

Fig.3 Principle of the algorithm

Let ds be the differential form of tangent vector
on the intersection at one C-C point B, and let dr be
the differential form of tangent vector on drive curve at
A. There is the following geometrical relation between
ds and dr:

ds-dr Tpersect P (D)

OV =TasTarl lw = IPYD ] Jw
where ¥ is the angle between ds and dr, and (A, B) is
“point couple”.

The length of tiny segment for the intersection can
be expressed as
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[ ds | = Tiyenec -l (8)
where |ds| is the length of curve on surface F along
the direction of the tangent vector of intersection.
Suppose dT is a tiny segment of time. Feed rate V
can be expressed as
ds

V= a7 9)
This is the velocity of C-C point when the cutter moves
along the tangent vector of the intersection. Thus the re-
lation between the velocity of moving along the drive

curve and the intersection can be approximated as
ds
aP,(n | |ar| |V
dTr cos¥ cosV
The velocity of point A can be calculated by Eq. (10)
under the condition that ds is small. The velocity at A

(10)

can also be represented as
dP (1) dP(1) dr
dr = dr 4T (1D
The second derivative of P,(t) to T is obtained as
d&’pP,(r) d&°P,qr dP, @¢
= +
dr df dT ° dr 4T

(12)

where
dzI)l ( t) d d Tinlersecl .P; ( t)
ar " dl |V lcosy) = ‘V‘dT( PI(1) ] )
V] d((Ns xNp) -Pi(1))
[Pi(0) [ INsxN, | dr

Therefore, the second-order interpolation expression is
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(13)
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where R, ( At) is higher order terms of the Taylor’s
expression. The value of ¢, depends on the curvature
of curve P,(t). The higher order terms can be neglec-
ted when the curvature is big. Now the point on the
drive curve can be obtained. The other point of the
point couple on the intersection can also be indirectly
obtained by formula (4).

3 Simulation Study

In this simulation study, the interpolation algo-
rithm was written by Visual C ++ 6. 0. Suppose that
the feed rate command is 6 000 mm/min and the sam-
pling interval is 1 ms. The presented interpolator was
applied to the cubic non-uniform B-spline curve as
shown in Fig. 4 and the compound non-uniform B-
spline curve as shown in Fig. 5.

For the case of Fig.4, the machining G code is giv-
en in Tab. 1. The vector {a, b, c} is a projective direction
vector. The drive curve is projected on the mouse upper
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— Interpolation curve
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Fig.4 Interpolation of Z-shape curve
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Fig.5 Initial compound curves—butterfly

Tab.1 Z-shape curve interpolation G code

No. G code x/mm y/mm z/mm Feed
NO10 G06. 4 x40.000  y119.370  z42.347  F6000

x40.000 y113.319  z45.867

x40.000  y106.405  z49.890

x35.000 y113.319  z45.867

x30.000 y119.370  z42.347

x30.000 y113.319  z45.867

x30.000  y106.405  z49.890

a0. 000
b -0.503
¢ -0. 864

surface along the vector {0.000, —0.503, —0. 864 }.
Now one G code can carry out the interpolation of this
Z-shape curve. The result is shown in Fig. 4.

For the case of Fig. 4, Fig. 6 shows the error pro-
duced by using the interpolation algorithm proposed
above. The error distribution is plotted out in Fig. 6.

Non-linear error/nm
—
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T
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Parameter of the initial curve

Fig. 6 Error analysis
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From Fig. 6, it is obvious that the actual maximum er-
ror is less than 40 nm and the error will reach a maxi-
mum at the maximum curvature of the curve. Feed for

each axis is presented in Tab. 2.
Tab.2 Feed for each axis

No. Ax/pm Ay/pm Az/pm Ao/ (") AB/(")
1 -85.8 -30.9 42.2 -17.28 2.52
2 -100.6 -7.1 32.4 -20.52 3.24
3 -107.9 18.9 19.0 -22.32 3.60
4 -105.6 39.3 6.1 -21.96 3.60
5 -99.1 52.0 -3.6 -20.52 3.24
6 -92.4 59.5 -10.2 -19.08 3.24
7 -86.7 64.2 -14.8 -18.00 2.88
8 -82.1 67.3 -18.2 -16.92 2.88

For the case of Fig. 4, there are 383 line segments
of G code for constant C-C point feed rate machining
if line interpolation function is applied. It can be seen
that the transmission between CAD/CAM and CNC
system is heavy.

Now we modify the shape of surface and give
compound B-spline curves by replacing the above
control points with new control points. The initial
curve is shown in Fig. 5. Then we project these com-
pound curves along vector {0. 003, —0.927,0.374}.
The result is shown in Fig. 7.
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Fig.7 Interpolation of compound curves—butterfly

From the above illustration different free-form
curves are interpolated for pen-cutting of sculptured
surfaces. These figures give us the path of C-C points
clearly. The simulation indicates that the algorithm is
applicable to the pen-cutting system of sculptured sur-
faces. Compact NC codes can carry out the interpola-
tion of curve that is not expressed by the direct mathe-
matical function. This is the characteristic of the algo-
rithm. Once a C-C point is obtained by the given algo-
rithm, the corresponding C-L point can be obtained by
offsetting the radius of tool.

4 Conclusion

A new mode for surface machining—pen-cut-
ting—is proposed in this paper. This method can im-
prove the efficiency of surface machining.

A new algorithm is proposed for the interpolation
of tool path derived from pen-cutting of surface ma-
chining. This tool path is the intersection of two para-
metric surfaces. The algorithm is based on the second
order interpolation of the intersection curve and keeps
the velocity of C-C point constant. The interpolation
points stay on the parametric surface.

Simulations of the interpolation for tool path of
pen-cutting have been carried out to verify the effec-
tiveness of the proposed algorithm. These show that
the proposed algorithm is useful not only for the inter-
polation of tool path in the parametric surface but also
path planning for robots.
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