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Solving Navier-Stokes equation by mixed interpolation method
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Abstract: The operator splitting method is used to deal with the Navier-Stokes equation, in which the physical
process described by the equation is decomposed into two processes: a diffusion process and a convection
process; and the finite element equation is established. The velocity field in the element is described by the
shape function of the isoparametric element with nine nodes and the pressure field is described by the

interpolation function of the four nodes at the vertex of the isoparametric element with nine nodes. The

subroutine of the element and the integrated finite element code are generated by the Finite Element Program

Generator (FEPG) successfully. The numerical simulation about the incompressible viscous liquid flowing over

a cylinder is carried out. The solution agrees with the experimental results very well.
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The equations are composed of a continuity equa-
tion, a constitutive equation and an equilibrium equa-
tion, which are described as follows:

Continuity equation
where u; is the velocity.

Constitutive equation

0 = = Po; +2ud; (2)
where o, is the stress tensor, p is the pressure, u is the

L 1
viscosity parameter, and d; :?( u,+u;,).

Equilibrium equation
o +fi=(pu) , +(puu;) ; (3)
where p is the density of mass.
Boundary condition
Entrance boundary

U, =, (4)
Outlet boundary

P =P (5
The adhesive boundary on the fastness wall

u;, =0 (6)

1 Operator Splitting Method

In order to avoid the difficulties in computation,
the physical process described by the new theory is de-
composed into two processes: a diffusion process and a
convection process. They are analyzed separately. The
operator splitting method (OSM) is used to deal with
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the equations. The OSM algorithm is described as fol-
lows:
Step 1 Solve the diffusion equations

(pu)  =fi +0;
s Js v!} (7)
u,; =0
Step 2 Solve the convection equation
(pu) , +(puu,) ;=0 (8)

At each time step, the diffusion equation (7) is
solved first, and then the result is used in the solution
of Eq. (8). The virtual work equation of the diffusion
equation (7) is
[ pre 30,42 - [ 061,002 = [ w, 6pd02 = [ fdu,d02

0 0 0 0
(9)
where (2 is the solution domain and Su; is the virtual
displacement of u;.

Integrating by parts of Eq. (9) and noting the
constitutive equation (2), we get

LPM,;,(@M;(LQ + LZ,LLdUSLt”dQ - Lpéuiy,-dﬂ —

Laﬁnj&uidf - jﬂui,iapdn = LfiSuidQ (10)

where [ is the boundary of (2, and n is the direction
cosine of the outside normal vector on [.

For the adhesive boundary condition Eq. (6), du,
equals zero, so Eq. (10) can be written as

Lpu,.,, Su,d) + L Jud,d,d2 - L pdu, A0 —

L u; Spd) = Lf,ﬁuid!) (11)

According to the standard FE assembling process,
the FE equations of Eq. (11) can be written as
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(M +SADHu"*' =Mu" + FAt (12)
where M, § are the mass matrix and the stiffness ma-
trix, respectively; At is the time increment.

The convection equation (8) can be written as the
following time-discrete equation

pu! ! +Atp(u}’u§'“)J =pu; (13)
The least square scheme is used to solve Eq. (13). The
weak form is

| Laupsrcuydn = [pul sL(uyd  (14)
(0] 0

where L(u,) =pu! ™" + App(u}u;*") ; and L(u;) is the

i

virtual displacement of L(u,).
2 Mixed Interpolation Method

The FE code is made according to Eqgs. (12) and
(14) based on the FEPG" ' If the element with four
nodes or eight nodes is used to solve Egs. (12) and
(14), the calculation will be unstable as the Reynolds
number becomes greater. In order to make the compu-
tation stable and to get the convergence solution, the

term ¢ x |d| x fp,isp,,.d(z is added into Eq. (11),
0

d| is the value of the
Jacobian determinant of the element.

jﬂ pu, Su,d + jﬂzﬂd,.,adijdn - fﬂpéui.idﬂ -

where ¢ is a constant number,

Lu,y,ﬁpd() -c x|d| xfﬂp),&p,,vd() = Lf,ﬁu,-d!)

(15)
In engineering, we want to get the accurate pres-
sure value that the fluid exerts on the structure. Al-

though the term ¢ X |4 | xfpv,.ép’,.d() can make the so-
02

lution stable, it results in some errors in the computa-
tion. The greater the Reynolds number becomes, the
greater the ¢ will be taken and the more seriously the
pressure calculated will deviate from its real value. In
order to get the accurate pressure value and keep the
stability, we use the mixed interpolation method to
solve Egs. (12) and (14). The isoparametric element
with nine nodes is used to describe the velocity field.
Fig. 1 shows the element.
The shape function of the element is

Ni= (8 +&) (' +mm)  i=1.3,57
N= o lmi(n’ =) (1€ +

E(& =) -7)] i=2,4,6,8
N, =(1-£)(1-7) =9

(16)

Fig.1 Isoparametric element with nine nodes

Only four nodes at the vertex in the same ele-
ment is used for the interpolation function to describe
the pressure field. It is

N= (1 +£6) (1 +m)

In this way we need not add the additional term

i=1,3,5,7 (17)

c % |d| x fﬂp,iép’idﬂ and can obtain a stable solu-

tion.

3 Numerical Example

A numerical simulation of the incompressible vis-
cous flow over a cylinder is made in this example. The
Reynolds number is 1 000. The multi-frontal solver is
used to solve the FE equation. The computational domain
is a rectangle. It is 3 m long and 2 m wide (see Fig.2).
The diameter of the cylinder D is 0. 1 m. The grid is gen-
erated by software Gid. There are 5 528 elements, 22 292
nodes in the computational domain(see Fig.3).

The physical parameters of the liquid are as fol-

lows: the viscosity parameter wu =10 ~ kg/(m-s), the
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Fig.2 Grid of the computational domain
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Fig.3 Grid and element
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density of the liquid p = 1000 kg/m”. The outlet condi-
tion p, =0 Pa. The velocity on the boundary of the cyl-
inder is u =v =0 m/s. The entrance flow velocity is v,

=0m/s and u, =/"LD—Re (Re is the Reynolds number) .
o

Solutions are obtained from the numerical simula-
tion. Fig.4 shows the pressure field made by the in-
compressible viscous flow over a cylinder. Fig. 5 shows

Fig. 4

1.5
Lok M
S 0.5 cD/
S ok —
c
-0.5F -
1 1 1 1

1 1
0 100 200 300 400 500
Time/s

Fig.5 Curves of Cp, and C, (Re =1 000)
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two curves which change against the Reynolds num-
ber. One is about the parameter of drag force C,, and
the other is about the parameter of the lift force C,.
From Fig. 5 we know that the average value of C,
equals 1. 19. It agrees with the experimental results
very well' .
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