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Abstract: To enable representation and reasoning for fuzzy ontologies with expressive fuzzy knowledge on the

semantic web, a new fuzzy extension of description logics called the fuzzy description logics with comparison

expressions (FCDLs) is presented. The syntax and semantics of FCDLs are formally defined, and the forms of

axioms and assertions in FCDLs knowledge bases are specified. FCDLs combine both fuzzy concepts from the

fuzzy description logics (FDLs) and cut concepts from the extended fuzzy description logics (EFDLs) in the

same theory. Furthermore, cut concepts are extended into comparison cut concepts in FCDLs to represent

comparison expressions between fuzzy membership degrees, which are often used in practice but not supported

by the other fuzzy extensions of description logics. FCDLs have more expressive power than FDLs and EFDLs,

and are able to represent expressive fuzzy knowledge and to perform reasoning tasks based on them. Therefore,

FCDLs can enable representation and reasoning for fuzzy ontologies with expressive fuzzy knowledge on the

semantic web.
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Ontology is the basis of sharing and reusing
knowledge on the semantic web. Description logics
(DLs)'"" are a family of knowledge representation lan-
guages, with a simple well-established declarative se-
mantics to capture the meaning of popular features in
ontologies. Nowadays, many knowledge representation
systems have been built by description logics in a vari-
ety of applications. The popular ontology languages
DAML + OIL and OWL are both based on description
logics to enable reasoning.

The fuzzy knowledge plays an important role in
many domains that face a huge amount of imprecise
and vague knowledge and information, such as text
mining, multimedia information system, medical infor-
matics, machine learning, and human natural language
processing'”’. When facing such fuzzy knowledge, it
may be uncertain whether an individual belongs to a
concept or not, as well as whether two individuals have
a role or not. However, classic description logics inter-
pret concepts as crisp sets of individuals and interpret
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roles as crisp sets of individual pairs. They are insuffi-
cient to represent such uncertain information. For ex-
ample, in classic description logics, we can only say a
person is either tall or short, but cannot say how tall the
person is.

The fuzzy description logics" interpret concepts
or roles as fuzzy sets of individuals or individual pairs.
Such concepts and roles are called fuzzy concepts and
fuzzy roles. Then we can generate fuzzy ontologies,
which contain fuzzy concepts and fuzzy roles. The
fuzzy ontologies are capable of dealing with fuzzy
knowledgem, and are efficient in text and multimedia
object representation and retrieval”’. By using the
fuzzy logic, we can say one is tall to a degree of 0.7,
another is tall to a degree of 0. 9.

Yen provided a structural subsumption algorithm
for a fuzzy extension of a sub-language of ALC'®.
Tresp et al.!” presented a fuzzy extension of ALC,
ALCy,, with a reasoning method for computing the de-
gree of subsumption between concepts. Straccia presen-
ted fuzzy ALC and an algorithm for reasoning'” ; he al-
so transformed fuzzy ALC into classical ALC'.
Holldobler et al. ' introduced the membership manipu-
lator constructor to present ALC,. Sanchez et al.'"”
generalized the quantification in fuzzy ALCQ. Stoilos
et al. provided pure ABoxes reasoning algorithms for
the fuzzy extensions of SHIN'!"!. Straccia presented
fuzzy SHOIN(D) for a fuzzy OWL!"?. Li et al.'"
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presented a family of extended fuzzy description log-
ics.

This paper introduces three different kinds of
fuzzy extensions of description logics: fuzzy description
logics, extended fuzzy description logics, and fuzzy de-
scription logics with comparison cuts. It shows that
fuzzy description logics with comparison cuts are the
most expressive. They enable representation and rea-
soning for expressive fuzzy knowledge on the semantic
web.

1 Fuzzy Description Logics

The fuzzy description logics ( FDLs) do not
change the syntax of concept descriptions and axioms
in classic description logics, but use the fuzzy seman-
tics to interpret concepts and roles, and have a special
form of assertions. FALC"™ is a fuzzy extension of de-
scription logic ALC by adopting fuzzy interpretation to
redefine the semantics and extend the assertion forms.
Compared with concepts and roles in classical descrip-
tion logics, which describe crisp sets of individuals and
their relationships, fuzzy description logics contain
fuzzy concepts and fuzzy roles that describe fuzzy sets.
Let B be an atomic concept, R be an atomic role, and
concepts C and D of FALC are inductively defined
with the application of ALC concept constructors:

C,D:: =

T|1|B|~Cclcub|cnD| YR C| 3R C

The fuzzy interpretation for FALC is a pair [ =
(A", +"), where A" is a nonempty domain, and -’ is an
interpretation function which maps every individual a
into an element a’ € A’, maps every atomic concept B
into a function B": A'—[0, 1], and maps every atomic
role R into a function R": A’ x A'—[0, 1]. Further-
more, for any element d e A’, -’ satisfies the follow-
ing equations:

Tid) =1; L'(d) =0; (= O)'(d) =1-C'(d)

(CND)'(d) =min{C'(d), D'(d) }

(CUD)'(d) =max{C'(d), D'(d) } (D)

(3R O)'(d) =dSlEIIA3,{miH{R1(d, d),C'(d)})

(YR.O)'(d) = inf {max{l -R'(d,d),C'(d)}}

A knowledge base of FALC contains fuzzy axi-
oms and fuzzy assertions. A fuzzy axiom is in the
form of CCD. CC D means D subsumes C. An inter-
pretation I satisfies C C D iff YVd e A, C'(d) <
D'(d). A fuzzy assertion is in the form of a=n or «
<n, where « is an expression: a: C or (a, b): R. I sat-
isfies a fuzzy assertion a: C=( <)n (respectively (a,
b):R=(<)n) iff C'(a') =(<)n (respectively

R'(d',b")y=(<)n).

The fuzzy extension method used in FALC can
be applied to many other description logics, such as
ALCQ"", SHIN'"" and SHOIN(D)'"?. They form a
family of fuzzy description logics. There are already
reasoning algorithms for many FDLs'" """, However,
FDLs only support limited expressive power of fuzzy
knowledge. For example, FDLs cannot describe an in-
dividual a such that Tall'(a') =0.7 or Strong'(a') =
0.9, or an axiom Cub’(d) =0. 6—Young'(d) =0.9.
The reason is that FDLs can only describe one given
degree in a fuzzy assertion and no degree can be spec-
ified in axioms.

2 Extended Fuzzy Description Logics

To extend the expressive power of FDLs, we pro-
pose a new fuzzy extension of description logics,
called extended fuzzy description logics ( EFDLs).
The main idea is from the cut sets of fuzzy sets. In
fuzzy set theory, a fuzzy set S with respect to a uni-
verse U is defined as a function ug: U—[0, 1], and
the n-cut set of § is defined as S|, ={de U | us(d) =
n}, where 0<n<1.

Based on the idea that the cut sets are indeed
crisp sets, but facilitate a normative theory for formali-
zing fuzzy set theory, our fuzzy extension of descrip-
tion logics uses cut concepts and cut roles instead of
fuzzy concepts and fuzzy roles. Consider a set N of
fuzzy concept names and a set N, of fuzzy role
names. For any Ae N, Re Ny and 0sn<1, we call
their cuts A, an atomic cut concept and R, an atom-
ic cut role, where A or R is the prefix of n, and n is
the suffix of A or R. Let N¢ and N; be the sets of
atomic cut concepts and atomic cut role, respectively.
For any cut concept A, and cut roles R, such that 0
<n <1, the interpretation function -’
R, into sets over A'and A" xA":

(A, ={d|deA" NA'(d) =n)
(R,))'={(d.d") |d decA"\R'(d d') Bn}}
(2)

From Eq. (2), for any n,, n, such that 0 <n, <n,
<1, it must be true that (A,,)" € (A, )" and
(R, ) 'C(R

define fuzzy sets over A’ and A’ x A’, while their cuts

maps A, and

)' for any interpretation 7. A" and R’

[n] [n;]

(A,,;)" and (R,,)" are actually crisp sets. Generally, a
collection of (A, )", (A,,)", ... (A,,)" and
(R, )" (R, )" -oes (R, )" is able to describe

the semantic of A" and R’ completely or to an accepta-
ble degree. It facilitates a classical description logic
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theory for simulating the fuzzy description logic theo-
ry.

For any classical DL, if its atomic concepts and
atomic roles are cut concepts and cut roles respective-
ly, then it is called extended fuzzy description logic
(EFDL), and its concepts and roles are called cut con-
cepts and cut roles. It has been proved that any FDL
ABox can be transformed to an EFDL ABox. The rea-
soning algorithms for EFDL ALCN and ALCH are
proposed in Refs. [13 —14].

In EFDLs, the limitations in fuzzy description
logics can be naturally overcome. For example,
Tall’(a") =0.7 or Strong’(a’) =0.9 can be represen-
ted by a: Tally, ;, U Strong, 3 Vd e A', Cub’(d) =
0.6 — Young' (d) = 0.9 can be written down as
Cub, ¢ € Young,, o,

3 Fuzzy Description Logics with Compari-
son Expressions

It is a familiar description that “Tom is taller than
Mike. ” It can be regarded as a comparison between
fuzzy membership degrees, and means Tom is tall to a
degree greater than the degree to which Mike is tall.
For example, in Fig. 1, we know Tom:Tall > 0.8,
Mike:Tall <0.9 and Tom:Tall > Mike:Tall. The last
assertion is a comparison between fuzzy membership
degrees. The comparison between the fuzzy member-
ship degrees is very useful in practice. For example,
facing goods of the same quality, we are always inter-
ested in the cheapest one. There are more complicated
comparison expressions such as “Tom is quite tall and
taller than Mike, ” and “No close friend of Tom is tal-
ler and stronger than he. ” However, FDLs and EFDLs
do not support the expression of comparisons between
fuzzy membership degrees.

1.51
Very tall
1.0 Mike: Tall
&
0.5F
Medium-built " Tom: Tall
. oo o

0.5 1.0 1.5 2.0 2.5 3.0
Height/m

Fig.1 The fuzzy concept “Tall”

We extend cut concepts to comparison cut con-
cepts (cuts for short) to express the comparison ex-
pressions. First, individuals can be divided into differ-
ent classes based on simple comparisons. Such classes
are called comparison cut concepts. For example,

e [Tall >0.9] means very tall; Tom: [ Tall >0.9]

means Tom is very tall;

o [ Absolutist < Liberalist] means anyone who pre-
fers liberalism to absolutism. Tom: [ Absolutist < Lib-
eralist] means Tom prefers liberalism to absolutism;

e [ Tall > ] means taller than a given thing; Tom:
[ Tall > ](Mike) means Tom is taller than Mike.

Secondly, complex comparison cut concepts can
be built from cuts inductively with constructors. Here
we only consider the Boolean constructors, AND
(N),0R (U) and NOT (= ). For example,

e [Tall >0. 9] U [ Strong > 0. 8] means very tall or
quite strong;

e [Tall >0. 9] N[Tall > ] means very tall and taller
than a given thing;

e — [Tall >0. 9] means not very tall, i. e. [ Tall <
0.9].

Finally, new fuzzy concepts can be defined from
the cuts with restrictions on the fuzzy roles. For exam-
ple,

e JhasFriend.Tall is a fuzzy concept of person
who has tall friends;

e JhasFriend.[ Tall >0.9]is a fuzzy concept of
person who has very tall friends;

e JhasFriend[ Tall > ]is a fuzzy concept of person
who has a friend taller than him.

This extension can also be applied to other kind
of restrictions on fuzzy roles, e. g., V R. C. Further-
more, the more expressive fuzzy concepts can also
have their cuts.

The formal syntax and semantics of cuts and new
fuzzy concepts are as follows.

The comparison cut concepts are defined as

o If C, D are fuzzy concepts, n € [0, 1] and *
{=,%#, >, =, <,<},then [Cxn],[C* D] and
[C*DT] are cuts;

e If P, O are cuts, then =P, PN Q and PU Q are
cuts.

The interpretation function -’ maps, additionally,
every cut P into a function P': Al

[Cxnl'(s) ={t] C'(1) »n)

[C=D)'(s) ={r| C'(1) *D'(1)}

[C+D"]'(s) ={r] C'(1) % D'(5)}

(= P)'(s) =A"\P'(5)

(PNO)'(5) =P'(5) NQ'(5)

(PUQ)'(s) =P'(s) UQ'(s)
Obviously, if a cut P contains no up-arrow, then for
any s, t, P'(s) = P'(t). We simply use P’ to denote
them. In addition, there are new fuzzy concepts: if R is
a fuzzy role, P is a cut, then 3R.P and VYV R.P are

(3)
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fuzzy concepts, and they satisfy

(3R.P)'(s) = suR)(s, 1) }

(VYR.P)'(s) = inf (s,0))
te(nP)I(s)

There are also new forms of assertions and axi-
oms: a: P, a: P'(b) and P C Q, where P, Q are cuts
without an up-arrow, and P’ is a cut with up-arrows.

(4)

An interpretation [ satisfies a: P iff a': P", I satisfies
a: P'(b) iff a': P"(b"), I satisfies PCQ iff P'CQ’.

The above new language elements are called
comparison expressions. A family of fuzzy description
logics with comparison expressions ( FCDLs) can be
defined by importing the comparison expressions into
FDLs. FCDLs are extensions of FDLs, so they are
more expressive. FCDLs are also more expressive than
EFDLs. For example, a: Tall, , U Strong,,,, can be
rewritten as a: [ Tall=0. 7] U[ Strong=0. 9]. Cub,
C Young, ,, is the same as [Cub=0. 6] C[ Young=
0.9].

FCDLs enable representation of very expressive
fuzzy knowledge. For example, we can write down
axioms like[ Small < 0. 3] €[ Big >0. 8] to show the
relationship between the fuzzy concepts small and
big. Mike: ([ Tall >0.9] U [Tall >) (Tom) means
“Mike is either very tall or taller than Tom.” Mike:
V hasFriend. [ Tall <] =1 means “no friend of Mike
is taller than him.” However, the reasoning for FC-
DLs is also more complicated. Recently, we have
completed the reasoning algorithm for FCDL ALC,,
a fuzzy extension of DL ALC with comparison ex-

: 15
pI'CSSlOIlS[ ! .

4 Conclusion

This paper introduces three different kinds of
fuzzy description logics. The FDLs define fuzzy con-
cepts and fuzzy roles to enable representation and rea-
soning for fuzzy knowledge. The EFDLs use cut con-
cepts and cut roles to represent fuzzy concepts and
fuzzy roles. The FCDLs extend cut concepts to com-
parison cut concepts, and combine fuzzy concepts and
comparison cut concepts together to enable representa-
tion and reasoning for very expressive fuzzy knowl-
edge on the semantic web. More representation fea-
tures and efficient reasoning algorithms for FCDLs are
the future work.
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