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Abstract: An integrated approach is proposed to investigate the fuzzy multi-attribute decision-making (MADM)

problems, where subjective preferences are expressed by a pairwise comparison matrix on the relative weights of

attributes and objective information is expressed by a decision matrix. An eigenvector method integrated the

subjective fuzzy preference matrix and objective information is proposed. Two linear programming models based

on subjective and objective information are introduced to assess the relative importance weights of attributes in

an MADM problem. The simple additive weighting method is utilized to aggregate the decision information, and

then all the alternatives are ranked. Finally, a numerical example is given to show the feasibility and

effectiveness of the method. The result shows that it is easier than other methods of integrating subjective and

objective information.
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In multi-attribute decision-making ( MADM )
problems, a decision maker (DM) is often faced with
the problem of selecting or ranking alternatives associ-
ated with non-commensurate and conflicting attributes.
MADM problems arise in many real-world situations.
One of the hot research topics is how to solve MADM
problems with fuzzy preference information''™ . Since
fuzzy preference information on attributes involves a
decision maker’ s subjective considerations, any deci-
sion-making tool chosen must incorporate them when
ranking alternatives. However, such a ranking could not
be considered final as it would lack objectivity. To de-
termine the final ranking of alternatives, the weights of
the attributes need to be assessed using subjective fuzzy
preference information as well as information that is
free from any bias the decision maker may introduce
through his/her subjective input.

The main focus of this paper is on the method
with information on attributes weight information. In a
recent paper, Ma et al."” developed a subjective and
objective integrated approach for MADM, where the
multiplicative preference relation on the
weights of attributes was integrated together with deci-
sion matrix information into an integrated decision
model. Their approach utilized a quadratic program-
ming technique to assess the attribute weights and was
further discussed by Xu'*'. Fan et al. " proposed an ap-
proach to MADM based on the fuzzy preference rela-
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tion on decision alternatives. In their approach the
fuzzy preference relation on alternatives was incorpo-
rated together with decision matrix information through
a quadratic programming model. Wang and Parkan'®
integrated the fuzzy preference relation and decision
matrix information together in three different ways,
which used the linear programming technique. Fan et
al. " also incorporated them together using the linear
programming technique, but with a different integrated
model. Chiclana and Fan et al. " developed further a
linear goal programming model and a two-objective
optimization model to integrate fuzzy and multiplica-
tive preference relations both on decision alternatives.
It is quite clear that there has been no effort so far to
develop a subjective and objective integrated approach
with only an eigenvector method (EM) by the multi-
plicative preference relation on the relative weights of
attributes and decision matrix information. The purpose
of this paper is to develop a subjective and objective
integrated EM (SOEM). It is a supplement or exten-
sion of the existing methods.

1 SAW Approach and Subjective EM

1.1 SAW approach for MADM

Suppose that an MADM problem has n decision
alternatives (A,, A,, ..., A,) and m decision attributes
(R, R,, ..., R,). Each alternative is evaluated with re-
spect to the m attributes, whose values constitute a de-
cision matrix denoted by X = (x;),,,-
commensurability among attributes, the decision matrix
X= ('xij) nxm
monly used normalization method is as follows:

Due to the in-

needs to be normalized. The most com-
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malized attribute value; Q, and Q, are the sets of bene-
fit attributes and cost attributes, respectively. The so-
called benefit attributes are those for maximization,

while the cost attributes are those for minimization.

Let Z =(z;),.,, be the normalized decision matrix
and W={w,, w,, ..., w, } be the normalized vector of
attribute weights satisfying

e'W=1 (3)
where e' = {1, ..., 1}. According to the SAW ap-
proach, the overall weighted assessment value of alter-
native A,(i=1,2,...,n) can be expressed as

d, = ZZUWJ i =1,2,...,n (4)

j=1
where d, is a linear function of weight variables w;(j =
1,2, ...,m). The greater the d,, the better the alternative
A;. The best alternative is the one with the greatest
overall weighted assessment value. For brevity, Eq. (4)
can be rewritten in matrix form as
D=ZwW (5)
where D = {d,, d,, ..., d,} is a vector of the overall
weighted assessment values for all the alternatives.
1.2 Subjective EM based on the multiplicative
preference relation

Let the multiplicative preference relation on the

relative weights of attributes be represented by

hy hy, ... hy,
H = }tLZI ljl22 h’Zm
hml hmZ hmm

where h; =1/h; >0 and h; =1(i,j=1,2,...,m). Ac-
cording to the Saaty’s EM"”, the weight vector W =
{w,,w,, ..., w,} can be estimated by solving the fol-
lowing eigenvalue problem:
HW=A_ W (6)
If the multiplicative preference relation H is a pre-
cise/consistent comparison matrix on the relative
weights of attributes, then Eq. (6) can be simplified as
HW =mW (7)
It is hoped that the multiplicative preference rela-
tion provided by DM should be as consistent as possi-
ble. However, an accurate estimate is nearly impossi-
ble. So Eq. (7) cannot hold exactly in most cases. An
alternate method for obtaining the right-eigenvector W
is to solve the following LP model'”,

min J=¢"E
s.t. (H-mDHW-E =0

e'W=1
W.E=0 (8)
where W is an estimate of W, E = {¢,, &,, ..., &,} is a

nonnegative vector of deviation variables.

2 SOEM for MADM

This approach combines the DM’ s subjective
multiplicative preference relation matrix directly with
the objective decision matrix in a way that is quite dif-
ferent from Wang et al.’ s. It is known from Eq. (7)
that for any multiplicative preference relation matrix H
we can always find a positive normalized eigenvector
W such that HW = mW. If the estimate is accurate then
there must exist HW =mW. In Eq. (7), left-product the
normalized decision matrix Z, we get

ZAW =mZW 9)

Due to the existence of fuzziness and subjectivity,
however, an accurate estimate is nearly impossible. So
Eq. (9) cannot hold exactly in most cases. In view of
this, we define the deviation vector

E=(ZH -mZ)W (10)
where E = {¢&,, &,, ..., ¢, and find the attribute
weights that minimize the sum of the absolute values of
the components of E by the following model

min J=Z\gi\
i=1
s.t. (ZH —mZ)W —E =0

e'w =1
W=0 (11)
Let
e &t g +28i, & =7_8';- &1 i=1,2,...,n
£, can be written as
e =g —-¢& i=1,2,...,n

where the scalar product ¢;" ;7 =0. Now, the optimiza-
tion model (11) can be written as an LP model:

min J=e' (E" +E")

s.t. (ZH-mZ)W-E" +E~ =0

e'W=1
W,E",E" =0 (12)
where E* =(&, .8, ,...,e;) and E- =(&; , &, ...,

).

From Eq. (10), we can also find the attribute
weights that minimize the maximum absolute values of
the components of E by the following model:

min max | &; ‘

I<isn
s.t. (ZH-mZ)W-E =0
e'W=1
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wW=0 (13)
Let8=lr£1ia<)§1\g,- , we have
-0<¢g; <0 i=1,2,...,n
That is
g, —-6<0 i=1,2,...,n
-g,-6<0 i=1,2,...,n

Thus, the minimizing the maximum model (13) can be
reconfigured as the following LP model:
min §
s.t. (ZH-mZ)W -5e<0
—(ZH -mZ)W -5e <0
e'w=1
W,6=0 (14)
where e” = {1, ..., 1}. The optimum weight vector W*
={w,,w,,...,w, } can be easily obtained by solving
(12) and (14), which incorporates both subjective and
objective information. With the attribute weights ob-
tained by (12) and (14), the overall weighted assess-
ment values for the alternatives can be computed by ei-
ther (4) or (5), and the final decision can be obtained.
We call the method described above SOEM.

3 Numerical Example

In this section, Ma et al. ’ s illustrative examplem

is re-examined to show how the DM’ s decision-mak-
ing and ranking can be derived from the EM for in-
tegrating SOEM.

Example 1 A robot user intends to select a robot
and there are four alternatives for him/her to choose.
When making a decision, the attributes considered in-
clude: cost ( $ 10 000), velocity (m/s), repeatability
(mm), load capacity (kg). Among four attributes, ve-
locity and load capacity are of benefit type, cost and
repeatability are of cost type. The decision matrix X for
the MADM problem is

30 1.0 1.0 70

25 0.8 0.8 50

1.8 0.5 2.0 110

22 0.7 1.2 90
which can be normalized into matrix Z by using Egs.
(1) and (2),

i < -
0 1 ¢ 3
5 3
Z=[12 5 ! 0
1 0O 0 1
2 02 2 2
L 3 5 3 3

Suppose that the robot user gives his/her pairwise
comparison matrix H about the weights

[ 1 1 17
! 3 2 5
1
H=3 1 2 )
1 1
2 2 L 2
L5 2 2 1.

When the relative importance of the subjective in-
formation and the objective information is equivalent,
using Ma et al.’ s approach, we obtain

W ={w',w,,wy,w, }=

{0.094 3,0.2705,0.198 8,0.436 5}
The corresponding optimum rank value is
D(W") ={d,,d,,dy,d,} =
{0.5817,0.4004,0.5308,0.594 6}

The application of SOEM, through the solution of
model (12) and (14), produces

W ={w,wwi,w, )=

{0.0839,0.2736,0.1874,0.4552}
and

W ={w ,w,,wy,w }=

{0.0847,0.2749,0. 185 8,0.454 6}
which incorporates both the subjective multiplicative
preference relation and the objective decision matrix
information. The corresponding overall weighted as-
sessment value vector is

D(W*) ={d,,d,,d;,d,} =

{0.5815,0.3865,0.5391,0.593 8}
and

D(W") ={d,,d,,d;,d,} =

{0.581 3,0.3860,0. 539 3,0.593 4}
which are very close to the result of the Ma et al.’ s
approach and both lead to the same ranking order: A, >
A, >A;>A,.

In this example, our approach produces the same
ranking as the Ma et al.’ s approach, but it is more
simple.

4 Conclusion

This paper proposes a subjective and objective in-
tegrated EM (SOEM) to determine attribute weights in
MADM problems. The approach determines weights by
solving two mathematical programming models and
takes into consideration both the multiplicative prefer-
ence relation on the relative weights of attributes and
decision matrix information. It overcomes the
shortages, which occur in a subjective EM. The SOEM
is simpler than other models of integrating subjective
and objective information. A numerical example pro-
vided by Ma et al. has been revisited to demonstrate
the proposed method. It is shown that the method de-
veloped in this paper is rational, feasible and effective.
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