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Abstract: Let f be a C' map between two Banach spaces E and F. It has been proved that the concept of

generalized regular points of f, which is a generalization of the notion of regular points of f, has some crucial

applications in nonlinearity and global analysis. We characterize the generalized regular points of f using the

three integer-valued (or infinite) indices M(x,), M. (x,) and M (x,) at x, € E generated by f and by analyzing

generalized inverses of bounded linear operators on Banach spaces, that is, if f'(x,) has a generalized inverse in

the Banach space .#(E, F) of all bounded linear operators on E into F and at least one of the indices M(x,),

M (x,) and M (x,) is finite, then x, is a generalized regular point of f if and only if the multi-index (M(x),

M (x), M (x)) is continuous at x,.
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There are extensive applications of regular points
and regular values of a C' mapping f between Banach
spaces in nonlinear functional analysis and global anal-
ysis. The concept of locally fine points of f was first in-
troduced in Ref. [ 1], which is a generalization of the
notion of regular points of f and has some important
applications given in Refs. [2 — 3]. The generalized
regular values of f derived from the locally fine points
of f extend the contents of regular values of f. The aim
of this paper is to characterize the generalized regular
points of a C' mapping f between two Banach spaces
by a new approach.

Let us recall some important concepts and nota-
tions. Throughout this paper £ and F denote Banach
spaces and .Z( E, F) is the set of all bounded linear op-
erators on E into F. Let R(T) and N(T) denote the
range and null space of T e .%(E, F), respectively. An
operator T* e #(F, E) is called a generalized inverse
of Te AE,F),if TT"T=Tand T*TT* =T*""" . Let
f: UCE—F be a C' mapping, where U is open in E. A
point x € U is called a regular point for f if and only if
fis a submersion at x, that is, the Fréchet derivative f’
(x) is surjective and the null space N(f'(x)) splits E.
A point y e F is said to be a regular value of f if and
only if the set f'(y) is empty or only consists of regu-
lar points of £1°.
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Definition 1 Let £ UCE—F be a C' map,
where U is open in E. The point x, € U is called a gen-
eralized regular point of f, if there exists a generalized
inverse f'(x,) " of f'(x,) such that R(f'(x)) N
N(f'(x,) ") ={0} near x,, where f'(x) is the Fréchet
derivative of fat xe U .

Definition 2 Let £ UCE—F be a C' map,
where U is open in E. A point y € F is called a general-
ized regular value of f if and only if the preimage
f7'(y) is empty or only consists of generalized regular
points of f.

For a C' mapping f, we give the following three
indices.

Definition 3 Let f: UCE—F be a C' mapping,
where U is an open subset of E. For any x e U, define
M(x) =dimN(f'(x)), M.(x) =codimR(f'(x)) and
M, (x) =dimR(f'(x)).

Clearly, M(x), M_(x), M. (x) e Z"", where Z""

={0,1,2, ...} U{e }.

1 Main Results

We first introduce an auxiliary result, which is a
solution of the local conjugacy problem suggested by
Berger in Refs. [7 —8] and can be found in Ref. [3].

Lemmal Letf UCE —F be a C' mapping
with a generalized inverse of f'(x,), where U is an
open subset containing x,. Then f(x) is conjugate to
f'(x,) near x,, that is, there exist two neighborhoods
U, of x, and V, of 0 € F with two diffeomorphisms u
on U, and v on V, such that u(x,) =0, v(0) =f(x,) and
S(x) =v(f'(x,)u(x)) for all xe U,, if and only if x, is
a generalized regular point of f.
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Theorem 1  Suppose that f: UC E—F is a C'

mapping.

1) If x, is a generalized regular point of f, then
M(x),M_.(x) and M, (x) are continuous at x,.

2) If f'(x,) has a generalized inverse in . F, E)
and at least one of the indices M (x,), M. (x,) and
M, (x,) is finite, then x, is a generalized regular point
of f if and only if the multi-index (M (x), M. (x),
M (x)) is continuous at x,.

Proof 1) Since x, is a generalized regular point
of f, by lemma 1, f(x) is conjugate to f'(x,) in the
neighborhood U(x,) of x,, that is, there exist two dif-
feomorphisms u: U(x,) —u(U(x,)), v: V(0)—v(V(0))
such that u(x,) =0, v(0) =f(x,) and

F00 =v(f(x) u(x))
for all xe U(x,), where V(0) is a neighborhood at 0
of F, whence
£/ =V (F () u(0) f () ' ()
for all xe U(x,).

Let A(x) =v'(f'(x,)u(x)),B(x) =u'(x) for all x
e U(x,). Since u and v are two diffeomorphisms, A(x)
e S F,F) and B(x) e Z(E, E) are invertible for any
xe U(x,). Then we have that f'(x) =A(x)f'(x,)
B(x),N(f'(x)) =B(x) "'N(f'(x,)) and R(f'(x)) =
A(X)R(f'(x,)) for all x e U(x,).Hence dimN(f'(x))
=dimN(f'(x,)) and dimR(f'(x)) =dimR(f"(x,))
for all xe U(x,).

Since x, is a generalized regular point of f, f'(x,)
has a generalized inverse f'(x,) . Furthermore we can
easily see that B(x) ~'f'(x,) "A(x) "' is a generalized
inverse of f'(x) for any x € U(x,). Hence R(f'(x)) is
closed for any x e U(x,).

Next we will claim that

codimR(f"(x)) =codimR(f"(x,))
for all x e U(x,). In fact, if codimR(f '(x,)) < o, then
there exists a finite-dimensional complementary sub-
space F, of R(f'(x,)) in F, that is,
Fi® R(f'(xy)) =F

and
dimF, =codimR(f'(x,))
Therefore
A(X)F, @ A()R(f'(x)) =F
or
A F ®R(f'(x)) =F
Thus

codimR(f '(x)) =dimA(x) F, =dimF, =
codimR(f"(x,))

Suppose that codimR (f' (x,)) = o, but
codim R(f'(x)) <o for some x e U(x,). By the oper-
ator identity f'(x,) =A(x) ' f'(x)B(x) ' and the
above stated proof, we have that codimR(f'(x,)) =
codimR(f '(x)) < o, which is a contradiction. Hence

M(x), M .(x) and M,(x) are constant in U(x,), whence
M(x),M_.(x) and M, (x) are continuous at x,.

2) We only need to prove the sufficiency by 1).

Since M(x), M_(x) and M,(x) are continuous at
X,, there exists a neighborhood V at x, such that M(x)
=M(x,), M. (x) =M (x,) and M (x) =M, (x,) for all
x e V. It follows from the continuity of f'(x) at x, that
there exists a neighborhood V;, of x, such that

I Cey =f ") < I ()~ I
for all x e V,,, where f'(x,) * is a generalized inverse of
f(x).
Denote
CO) =1 +(f'(0) ~f ) (x)
and
D(x) =1, +f () * (f'(X) =f (%))
for all x € V;, where I, and I, are the identity operators
on F and E, respectively. Then C(x) e .%#(F, F) and
D(x) e AE, E) are invertible, and we obtain
FIOOF () "f (%) = COOf (xo)
F'(x0) "f ' (x) D(x) =f"(x0) "f (%)
D(x)f"(xy) " =f"(x5) " C(x)
['(x) "Cx) ™ =D(x) T f(xp)
for all x e V. Therefore
R(f'(x0) 2R(COf'(x,))
and
N(fF'(x) " C(0) ™) =N () )
for all x e V.

We first assume that M, (x,) < o. Then
dimR(f'(x)) =M,(x) =M,(x,) =dimR(f'(x))) < %
for all x e V, but dimR(f'(x)) =dimR(C(x)f'(x,)) =
dimR(f'(x,)) for all x e V,, thus dimR(f'(x)) =
dimR(C(x)f'(x,)) < o for all x e VN V,, whence
R(f'(x)) =R(C(x)f'(x,)) for all x e VN V,. Hence
R(f'() NN(f'(x)" ) =R(C(x)f"(x)) N
N(f'(x,) "C(x) ") ={0} for all xe VNV, that is, x,
is a generalized regular point of f.

Now assume that M, (x,) = o, either M(x,) < o
or M (x,) <oo.

If M(x,) < o, then

dimN(f'(x,) *f'(x)) =dimD(x) ~'N(f'(x,)) =

dimN(f " (x)) = M(x,) < oo
for all x € V,;; however, M(x) =M(x,) for all xeV
and N(f'(x,) "f (%)) 2N(f (%)), thus
dimN(f'(x,) *f'(x)) =dimN(f'(x)) <o
for all x e VNV,, whence
N(f'(xo) " f'(x)) =N(f'(x))
for all xe VNV,. Thus R(f'(x)) NN(f'(x,) ") ={0}
for all x e VNV,. Therefore x, is a generalized regular
point of f.
If M_(x,) < oo, we notice that
dimN(f'(x,) *) = codimR(f (%)) =M, (%,) < o
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then there exists a finite-dimensional complementary
subspace N~ of R(f"(x)) NN '(x0) *) in N(f '(x,) ),
that is

N(F'(x) ") =N~ @ [R(F'(0) NG (x) *)]
whence

F=R(C(X)f"(x)) ®N(f'(x,) "C(x) ") =

R(C(x) [ "(x))) ®N(f "(x) ") =

R(f'(x)) +N(f'(xp) ") =R(f "(x))® N~
for all x e V. Thus

codimR(f'(x)) =dimN~ =codimR(f'(x,)) =
dimN(f(x)) ) <

for all x e VNV,. Therefore R(f'(x)) NN(f'(x,) ")
={0} for all x e VN V,. Hence x, is a generalized
regular point of f. This completes the proof.

By theorem 1 and the concept of semi-Fredholm
bounded linear operators'” on Banach spaces in the
classical Fredholm operator theory, we have that

Corollary 1  Let f: U(x,) CE—F be a C' map-
ping, where U(x,) is an open subset containing x, and
f'(x,) € ZE, F) be a semi-Fredholm operator with a
generalized inverse. Then x, is a generalized regular
point of f if and only if either dimN (f'(x)) =
dimN(f '(x,)) <o or codimR(f '(x)) =codimR(f '(x,))
< oo, near x,.

2 Example

We conclude this paper with a simple example, in
which the C' mapping f cannot have any regular point
and nontrivial regular value, however f has generalized
regular points and nontrivial generalized regular values.

Example 1 Let U={x=(x,x,)eR |[x’-x°
#0} CR’. f(x) is defined by fix) =(f,(x),£,(x)): R®—
R’, where f,(x) =e"" ™, f,(x) =x,> —x,°, then

2 _ys2 2 _yq2
£ 2x,e" T = 2x,e" T
X) =
2x, -2x,

fis a C' Fredholm mapping, dimN(f'(x)) =1 and
codimR(f'(x)) =1 for all x e U. Since f'(x) is not
surjective, f cannot have regular points and nontrivial
regular values. By corollary 1, every x e U is a gener-
alized regular point of f. Therefore f has nontrivial
generalized regular values, e. g., (e’, y) (y#0) is a
nontrivial generalized regular value of f.
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