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Abstract: The concept of the strongly sr-regular general ring (with or without unity) is introduced and some

extensions of strongly sr-regular general rings are considered. Two equivalent characterizations on strongly r-

n+l

regular general rings are provided. It is shown that / is strongly 7-regular if and only if, for each x e I, x" =x""'y

n+1

=zx"" for n=1 and y, z e[ if and only if every element of I is strongly 7r-regular. It is also proved that every

upper triangular matrix general ring over a strongly z-regular general ring is strongly sr-regular and the trivial

extension of the strongly 7r-regular general ring is strongly clean.
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An element x in a ring R is called strongly 7r-reg-

n+1

ular if there exist y e R, n=1 such that x" =x"""y and
xy =yx. A ring R is strongly szr-regular if all chains of
the forms aR D a’R 2 ... terminate, or equivalently, all
chains Ra 2 Ra’ 2 ...

[1], R is strongly 7r-regular if and only if every ele-

terminate. According to Ref.

ment of R is strongly 7r-regular. In 1999, Nicholson'”!
introduced the concept of strongly clean rings (every
element is the sum of an idempotent and a unit which
commute) and proved that every strongly sr-regular
ring is strongly clean. For general rings (with or with-
out unity), many people have been interested ( see
Refs. [3 —5]). In this paper, we extend the definition
of the strongly s-regular ring and the strongly clean
ring to general rings, and obtain some interesting re-
sults.

Let I be a general ring. An element x of [ is
strongly 7r-regular if there exist n =1 and y e I such

n+l

that x" =x"""y and xy = yx. We call [ strongly 7r-regular

if for any x e I there exist n=1 and y e I such that x" =
x"*'y. We show that I is strongly 7r-regular if for
every element of [ is strongly sr-regular. We also
prove that the upper triangular matrix general ring over
a strongly sr-regular general ring is still strongly 7r-reg-
ular. Finally, we consider trivial extensions. It is
proved that trivial extensions of strongly 7r-regular gen-

eral rings are strongly clean. For the study of strongly
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clean rings and strongly zr-regular rings, we refer to
Refs. [6 —10].

By the term ring we mean an associative ring with
unity and by a general ring we mean an associative
general ring with or without unity. For clarity, R and §
always denote rings, and a general ring is written as /.
We denote the Jacobson radical of the general ring I by
J(I) and write T,(I) for the general rings of all n xn
upper triangular matrices over the general ring 1. We
write the trivial extension of the general ring [ as
T(I1, 1) (or as I[x]/(x”) equivalently).

1  Strongly 7Regular Triangular Matrix
General Rings

An element x in a general ring / is called strongly
sr-regular if there exist y e I and n=1 such that x" =
x""'y and xy = yx. Chen et al.'* introduced a strongly
sr-regular ideal. We analogously define a strongly -
regular general ring in the case that, for any x e I,
there exist n=1 and y e I such that x" =x"*'y.

Theorem 1 The following are equivalent for a
general ring I:

@ I is strongly 7r-regular.

@ For each xe I, x" =x""'y =zx"*' for n=1 and
y,zel

 Every element in [ is strongly 7r-regular.

Proof (3=(D. It is clear.

(D=@. It is similar to the proof of theorem 2.3
in Ref. [4].

2=®). By 2), we have that x" =x""'y = zx""".

Then xn :an+1 :Z(an+l)x :szn+2 = ... :Zn+1x2n+]
:Zn(un+l)xn - Zn(xn+1y) xn — anl (Z)Cn+l)yxn —
Znfl()Cn+ly)yxn = .. =xn+1yn+lxn :xnynxn. Set e =

n_n n_n_n

x"y", then x" =ex” and x"e =x"x"y" =x"""(x"*'y)y" "



310 Wang Zhou, and Chen Jianlong

n-1_n_n-1

n
=X )Cy =... =X

+

'y =x". Similarly, there exists
f=7"x", such that x" = fx" = x"f. Therefore, ¢ = x"y" =
'Y =fe=7"x"e=7"x" =f.Set b =ey"e e ele, and ¢ =
ez'e e ele. Then e =x"b =cx". In addition, bx" = ebx" =

n-1

-1
cx"bx" =cex" =cx" =x"b=e.Set w=x"""b =x"""ebe

=x"'b*x" € ele, whence xw =x"b =e. Then w = ew =
we and x"*'w=x"""x"""b =x"b =x". Set g =wx. Then
g =w(xw)x =wex =wx = g € el, whence eg = g. Since
I" =lex" = Ibx CIx*"" CIx"*' CIx", we have le = Ix" =

n+1

I =I"x =IX"*'wx CIwx = Ig, whence e =eg =g =
wx. Therefore, wx =xw, as required.
Let I and J be general rings, M an (I, J)-bimodule

and

=y 1-{ls

In T, define the addition and the multiplication as those

’:] \rel,seJ andmeM}

in ordinary matrices. Then T is an upper triangular ma-
trix general ring. We will investigate the strongly -
regularity of upper triangular matrix general rings.

Lemma 1 The following are equivalent for a
general ring [:

@ I is strongly 7r-regular.

(2 There exist two ideals A, B of I with AB =0
such that I/A, I/B are both strongly 7-regular.

Proof (D=Q®. It is clear.

@=(D. Let I/A, I/ B be strongly r-regular gener-
al rings and let x e I. Then there exist some positive in-
tegers m, n and y, z e I such that x” =x""'y (mod A),
and x" =x""'z (mod B). Clearly, we may assume that

x" =x""""y (mod A) and x" =x™"*'z (mod B). Notice

that x” —x""'y e A and x” —x"""'ze B, so (x" -
") (X" =% z) € AB =0. This shows that x*" =
X" (™ +x"z —yx™" "' 7). Therefore, I is strongly ar-

regular.

Proposition 1 The following are equivalent for a
general ring I

(D I is strongly 7r-regular.

) There exist ideals A,, A,, ..., A, of I with
AA,...A, =0 such that I/A,, I/A,, ..., I/A, are
strongly 7r-regular.

Proof (D=®. It is trivial.

@)= (. The proof will proceed by induction on
n. The n =1 case is easily proved. Assume that the re-
sult follows whenever n<k.Let n =k +1 and A =A A,
... A,. Then AA,,, =0 and A,/A, A,/A, ..., A,/A are
all ideals of I/A. From I/A/A,/A=1/A,, we see that
I/A/A,/A is strongly mr-regular for all i, | <i<k.
Clearly, I],. ,A,/A =0 and then I/A is strongly 7-reg-
ular. Thus I/A and I/A,,, are both strongly 7r-regular.
Since AA,,, =0, by virtue of lemma 1,/ is strongly -

regular.
Theorem 2 Let / and J be general rings, M an

I
(1, J)-bimodule and T = [0 7

matrix general ring. Then [ and J are strongly 7r-regular

] an upper triangular

if and only if T is strongly sr-regular.
Proof Suppose that [ and J are strongly zr-regu-

lar.LetA:[g A;[],B:[é ](‘)/I].ThenA and B are

both ideals of T with AB =0. Notice that 7/A =1 and
T/B=J. Then we know that T7/A and T/B are both
strongly 77-regular. By lemma 1, T is strongly 7r-regu-
lar. Conversely, assume that T is strongly 7r-regular. Let
A and B be ideals of the above. Since /=T/A and J=
T/B, it is easily verified that I and J are strongly 7r-
regular.
Corollary 1 Let R and S be rings, M an (R, S)-
. R
bimodule and T = [ 0 s
ring. Then R and S are strongly 7r-regular if and only if

] an upper triangular matrix

T is strongly sr-regular.

Proposition 2 Let / be a strongly 7-regular gen-
eral ring. Then the upper triangular matrix general ring
T, (I) is strongly 7r-regular if and only if 7 is strongly
mr-regular.

Proof The proof proceeds by induction on #, be-
ing clear for n =1. It follows from theorem 2 for n =2.
Assume that the statement is true for n =k —1. Let J =
I M
0o Jr

Therefore, by theorem 2 and the induction principle,

T, () and M={L1, ...,1}. Then T () =[

T, (1) is strongly m-regular. The converse is clear.

The proof of proposition 2 works for the next re-
sult.

Corollary 2 Let R be a strongly 7r-regular ring.
Then the upper triangular matrix ring 7', (R) is strongly
sr-regular if and only if R is strongly zr-regular.

2 Trivial Extensions of Strongly 7-Regular
General Rings

Let I be a general ring with p, g e I. We write p
*g=p+q+pq.Let
QN ={gel|p+q=0=qxp for some p e}
Note that J(1) S Q(]). Recall that R is strongly clean if
every element a € R can be written as the sum of an
idempotent and a unit which commute.
Lemma 2 The following are equivalent for a
ring R:
(D R is strongly clean.
2 For each aeR,a =e +q and eq = ge where ¢’
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=e¢ and g € Q(R).

Proof LetaeR.If R is strongly clean, write a +
1 =e +u and eu =ue where ¢’ =¢ and u e U(R). Then
a=e+q,eq=qge where g=u—-1and gxp=0=p g
with p=u~"' —1. Conversely, if a -1 =e + ¢ and eq =
ge where ¢’ =e and g € Q(R), then we have a =¢ +u
where u =g +1 € U(R) and eu =ue.

An element a in a general ring [ is called a
strongly clean element if @ = ¢ + ¢ and eq = ge where ¢’
=eel and g € Q(I);and [ is called a strongly clean
general ring if every element of [ is strongly clean.
Hence, idempotents, nilpotents and elements of Q (1)
are all strongly clean. Clearly, every homomorphic im-
age of a strongly clean general ring is strongly clean,
and the direct product [],K; and the direct sum @K,
of general rings are strongly clean if and only if each
K, is strongly clean.

Next we consider trivial extensions of strongly 77-
regular general rings. Let / be a general ring and M be
an (I, I)-bimodule. Write

ram ={[0 " laetmenm)

Then T(1I, M) is called a trivial extension. In particu-
lar, if M =1, then we have T(I,I) =I[x]/(x*) = {r, +
r,x|ry,r, el and X’ =0}.

Theorem 3 Let / be a general ring and let r =r,
+r,xel[x]/(X). If r, is a strongly r-regular
element, then r is strongly clean in I[x]/ (x%).

Proof Suppose that r, is a strongly 7r-regular
element. Then there exist b e I and m=1 such that r,"
=r,"""b and r,b = br,. Notice that r,”" = r,r,"b =
ro(r" ' BYb = 1" b = ... =" =1, b 1, Set
y=b"r,"b". 1t is easily verified that r," =r,"yr,” and
y=yr,"v.Set e, =r,"y, gy =1," —1,"y. Then we have

" =€y +qq (D
where ¢,’ =¢,, g, € Q(I) with p,, =y —r,"y.
We directly calculate that
€901 =401€0 =Y901> €oPor =Po1€o =Po
Let n =2m. Then
" =r02m =(e, +q01)2 = e, +24, "'51012 =€y tqn
(2)
where gg, =24, +qo,° € Q(]) with py, =2pq, +py;.

Furthermore, it is easily checked that e,q,, =g, ¢€,
=40 €Po =P =Pr-

Next we show that there exist ¢ = e, ¢ e
Q(I[x]/(x*)) such that

r=e+q and eq=gqe
First, we need the following claim.

Claim r, =¢, +¢q, is a strongly clean expression

of ryin 1.

Proof Notice that e, =e,, e, 7, = 1, ¢€,, SO We
only need to show g, € Q(/). In fact, we may assume
m is even and using a virtual 1 for clarity. Let p, = (7,

—r) 41 =+ ) (ey = 1) +1,""y —e,. Thus
we have
Qo * Py =(ry —e)) +(ry =1, +r, — ... +1," ")
(e =1) +1," 'y —e, +(ry—e)) [(r, —1," +
r = w1 ey =1) +1," 'y —e,] =

Fo —To€o +(1y +7,") (e, —1) =0

Similarly, p, * g, =0. Therefore, g, € Q(I). This
completes the claim.

Now let e=¢, +€,x, g =q, + (r, —e,) x. Notice
that r=e+q=(¢e, +e,x) +[q, +(r, —e,)x] is a
strongly clean expression if and only if there exists
e, eI such that

e,e, +e e, =e, (3)
€\ry —rye, =re, —epr, (4)

We will use a virtual 1 again for clarity. Set

+(1 +p,)ratr, -

e, =(1 —e)r,(1 +py)ry

m—1
(1 —e) + 2 (1 _e())ré)rl[(l +p02)r0n_l]i+l +
il

m—-1

[(1 +Poz)’3_l]i+lrlroi(1 - €)
iz

Next we only need to check that e, as above satis-
fies Egs. (3) and (4). Notice that the following hold:

e (1 —e))r,=r(1-¢)e, =0 (5)
ey(1 —ey)ryr; =rry(1 —ey) e, =0 (6)
”onileozeo”oni1 =”0w1 (by Eq.(1)) (7

(1+pp)ry" =¢, (by Eq.(2)) (8)
By Egs. (5), (6) and (7), we clearly see that e, satis-
fies Eq. (3). For Eq. (4) we directly calculate that
er, —rye, =
(1 —e))r (1 +pe)ry +(1 +pp) iy ri(1 —ep)r, +

m-1
n=1yi+l

(1 —eo)rf)rl[(l Pty 171 +

s ~

[(1 +P02)rg_l]i+lr1”é+l(l —¢) —

i=

ro(1 —e)r, (1 +pg)r,

m-1
2(1 - €) ré)ﬂrl[(] +P02)rgil]”l -
i=1

m-1

Zro[(l +p02)r0"_1]i+lrlroi(1 —e) =

i=1

n-1

(1 +pp)rar, (1 —ey) —

(1 —ey)rie, + (1 +P02)"871r1(1 —ey)ry +

m-1
2(1 —e)rr[(1 +py)ri'1e, +
i=1

z [(1 +p(rz)rgil]ir|rf)(l —€) —
i

ro(1 —ey)r, (1 +pm)rg'l —er (1 —e) —
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m

2(1 —e)ry i [(1 +pp)ry" 1" =
=)
m-1

Y el (1 +py)r," " 1'rr,'(1 —¢,) (by Eq.(8)) =

i=1
(1 —ey)riey —eur, (1 —ey) +

m-l1

> (1 —e)ry'r[(1 +py)ry""1'e, +
i=1

Z [(1 +p02)ronil]irlroi(1 —e) —
i=1

E (1 —eo)roir,[(l +p02)r0"'l]i -
i=1
m-1

N el (1 +pp)ry" " 1'rn'(1 —¢,) =

i=1
(1 —e)riey —egri(1 —ey) =rie, —eyr(by Egs. (1)
and (7))
Thus the proof is completed.

The proof of theorem 3 adapts to proving the fol-
lowing results.

Corollary 3 Let / be a general ring and M be an
(1, I) -bimodule. If [ is strongly #r-regular, then the triv-
ial extension T(I, M) is strongly clean.

Corollary 4 Let R be aring and let r =r, +r/x
e R[x]/(x*).If r, or 1 —r, is a strongly sr-regular ele-
ment, then 7 is strongly clean in R[x]/(x").

Proof Notice that r is strongly clean in R[x]/
(x*) if and only if so is 1 — r. The following proof is
similar to theorem 3.

Corollary 5 Let R be a ring and M be an (R,
R)-bimodule. If R is strongly 7r-regular, then the trivial
extension T(R, M) is strongly clean.
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