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Application of wavelet package filtering
in the de-noising of fiber optic gyroscopes
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Abstract: To reduce the drift error existing in the output signal of
fiber optic gyroscopes (FOG), a mathematical model of the FOG
output signal is set up; the error characteristics of the FOG output
signal are analyzed, and semi-soft threshold filtering is chosen
based on the comparison of hard threshold and soft threshold
filtering. The semi-soft threshold wavelet package filtering
method is applied in the filtering of the FOG output signal.
Experiments of the stationary and dynamic FOG output signals
filtered with the wavelet package analysis are carried out in a lab
environment, respectively. Experiments done with the real-time
measured FOG signal show that the method of semi-soft threshold
wavelet package filtering reduces the mean square error from 5
(°)/h to 1 (°)/h, so it is effective in eliminating the white
noises and the fractal noises existing in the FOG. The novel
method proposed here is proved valid in reducing the FOG drift
error, satisfying the technical demands of high precision and real-
time processing.
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t is important to determine the carrier azimuth angle and
Ithe attitude angle accurately and quickly in a strapdown
inertial navigation system. Gyro drift is the most important
factor that affects the accuracy of a strapdown inertial navi-
gation system. How to eliminate the gyro drift effectively is
an essential problem to guarantee the strapdown inertial nav-
igation system accuracy''’. The gyro drift is classified into
systematic drift and random drift. The systematic drift can be
eliminated by a satisfactory mathematical model and drift
compensation calculation. The random drift composed of
white noises and fractal noises is weak nonlinear, slow time
invariant and is often affected by some indeterminate factors
such as exterior environmental noise. Traditional methods to
compensate for the random drift are not effective in the
strapdown inertial navigation system.

There is much colored noise in the gyro random drift,
such as fractal noises characterized by non-stationary, long-
term dependence and self-similarity. If a traditional filter is
used to process the noise, the complexity will increase and
other errors will be introduced simultaneously. Wavelet
analysis is especially suitable for non-stationary fractal signal
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processing and with relatively good filtering results. In this
paper, the wavelet package transform is utilized to perform
multi-resolution analysis in gyro signals. Good filtering re-
sults are obtained by the wavelet package filtering method
which has already been applied in practical engineering sys-
tems.

1 Wavelet Analysis of FOG Signal

Time-domain presentation of the FOG signal, in which
form the signals are usually provided, does not show the
signal properties except for their variations over time. On the
other hand, frequency representations of the signal shows
different frequency components existing in the signal, inclu-
ding the vehicle dynamics, white and colored noises, and
long-term as well as short-term errors. To overcome the
shortcomings of the Fourier transform and the inverse Fou-
rier transform, the wavelet transform( WT) analyzing the lo-
calized area of a large signal with a variable-sized window is
adopted in the analysis of the FOG signal. The WT is capa-
ble of providing the time and frequency information simulta-
neously, thus, giving a time-frequency representation of the
signal. Stretching or compressing the window width is re-
ferred to as scaling a wavelet. Long time interval windows
are used where a precise low frequency component is needed
and short intervals where high frequency information is con-
sidered. Usually, the low frequency contents of the signal are
the most important parts of it that identify the signal trend
and are capable of providing very good approximations
about the signal. The approximations correspond to the high
scale low frequency part. On the other hand, the high fre-
quency contents correspond to the low scale high frequency
part. Therefore, a wavelet multi-resolution analysis is per-
formed based on the approximation and details provided u-
sing the WT. The wavelet multi-resolution analysis decom-
poses the FOG signals into both coarse resolution, which
contains information about low frequency components and
retains the main features of the original signal, and fine reso-
lution with information about the high frequency compo-
nents. Furthermore, this process is reversible as the signal re-
construction is defined as the summation of the final approx-
imation components and the detail components of all levels.

1.1 Wavelet transform

The wavelet transform was originally used to approximate
a signal of a function using a set of functions, called a wave-
let basis, which is provided by the mother wavelet. Wavelets
are a family of basis or basis-like functions formed by dila-
tion and translation of the mother wavelet function ( x):
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where /(x) is a function in L*(R) and satisfies the follow-
ing mathematical requirements:
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where R = R - {0} represents nonzero real numbers.
Wavelets are used to represent data or other functions. Pro-
jection of the signal onto a wavelet basis function is called a
wavelet transform. The wavelet transform is defined as
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where the parameters a and b represent the scale and shift of
the wavelets. With the value of parameter a decreasing, the
time window width of ¢, , (x) decreases and the main fre-
quency increases. It can detect high frequency components.
In contrast, with the value of a increasing, the time window
width of ¢, ,, (x) increases and the main frequency decrea-
ses. It can detect the low frequency components.

1.2 Wavelet package analysis

The wavelet transform offers superior temporal resolution of
the high-frequency components and the scale resolution of the
low-frequency components””™ . But wavelet transform analysis
introduces another problem that is called “lower frequency reso-
lution in the higher frequency band and lower time resolution in
the lower frequency band”. The wavelet package transform has
succeeded in overcoming this deficiency.

Unlike the wavelet transform, which only decomposes the
low frequency components of the immediate upper level, the
wavelet package transform decomposes the low frequency
and high frequency bands simultaneously and can enhance
the frequency resolution of the processing signal. Figs. 1(a)
and (b) show the differences between the wavelet transform
and the wavelet package transform'*™'.
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Fig.1 Difference between the wavelet transform and the

wavelet package transform. (a) Structure of wavelet analysis;
(b) Structure of wavelet package analysis

Using the symbol:
Ho() =@(0), (1) =4p(1) (4)

where ¢(f) and ¢/(t) are the scale function and the wavelet

function, respectively. The series of functions defined by
Eq. (4), {u,(1);1=0,1,2, ...}, is called the wavelet pack-
age of the scale function ¢(7).
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According to the properties of the wavelet package, it can
be deduced that
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When W,(j=2), the subspace of L’(R) is decomposed.
It can be expressed as'®
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In other words, retaining the same time scale of W,, A =
2~/ with p level wavelet package, the frequency band H =
[2/*'AW¥,2"> AW] corresponding to function sub-space W, is
further subdivided into at most 2” sub-frequency bands.

Therefore, the frequency resolution of the time-frequency
analysis is greatly improved.

2 Process of De-noising of the FOG Signal with
Wavelet Package Analysis

The method of wavelet package de-noising described here
was principally developed by Donoho and Johnstone. The
derivation from this method was proposed in Refs. [7 — 8],
and the results are presented here for completeness.

y(1) =f(1) +n(1) (7

Consider the true signal f( ) with the random drift n(7) as
functions at time ¢, to be sampled, i =1,2, ..., n.

Let W(-) and W™' () denote the forward and inverse
wavelet transform operators. Then the de-noised signal f( 1)
can be written as

oy =w'T,W(p

where T, denotes the de-noising operator with threshold A =

o/ 2InN for the wavelet package transform. There are usual-
ly two types of thresholding operators: soft and hard thresh-
old functions.
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where p is the coefficient of the decomposition.
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where sgn( * ) is the sign function; usually ¢, can be chosen

as t, = 0v/2InN; the choice of ¢, is determined in the form of
the signal. The semi-soft threshold function can increase the
effect of the wavelet transform. After comparing many
threshold functions, the following function is selected as the
threshold function in this paper.

T, (p) =
0 | p| <0.50/2InN
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This method works in four steps in the case of wavelet
package transform de-noising'” :

(D Transform the noisy data into the wavelet domain
using a wavelet package function;

(2 Choose an entropy criterion to select the best basis;

(® Apply semi-soft threshold coefficients smaller than a
certain amplitude;

(@) Reconstruct the data.

3 Analyses of FOG Error Characteristic and Er-
ror Model

Considering the features of different error sources in Fig.
2, it can be summarized that the noises can ultimately be di-
vided into white Gaussian noises, power law noises ( 1/f
noise and random walk noise) and biasing drift ( especially
referring to temperature drift) """, The FOG error sources
and the characteristics are shown in Fig. 2.
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Fig.2 FOG error sources and error characteristics

In the experiment, an FOG was put on a stationary-base

platform. The measuring axis of the FOG was placed hori-
zontally.

From the error characteristic analysis, the FOG output sig-
nal can be modeled as

w(1) =wycosK + g, + Asin(2mf +6,) +

x(1) + W(1) +T(1) (12)

where w(?) is the real output of the FOG; wy = w, cos¢ is
the northern part of the earth rotation rate; ¢ is the latitude;
K is the angel between the measurement axis of the FOG
and the geographic north; g, stands for the zero-bias of the
FOG, which can be regarded as a constant in short time; A,
f. 6, stand for the amplitude, frequency and the initial phase
of periodical parts in the output signal, respectively; x(¢) is
the fractal noise; W (t) stands for the zero-mean white
noise; T(¢) is the temperature associated output signal.

4 Simulation Results from FOG

The methods of de-noising the FOG measure include FIR
filtering, IIR filtering, time series analysis, multi-sensor in-
formation fusion, and wavelet analysis, etc. Limited by the
effects and the real-time of these processing methods, many
methods cannot be applied in the technical projects. The
wavelet package analysis with the semi-soft threshold filte-
ring method is suitable for processing the fractal noises and
the white noises existing in the FOG output signal.

FOG F92102 is put on the Type SMT- ] three-axis rota-
tion platform, and the FOG output is a stationary signal
while the rotation platform is stationary. The drift signal
shown in Fig. 3 is from the measurement of the IFOG
F92102 and has been processed by the wavelet transform al-
gorithm, where the dbS wavelet basis is selected. The signal
sampling frequency is 50 Hz. The original signal and the
wavelet package transformed signal are shown in Fig. 3. Af-
ter the wavelet package transform, the standard variance of
the signal decreases from 5 to 1 (°)/h.
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Fig.3 De-noising effect comparison of the static drift signal.
(a) The original signal; (b) The wavelet package transformed signal

Put the IFOG F92102 on the SMT- [ Type three-axis ro-
tation platform, and the FOG output is a dynamic signal
while the rotation platform turns at a certain fixed rate. The
results of the wavelet transform of the dynamics are shown
in Fig. 4.



Application of wavelet package filtering in the de-noising of fiber optic gyroscopes 49

T

=

3

£

H

0200 400 600 800 1000 12001 400 1600 1 800

t/s
(a)

I |
D =
S

I
[\ ]
W

I
W
W

Amplitude/((")'h_l)
I
s

I
>
o

Il 1 1 1 1 1 1 1 ]
0 200 400 600 800 1000 12001 4001600 1 800
t/s
(b)
Fig.4 De-noising effect comparison of the dynamics signal.
(a) The original dynamic signal; (b) The wavelet package transformed
dynamic signal

5 Conclusion

A semi-soft threshold wavelet package transformation al-
gorithm is analyzed in detail based on the analysis of the
wavelet package analysis and the error characteristics of the
FOG output signal. A fitful semi-soft threshold function is
selected after many tries in the wavelet package reconstruc-
tion. Simulation experiments of the real-time acquired FOG
measurement verify the validity of the algorithm proposed.
The algorithm has already been implemented in the floating
point DSP TMS320VC33 and the technical needs can be sat-
isfied.
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