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Abstract: In order to decrease the calculation complexity of
connectivity reliability of road networks, an improved recursive
decomposition arithmetic is proposed. First, the basic theory of
recursive decomposition arithmetic is reviewed. Then the
characteristics of road networks, which are different from general
networks, are analyzed. Under this condition, an improved
recursive decomposition arithmetic is put forward which fits road
networks better. Furthermore, detailed calculation steps are
presented which are convenient for the computer, and the
advantage of the approximate arithmetic is analyzed based on this
improved arithmetic. This improved recursive decomposition
arithmetic directly produces disjoint minipaths and avoids the
non-polynomial increasing problems. And because the
characteristics of road networks are considered, this arithmetic is
greatly simplified. Finally, an example is given to prove its
validity.
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cent than that of other networks. It has been no more
than twenty years since road network reliability was paid at-
tention to''"’. The contents of road network reliability have
changed along with changes in society, economy, traffic
technology etc. Their contents mainly include three aspects:
connectivity reliability, travel time reliability and capacity
reliability™ . Although road connectivity reliability has only
two extreme states, the method of combining topological
structure with path searching is the foundation of road relia-
bility. So road connectivity reliability is the foundation of
road network reliability. It has an important meaning that a
better connectivity reliability calculation method is presented
which takes into account actual road network characteristics.
The topological structure reliability of common networks
has many mature calculation methods. They can be used in
the calculation of road connectivity reliability given some
transformations. These calculation methods can be classified
into a random simulation method and a probability resolu-
tion method. The theory of the random simulation method is
simpler and its realization is easier. But its precision is diffi-
cultly forecasted. The probability resolution method gives a
precise or half precise model using the technology of net-
work analysis. And it can be classified into the minipath sets

T he study of the reliability of road networks is more re-
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method, the probability analysis method, the cut graph meth-
od and the real value method, etc. The minipath set method
is often used. It first searches the minipath set of road net-
works, and then disjoints; then it finally calculates reliability
by using the probability sum formula. The disadvantage of
this method is that it needs more operation time in disjoin-
ting. Because it needs to search all the minipaths, and then
all-around disjointing must be applied to them. An improved
recursive decomposition arithmetic is put forward to calcu-
late the road connectivity reliability. It directly searches the
disjoint minipaths and the disjoint minicuts. Based on the
characteristics of actual road networks, the proposed method
is improved and optimized. The detailed steps and flowchart
are also presented which is applicable to computer program-
ming.

1 Basic Theory of Recursive Decomposition Arith-
metic

This paper is based on the following hypotheses:

1) The links in a road network merely include two states:
reliable state and disabled state;

2) Only the links in a road network are likely to be disa-
bled, and the nodes are fine.

The recursive decomposition arithmetic is a probability
resolution method which is based on the minipath method.
The basic theory is introduced”™. A road network is
regarded as a kind of topological structure. The structure
function ( Structure function is the logical merge and denotes
system reliable state) of any OD pair can be expressed as

W(S):iCJIAi (1)

where W( ) is the system structure function; A, is the i-th
minipath, and m is the total number.

By the use of the laws of absorbing and mutually exclu-
ding, Eq. (1) is transformed into

W(S) =A,U(UA,) =A, +A,¥(S) (2)

where ATis the logical reverse of A,. If A, =a,a,...q,, a, is
the i-th reliable link of minipath A,, then

A =a +a a,+..+a,a,...qa, (3)

where ;,- denotes the disabled state of link a,.
Combining Eq. (3) with Eq. (2), and by the use of Bull’s
law, Eq. (2) becomes

W(S) =A, +a, W(S_,) +a, a,W(S_,) +a,a,...a,¥(S_,)
(4)



86

Pan Yanrong, and Deng Wei

where S,a’(i =1,2,...,m) is the sub-network in which g, is
deleted in the original network. The items including structure
function W(S _,) of non-connected sub-network S _, are de-
leted in Eq. (4). But if sub-network S e is connected, the
structure function ¥(S _,) is decomposed according to Egs.
(2) and (3). Then Bull’s operation is done in Eq. (4). So
the decomposition format of original reliability function is
obtained. Do this repeatedly, until the decomposed formula
of ¥(S) cannot be decomposed further. The topological
structure function which is expressed by disjoint minipaths is
obtained as

M

w(S) =A + ZL,. = ZL[ (5)

where L, is the i-th minipath, L, = A;; and M is the total
number of disjoint minipaths.

In the course of decomposition of Eq. (1), the Bull’s clus-
ters before structure function ¥(S_,) with non-connected
sub-networks is a disjoint minicut of the original network.
Sum up all these disjoint minicuts and have

L-ws) =3 C (6)

where C; is the j-th disjoint minicut, and N is the total num-
ber.

According to Egs. (5) and (6), the reliability p (S) and
disabled probability p,(S) of a network system can be ex-
pressed as

P(S) = Y pAL). pAS) = ¥ p.AC)

where p () is the probability of random events. Fig. 1 is a
simple network with link weights. And the graphic process
of analyzing this example reliability by way of the recursive
decomposition method is given in Fig. 2!°”'. According to
Fig. 2, the reliability and disabled rate of the topological
structure is

12,
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Czl 1235 ‘cal 12345 | | 1231 | | 12345 \Cf,

Fig.2 Recursive decomposition process of the example

pASY= X pAL) =p (14} +p,(125) +

p. (1245} +p {12345} +p {12345}  (7)

pAS}t = Zp,{C,-} = p, (12} +p, {1245} +p (1235} +

p (12345} +p {1234} +p {12345} (8)

2 Improved Recursive Decomposition Arithmetic
and Application in Road Networks

2.1 Characteristic analysis of road networks

Road networks do not only share common characteristics
of other networks, but have some special ones. These charac-
teristics mainly include:

1) A travel route choice takes the initiative in the road
networks. The medium in the road networks is greatly differ-
ent from the ones in other networks. The medium in the road
networks is humans who take the initiative when a route is
chosen. Although a road network is also a network-carrying
medium, it is very different from other engineering net-
works, such as an electricity network, a water network, etc.
A human can choose his own routes initially. The routes
with the fewest impedances are always selected ( They may
be time, fare and comfort. ). Then the next path with more
impedance may be taken into account.

2) Road networks can be simplified according to the actu-
al states. A road network is a kind of large-scale network,
and it may have thousands of links. The premise of reliabili-
ty calculation is simplification. Compared with other net-
works, the links disabled in road networks are not absolutely
random, but they are correlative. Such as, it is not all links
with tolerably large disabled rate. That is to say that disabled
links only occur to some local units, and others have greater
reliability. Suppose that the links which have greater disa-
bled rates can be confirmed. For the sake of simplifying cal-
culations, we consider that the disabled road networks are
only due to those links which have greater disable rates, and
other links are regarded as fully reliable. That is to say,
these reliable links are only considered when searching the
shortest path, and are not considered when calculating relia-
bility. In this way, complexity is greatly reduced, and effi-
ciency is improved. The precision of the results is reasona-
ble.

3) These disabled links are correlative in road networks.
The correlation of these disabled links includes two catego-
ries: links correlation and region correlation. The former
indicates that these links are correlative in nature, and the
latter indicates that these links are influenced by the same
region. These correlative links are blocked and discharged
together'” . So these links have correlative reliability and dis-
able rates. When carrying through reliability analysis, it is
necessary to confirm the correlative segments first.

Under these conditions, road network reliability about
routes and OD can be subsequently calculated.
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2.2 Improved recursive decomposition arithmetic and
application in road networks
2.2.1 Precise arithmetic

According to the characteristics of road networks and con-
sidering the actual states of links, an improved recursive de-
composition arithmetic is presented, which fits connectivity
reliability calculation of road networks better. The detailed
calculation steps are as follows:

1) Data preparation and procedure initialization

Step 1 Input known data, including links impedance, re-
liability index, and other correlative information. Limit the
searching area of the shortest path. Initialize parameter C =
1.

2) Search the shortest paths between the given OD pair
and judge C.

Step 2 If C =1, search the shortest path (It can be the
shortest distance, time or total fare.) in the remainder net-
work (The remainder network is so-called because this net-
work is taken off these decomposed links) .

Step 3  Judge whether the spare shortest path ( namely
the shortest path in the remainder network) is in the search
area or not. If it is, skip to step 4; otherwise, skip to step
7.

Step 4 Judge whether these units in the spare shortest
path are correlative with the former decomposed units or
not. If they are, skip to step 6, otherwise skip to step 5.

Step 5 Decompose the new added units in the shortest
path, and decomposition only done among the known disa-
bled units. In the process of decomposition, the units with
the least reliability are first decomposed, then the second
one, etc.

Step 6 Judge whether the remainder network in the
search area is connected or not. If it is, set C =1 and go to
step 2, otherwise set C =0 and skip to step 7.

3) The connectivity reliability calculation between the
given OD pair.

Step 7 Classify and judge the decomposition results, cal-
culate the connectivity reliability and disabled rate.

Step 8 Output the results of the connectivity reliability
between the given OD pair.

The flowchart of the improved recursive decomposition a-
rithmetic is shown in Fig. 3.

The improved recursive decomposition arithmetic fits ac-
tual road networks better than that of the original one. The
advantages are given below:

(D In the improved arithmetic, the minipath is replaced by
the shortest path. In this way, blindness in searching is avoi-
ded, and this method fits actual road networks better. At the
same time the searching area is easily limited when the
minipath is replaced by the shortest path;

@ In the decomposition process of the shortest path
units, the actual states are considered. Those units having
greater disabled rates are just decomposed. The number be-
ing decomposed is greatly decreased, and so is operation
time. The speed of calculation is improved;

(3 The correlation among links is taken into account when
the shortest path in the remainder network is searched. It is
not necessary that all the rational sets be found at one time
and replaced step by step'”.

Initialization, C = 1
+ Yes
No Search the shortest path
in search area
+ Yes

Yes Judge the relativity between
the known links and added ones

¥ No

Decompose the new added
disabled units

{
| Judge the decomposition results I_
yCc=0
Classify the results |

—

| Calculate the connectivity reliability |

I Output the results |

Fig.3 The flowchart of improved recursive decomposi-
tion arithmetic

So the improved recursive decomposition arithmetic is
more compatible with actual road networks, and it is in favor
able in calculating connectivity reliability of road network
within rational bounds.

2.2.2 Approximate arithmetic

A road network is a kind of large-scale topological struc-
ture, and it is always made up of thousands of links and
nodes. It is difficult to obtain precise results by usual arith-
metic. So it is necessary to find an effective approximate
method to reduce the complexity and save operation time. In
the improved recursive decomposition arithmetic disjoint
minipaths and minicuts are obtained in turn. So it is more
convenient to make use of the Bonforrieni inequality, espe-
cially regarding complicated road networks'*™' . The bounds
of reliability are as

p,{iLi}S R, <1 —Pr{zﬂ“cj} 9

where M,, N, are the numbers of disjoint minipaths and dis-
joint minicuts, respectively; L, is a disjoint minipath, and C,
is a disjoint minicut. The up and down bounds of road net-
work reliability are given respectively. If the differences of
two sides is less than a known error, the value of connectivi-
ty reliability can be obtained.

The approximate method in the improved recursive de-
composition arithmetic has obvious advantages:

Because the recursive decomposition arithmetic can obtain
the minipaths the minicuts at the same time, they need not
be disjointed. By Eq. (9) we can calculate the approximate
results at any moment in the process of decomposition.

3 Numerical Example

In this section we calculate the connectivity reliability of
Sioux Falls road networks ( see Fig. 4) using the improved
recursive decomposition arithmetic described above. And we
compare this method with the minipath sets method and the
original recursive decomposition method. For simplification,
the correlation is not considered in this example.
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Fig.4 Road network of Sioux Falls

Suppose the following are known: () There are 24 nodes
and 38 links, and the links are bidirectional. Nodes 3, 6, 10,
11 and 20 are original and destination points, and the other
nodes are central points; 2) In Fig. 4, impedance and relia-
bility of links are marked in brackets. The former is imped-
ance and the latter is reliability. The Matlab language is used
to calculate the connectivity reliability of the road network.
Suppose that the search bound is L<1. 5L, where L, is the
shortest path impedance in the original network and L is the
shortest path impedance in the remainder network. And we
suppose that the paths searched are not less than two.

In Tab. 1, there is operation time using different arithme-
tics, including minipath sets arithmetic, original recursive de-
composition arithmetic and improved recursive decomposi-
tion arithmetic introduced in this paper. Compile the Matlab
program and run them in Matlab. It is obvious that the im-
proved recursive decomposition arithmetic has the highest
efficiency. Tabs. 2 and 3 give the reliability results using
different calculation methods, the original recursive decom-
position arithmetic and the improved one. In the improved
arithmetic, those links reliabilities which are greater than
0. 95 are ignored. By comparison, the improved recursive de-
composition arithmetic can fully satisfy the precision.

Tab.1 Operation time of different arithmetics

Disjoint Original recursive Improved recursive
Methods L .. -
minipath decomposition decomposition
Operation time/s 4.358 1.956 1. 129

Tab.2 Results of original recursive decomposition arithmetic

D
o
3 6 10 11 20
3 — 0.893 0. 852 0. 940 0.951
— — 0.935 0.920 0. 949
10 — — — 0. 883 0. 936
11 — — — — 0. 949

20 — — — — —

Tab.3 Results of improved recursive decomposition arithmetic

D
)

3 6 10 1 20
3 — 0.9  0.858  0.946  0.965
6 — — 0.944  0.932  0.956
10 — — — 0.886  0.945
11 — — — — 0.950
20 — — — — —

4 Conclusion

In this paper, the improved recursive decomposition arith-
metic is presented to calculate network connectivity consid-
ering actual road network characteristics. The improved
arithmetic fits the road networks better. Detailed steps and
flowchart are given. Improving the operation time of calcu-
lation is always the most important problem involving road
network connectivity. However, the improved recursive de-
composition arithmetic is based on minipath sets, and the
operation time is greatly limited. Further studies may focus
on new calculation methods which are not based on minipath
sets.
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