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Abstract: The polynomial spline model, which belongs to the
static term structure model of interest rates, is studied. Every cash
flow of the project is discounted relatively accurately by obtaining
the discount rate from the static term structure model of interest
rates. A simple basic model, which belongs to the dynamic term
structure model, is studied, and the option pricing formula under
changing risk-free rates is obtained by bringing it into the option
pricing formula. Both dynamic and static term structure models
are estimated by the use of the data of buy-back rates and the
Shanghai Stock Exchange, and an example is given to compare
the differences between the traditional method and the method
under the changes in the interest rates and the discount rates.
Key words: risk-free interest rate; discount rate; polynomial
spline; real option

n order to overcome the shortcomings of the net present
Ivalue (NPV) method in project evaluation, Myers and
Ross proposed the real option-pricing method to evaluate the
operational flexibility of an investment project. Kester'" dis-
cussed the problems conceptually on the strategy of growth
opportunities and competition. Other universal conceptual
frameworks of real options were proposed by Trigeorgis et
al. ! and Kulatilaka et al"'. Many improvements were made
based on those research results. The current method is to in-
troduce the financial option pricing model into the real op-
tion pricing model, replacing current stock price S with the
present value of a project’s future income, replacing exercise
price X with investment cost V, replacing effective duration
T with the duration of a project’s investment opportunity 7,
replacing stock volatility ¢ with project volatility 6, and the
meaning of the risk-free interest rate is the same. The project
income and investment costs do not occur as soon as the
project begins, but will occur for several times year by year
later on, and the cash flows should be discounted at a certain
discount rate. Because interest rate marketization is under-
way in China, researches on the term structure of interest
rates and discount rates are still underway. A simplification
is often made when using real option theory to estimate the
investment value of a project, in which the risk-free interest
rates and the discount rates are regarded as constants and not
distinguished in many cases. But in many cases, especially
some multi-stage projects on a large scale, the real option
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has a long term and there are many uncertain factors affect-
ing it. So the reality is that the risk-free interest rate and the
discount rate may change. Hu and Liu'" researched the real
option pricing model on the condition of the changing risk-
free interest rate. They did not distinguish between the risk-
free interest rate and the discount rate, and did not give out a
specific parameter estimation but made a parameter assump-
tion directly. He et al. " studied the R& D investment by
combining game theory and the term structure of interest
rates. But they have not applied the term structure model to
option pricing formula. Many others researched option pri-
cing based on stochastic interest rates, but the results are dif-
ficult to be applied in practice.

This paper studies the dynamic and static term structure
models of interest rates. Through the analysis of heterosce-
dasticity in the static term structure model, a method to deal
with heteroscedasticity is proposed, which calculates vari-
ance according to the trade volume in bonds. The risk-free
interest rate and the discount rate are distinguished. The real
option pricing method for R& D investment under changing
risk-free interest rates and discount rates are studied. As-
suming that the changes of risk-free interest rates obey a
general dynamic model, we obtain the option pricing formu-
la under the dynamic change in risk-free interest rates. Every
cash flow of a project is discounted relatively accurately by
obtaining the discount rate from the static term structure
model of interest rates. Both the dynamic and static term
structure models of risk-free interest rates are estimated by
the use of the data from Chinese buy-back interest rates and
the Shanghai Stock Exchange, and an example is given to
compare the differences between the traditional method and
the new method under the change in the interest rates and
the discount rates.

1 Theory of Term Structure of Interest Rates

The study of the term structure of interest rates is about
the relationship between gains of risk-free bonds, which have
different maturities. According to the previous researches,
there are two kinds of term structure models of interest
rates, which are the dynamic and the static ones.

1.1 Dynamic term structure model of interest rates

The dynamic term structure model of interest rates oc-
curred after the 1970s. Inspired by the research method of
Black and Scholes, it studies the dynamic characteristics of
changing interest rates by using continuous-time mathemati-
cal tools'® .

This paper adopts a simple and basic dynamic model of
interest rates as follows:

dr, =(a +Br,)dt + odW, (1)
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where dW, is the increment in the Wiener process; r, is the
interest rate at the time #; o is the rate of fluctuation of in-
terest rates; «, 3, o are the parameters to be estimated. Ac-
cording to the economic meaning, 8 is the adjustment speed
of interest rates and « is the product of the adjustment speed
and the average interest rate.

Parameters can be estimated by the discretization of Eq.
(1), Let the time from ¢ to £ + 1 be §, so

roo =1 =(a+pr)s+c8" ¢, (2)

where £, is the white noise; E[&,] =0 and D[£,] =1. The
parameter can be estimated by the least squares method.

The term structure of interest rates obtained by this meth-
od can only be the theoretical discussion on the condition of
no arbitrage in an efficient market, which can be applied in
derivative pricing and risk management. But it is difficult to
fit the actual data of bond prices and yield rates.

1.2 Static term structure model of interest rates

The static term structure model of interest rates is to esti-
mate term structure on the basis of essence, no matter how
the economic situation is. Namely, the term structure of in-
terest rates is fitted by the actual data acquired from the mar-
ket'""""". The polynomial spline method is a very important
and widely used method among them. In the polynomial
spline method, the discount factor E(¢,, t) is represented as a
piecewise spline function. Let

1 +b,At +c,(AD* +d,(A1)’  Ate[0,5]

1 +b,At +c,(AD)’ +d,(AD® +d, (At -5)°
Ate[5,10] 3)

1 +b,At +¢,(AD) +d,(AD)® +
d (At -5)" +d,(At -10)°]

E(ty,1) =

Ar e[10,20]

From the above expression, we can see that E(¢,, f) is de-
termined by a(b,, ¢,, d,, d,, d,), which is the solution of the
following model:

P, = IA’,” +& ee{eneynbinne, )
E(e) =0
te) =0 @
var(e;) = 0 ¢, oeR
cov(g;, e) =0 i#j

where P,ﬂ =( p‘fo) and IA’,U =( 13;) ,j=1,2,..., n are represen-
ted relatively as price vectors. pf, is the market price of j
bonds at the time 7,; ﬁf, is the theoretical price of j bonds at
the time #,, which can be calculated by the formula ﬁfr =

z Fﬁ:” E(1,,1); F,is the cash flow of j bonds at the time

t; ¢ is the proportional coefficient of variance of the i-th
bond pricing residual.

Formula (4) is a heteroscedasticity model, whose coeffi-
cients can be estimated by the generalized least squares
method. If 2 = diag( q?, qi, qi) and X is the coefficient
matrix of formula (4), then @ =(X'27'X) "'X'Q°'P,.

In fact, the key to the whole optimized decision process is
to determine heteroscedasticity qf.“zJ, which is the same as

determining the weight of each bond in the generalized least

squares method. There is one case in reality: the daily trade
volume of some bonds is large, but the daily trade volume of
other bonds is small. The former is more representative than
the latter in reflecting the expected interest rate accepted by
both seller and buyer on the bonds market. So the former has
a heavy weight because of its big impact on the market. The
interest rate curve obtained in this way can more truly reflect
the term structure of interest rates implied in the market.
Thus, we can let g; =1/Q,, where Q, is the daily trade vol-
ume of the i-th bond.

After obtaining the discount factor, translate it into the an-
nualized spot rate by the following formula:

1/(1-1,)

Kty 1) =[E(t1—t)] 1 (5)

2 Theory of Discount Rate

The discount rate is a financial concept based on com-
pound interest that calculates the present value of the future
cash flow. It reflects the time value of the money. The es-
sence of discount rates is a kind of investment return rate.
The discount rate should be higher than the risk-free rate. In
the normal capital market and property rights market, interest
rates of government bonds and deposit rates are treated as
returns on risk-free investment by investors. If the discount
rate is lower than the return on a risk-free investment, inves-
tors will deposit their money or buy risk-free T-bonds in-
stead of making risk investments. The discount rate is the
sum of risk-free interest rates and risk premium rates. The
formula is: discount rate = risk-free interest rate + return on
risk investment + inflation rate'"”'. The risk-free interest rate
can be estimated by the static term structure model of inter-
est rates mentioned above using data from the Shanghai
Stock Exchange. Return on risk investment and inflation
rates can be estimated by experiential judgment in macroeco-
nomic environments, the developing prospects of industries,
markets and competition among similar enterprises.

3  Real Option Pricing with Changing Interest
Rate and Discount Rate

3.1 Option pricing model with dynamically changing

risk-free interest rate

In 1973, two financial economists, Black and Scholes, de-
rived a formula for the value of a European call option re-
quiring that a stock pay no dividends. The formula is predic-
ted under some assumptions, and it utilizes the no-arbitrage
pricing method.

The Black-Scholes formula for the value of a European
call option is

C=SN(d,) -Xe ""N(d,) (6)

In(S/X) +(r+a°/2)T
ag \/T

current call option value; S is the current stock price; N(d)

is the probability that a random draw from a standard normal

distribution will be less than d; X is the exercise price; e =

2.712 8, the base of the natural log function; r is the risk

free interest rate; 7 is the time to maturity of the option in

where d, = ,dy=d, -0 JT.C is the
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years; o is the standard deviation of the annualised continu-
ously compounded rate of return of the stock.

The Black-Scholes pricing formula (6) requires that the
risk-free interest rate be constant over the life of the option.
If the risk-free interest rates are changing during the life cy-
cle of the option, then rT can be replaced by cumulative
risk-free interest rates!".

Using a basic dynamic model of interest rates:

dr, =(a +Br,)dt + gdW, (7)

In this model, the change of interest rates is a random
process. At an arbitrary time point ¢, the value of r, is a ran-
dom variable, which means that r, is uncertain at an arbitrary
time point ¢ over the life of the option. Instantaneous expec-
ted value E(r,) can be estimated as an instantaneous interest
rate at an arbitrary time point 7. According to Eq. (8)

éd(a+ﬁrt) =(a +Br)dt + cdW, (8)
[15]

Using the method of stochastic differential equations™ ™,
we can obtain

E(a+pBr,) =(a+pr,)e” (9)
Thus, the instantaneous expected value is

(a +,8r0)eﬁ' -«
B

According to Song'""!, replacing r, by the cumulative risk-
" (a +Br)e’ —a

E(r) = (10)

t
free interest rate, f E(r)dt = f dr =
0 0 B
(a +pr)e” o . o
T ——t, we can derive an option pricing formula

whose change in interest rate obeys the basic dynamic model
(7). The option pricing formula is
a (a+prye”

(S, 1) =S(t)N(d,) —Xexp( &

N(d, 11
5 7 )(_)()

where

3.2 Real option pricing with changing discount rates

A real option is the right to undertake some business deci-
sion. Its underlying assets are no longer stock, bonds, options
or money, but typically some certain investment projects.
The real option is a tool for decision-making on the non-fi-
nancial assets investment with uncertain results. The pricing
model of the real options is similar to the pricing model of
financial options. The general pricing model of the real op-
tion can be derived by: replacing the current stock price S
with the current value of project income P; the exercise price
X with the investment cost V; the time to maturity of option
in years T with the duration of investment opportunity 7; and
the standard deviation ¢ with the fluctuating rate of a
project’s value 6.

When pricing the investment project by real option theo-

ry, project income and investment cost do not occur as soon
as the project begins, but happens in the next several years.
So the cash flow should be discounted at a certain discount
rate. The real option pricing model on the condition of chan-
ging discount rates is the one to derive the term structure of
discount rates, calculate different discount rates in the corre-
sponding terms and discount the cash flow.

4 Empirical Analysis

Company A plans to invest in a research and development
project on Sep 20th, 2006. The project is treated as a simpli-
fied typical model. The term of the cash flow is divided into
two stages. The first stage, the first and second years, is
about research and development of application technology.
The second stage, from the third year to the seventh year, is
about commercialization. So the products have a five-year
life cycle. There is no residual value. The volatility is 6 =
30% , the discount rate u and the risk free interest rate r are
unknown. Cash flow of the project is shown in Tab. 1. The
investment occurs at the beginning of each year, and return
is obtained at the end of the year).

Tab.1 Cash flow of the two stages of the project 10* dollars

Year 1 2 3 4 5 6 7
Investment cost 50 40 600 450 400
Return 0 0 150 300 450 460 300

The traditional method and the improved method men-
tioned above are used separately to assess the value of the
real option as follows.

4.1 When risk-free rate and discount rate are constant

Let the overnight repurchase rates of Interbank Market on
Sep 20th, 2006, r = 0. 019 5, be the risk-free rate. Let one
and a half time of a one-year government bond yield in the
Shanghai Stock Exchange on Sep 20th, 2006, u = 0. 038 2,
be the discount rate. So the investment amount in the second
stage = 600 +450/1. 038 2 +400/1.038 2° =1 404.5 (10
dollars). The return in the second stage = 150/1.038 2 +
300/1. 038 2% +450/1. 038 2° +460/1. 038 2* +300/1. 038
2° =1469. 6 (10* dollars). Using data: the exercise price X
=1404. 5, the current stock price S =1469.6/1.038 2° =
1363.4 (10* dollars), r =0.0195, § = 30% . Substituting
them into the Black-Scholes formula to value the real op-
tion, we can obtain

2
g

s
; _ln(X)+(r+ Z)T_
1 O'ﬁ
1363. 4
ln(1404'5)+(0.0195+
0.32

d,=0.2341-0.32=-0.1902

0.3’
2

)><2
=0.2341

C=SN(d,) -Xe ""N(d,) =1363.4N(0.2341) -
1404.5¢ *"™ 7 N( -0.1902) =232. 1

Thus, the investment value of the project is 232. 1 — 50 —
40/1.0382 =143.6 (10" dollars).

4.2 When risk-free rate and discount rate are changing

1) Derive the term structure of discount rates on that day
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Select 22 government bonds in the Shanghai Stock Ex-
change on Sep 20th, 2006. The polynomial spline method
mentioned in section 1 is used to fit the term structure of the
interest rates on Sep 20th, 2006.

Discount factor E(t) is obtained as follows:

E,(1) =1 -0.026 901 584 468 671 +

0.002 803 739 176 787 —0. 000 767 427 128 781
E,(f) =B,(#) +0.000953 293 285 52(¢ -2)°
E(1) =B,(1) —0.000 125 202 716 73(t -5)°
E,(1) =B,(1) —0.000 115 027 128 52(1 - 10)’

te[0,2]
te[2,5]
te[5,10]
te[10,20]

E(f) = (12)

Convert E(t) to an annual risk free rate by

r(t) =[1/E()]"" -1 (13)

Estimate return on risk investment and inflation rate ac-
cording to macroeconomic environments, the developing
prospect of the industry, and the market and competition
among similar enterprises. Suppose that both returns on risk
investment and inflation rate are half of the risk free rate.
The term structure of discount rates is

w(t) =1.57(t) =1.5{[1/E(H)]1"" -1} (14)

Long-term discount rate s,u, from ¢, to ¢, can be calculated
on the basis of expectation theory.

{[1 +l.L( t]) ] t }1/(r,—r,)

= -1 15
(1 +a(i)]’ (15

oMy,

2) Calculate the investment amount and return in the sec-
ond stage

2

According to Egs. (14) and (15), we can obtain

w(1) =0.0382, w(2) =0.0379, w(3)=0.0396
w(4) =0.0419, 1(5) =0.044 0, w(6) =0.0459
w(7) =0.047 5, ,pu, =0.043 0, ,, =0. 045 8
s =0.048 1, 1, =0.0499, . =0. 051 3

Thus, the investment amount in the second stage equals
600 +450/1. 043 0 +400/1. 045 8* =1397.2 (10* dollars).
The return in the second stage equals 150/1. 043 0 + 300/
1.045 8% +450/1.048 1° +460/1. 049 9* +300/1. 051 3" =
1421.2 (10" dollars).

3) Parameter estimation in the dynamic model of interest
rates

On the basis of the second sector, assume the dynamic
process of China’s risk free rate is

dr, = (a +Br)dt + cdW, (16)

Using repurchase rates of the interbank market, estimate
parameters in the dynamic model of interest rates. Selecting
527 overnight repurchase rates of the interbank market from
China’s money market from Aug 2nd, 2004 to Sep 20th,
2006, parameter values are estimated: o = 0.350 788, B =
—-22.43769.

4) Substitute parameter values into the Black-Scholes for-
mula to value the real option

The enterprise has a call option. Its exercise price X =
1397.2 (10* dollars) and the current stock price S =
1421.2/1.0379% =1319. 3 (10" dollars) . Substituting them
into Eq. (11), we can obtain

0. 350 788

11’1( i) + ( o +Br0€ﬁr —il +g-7 ) 11’1( 1319. 3) (0 350 788 —22. 437 69 ;(0 0195 _» e
X (—22.437 69)

+
1397.2
[

0.3
"m0 % 2 Xz)

ot

=0.150 6
0.32

dy=d, -0 T =0.1506 -0.3/2 = -0.273 7

Bt
(S, 1) =S(1)N(d,) —Xexp(%t - ng")e
0. 350 788

_(0.350788 —22.437 69 x0.019 5)e 2T

)N(dz) ~1319.3N(0. 150 6) —

1397. 2exp( ~ 52 437 69 x2

Thus, the value of the investment project =205.3 —50 —
40/1.0382 =116. 8 (10 dollars) .

The estimated outcome indicates that if the changes in
risk-free rates and discount rates are not considered, the val-
ue of the investment project is overvalued 143.6 —116. 8 =
26.8 (10" dollars). The improved method, taking those
changes into consideration, makes an estimation of the pro-
ject better based on the real option.

5 Conclusion

At present, China’s marketing process of interest rates has
just begun. The researches on the application of the term
structure of interest rates and discount rates, based on Chi-
nese financial facts, are relatively lagging behind. A simpli-
fication is often made when using real option theory to esti-

( -22.43769)°

)N( -0.2737) =205.3(10" dollars)

mate the investment value of a project, in which risk-free
interest rates and discount rates are regarded as constants
and not distinguished in many cases. But in many cases, es-
pecially some multi-stage projects on a large scale, the real
option has a long term and there are many uncertain factors
affecting it. So the reality is that the risk-free interest rate
and the discount rate may change. On the basis of former
researches, the dynamic and static term structure models of
interest rates are studied and applied to real option pricing.
But this paper only researches and applies the simple term
structure models which are the polynomial spline model and
a simple basic dynamic model. In future researches, we will
study and apply a complex model which more approaches
the facts or can fit the term structure of interest rates of
China more accurately.
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