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Making the category of entwined modules
into a braided monoidal category
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Abstract: The question of how the category of entwined modules
can be made into a braided monoidal category is studied. First,
the sufficient and necessary conditions making the category into a
monoidal category are obtained by using the fact that if (A, C, i)
is an entwining structure, then A @ C can be made into an
entwined module. The conditions are that the algebra and
coalgebra in question are both bialgebras with some extra
compatibility relations. Then given a monodial category of
entwined modules, the braiding is constructed by means of a
twisted convolution invertible map Q, and the conditions making
the category form into a braided monoidal category are obtained
similarly. Finally, the construction is applied to the category of
Doi-Hopf modules and ( a, B)-Yetter-Drinfeld modules as
examples.
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n 1998, Brzezinski and Majid'" introduced the notion of
Ientwined modules, which contained the Long modules,
Yetter-Drinfeld modules and Doi-Koppinen modules etc. So
it is very important to study entwined modules. The category
of Yetter-Drinfeld modules is a braided monoidal catego-
ry™. Caenepeel et al. ™ studied how the category of Doi-
Hopf modules can be made into a braided monoidal catego-
ry. The general category of the entwined modules is not a
braided monoidal category. In this paper, we discuss the fol-
lowing question: how to make the category of entwined
modules into a braided monoidal category. Our results are
formulated for right-right entwining structures. As an appli-
cation, we study the category of Doi-Hopf modules and the
(a, B) -Yetter-Drinfeld modules.

Throughout this paper, we assume that k is a commutative
ring. If a tensor product is written without an index, then it
is assumed to be taken over k, that is ® = @,.

1 Making the Category of Entwined Modules into
a Braided Monoidal Category

Definition 1 A right-right entwining structure is a triple
(A, C, ), where A is an algebra and C is a coalgebra with a
linear map : CA—ARC, cQa Fi(c®a) = a¢®c"‘ sat-
isfying the following conditions:

(ab),®c" =a,b,Q@c" (D
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1A¢,®C¢' =1,&c (2)
a,®A(c") =aw¢®c‘f®cg’ (3)
e(c"a,=e(c)a (4)

Over an entwining structure (A, C, i), a right-right en-
twined module M is both a right C-comodule and a right A-
module such that

p(ma) =my(m,, Qa) =mqa,m,
forany ae A and me M.

The category of right-right entwined modules and A-linear
C-colinear homomorphisms is denoted by Mj (). Entwined
modules were introduced by Brzezinski et al. ''' as a general-
ization of Doi-Koppinen modules in Refs. [4 —5]. We now
want to make M () into a monoidal category.

Definition 2 We call (A, C, ) a monoidal entwining
datum if (A, C, ) is a right-right entwining structure and A
and C are bialgebras, with the additional compatibility rela-
tions

ah/,®az¢®c¢’c'¢ :A(a(/,)@(cc')"’ (5)

gA(a)lcng(aw)l‘/é (6)

forall ae A and ¢, ¢’ e C.

Proposition 3  Let(A, C, ) be a monoidal entwining
structure over a commutative ring k. Then the tensor product
of two entwined modules M and N is again an entwined
module. The structure maps are given by

Puen(m@n) =mq Qn, @m,n,
(m@®n)a =ma, na,

The category P = M (i) is a monoidal category.
Proof We show that M@ N is an entwined module. For
allae A,me M and n e N, we have

pM®N((m®n)a) =
(ma,) o, @(na,) ,, &(ma,) ,,(na,) , =
m<0)a1w®”(O>a2¢®m(1>w”<l>¢ =
mw)(aw),®n(0)(a¢)2®(m(l)n“))“’ =
(m ®”<0>)aw®(m(1>n(1>)w =

(m®@n) o, p((m&n) ;) Qa)

Thus MQN e M5 (1)), as needed.

It is clear that the tensor product defines a functor P& P
—P. It follows from Eq. (6) that the trivial A-action and C-
coaction given by xa = ¢,(a)x and p(x) =x®1 . make k in-
to an object of P. It is clear that k is a unit object of P. Let
U, V and W be entwined modules. The isomorphisms
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Ay (URV) @W—UR(VRW):
(u@v) Qw FPu(vQRw)

ry: URQk—U: u®t Hut
1, kQ@U—-U: tQu Htu

obviously satisfy the pentagon axiom and the triangle axi-
om'” . Hence P is a monoidal category.

Let(A, C, ) be a monoidal entwining datum. We know
that a braiding on M () is a natural family of isomor-
phisms

tyy: MON—-NQM

in M/f(df) such that the following equations hold, for all M,
N,Pe M),

(IN®IM.P) 0tM,N®P:tM,N®1P (7)
(tM,P®1N) ° Tyen, p :IM®tN,P (8)

Consider a map Q: CQ C—A XA with twisted convolu-
tion inverse R. The last condition means that

0’ (¢,®d,) R (d'®c)) ®0' (¢, ®d,) R (d! ®cl) =
Na(ec(c)) ®n,(ec(d)) 9

for all ¢, d e C. Here we write Q(c®d) =0'(c®d) Q0 (¢
®Xd) e AQA. Consider two entwined modules M and N.
We define ¢, y: MIN—-NQQM by

Ly n(m@n) = (ne, @m,) Q(n,, &m,,) (10)

for all me M and n e N. It follows from Eq. (9) that 7, , is
bijective. Our aim is to give necessary and sufficient condi-
tions on Q such that 7, , defines a braiding on the category
of entwined modules.

Remark If (A, C, ¢)is an entwining structure, then A
&® C can be made into an entwined module as follows: The
right A-module action and right C-comodule action are given
by

(b®c)a=ba®c, p,u(b®c) =b,®c, Qc)

respectively, for all a,be A, and c e C.
Proof A ® C is a right C-comodule, and the right A-
module can be obtained straightforwardly. In fact,

(pA®C®1)pA®C(b®C) :pA®C(bw ®c) ®C2(// =
b,,®c, ®cIc!
(IQN)pec(b®c) =b,®c, ®A(cY) =
b,/,¢®cl®cg’®cf
The compatibility can be proved as follows:
Pasc((b®c)a) =(ba) ,®c, ®c) =b,a,Qc, Qc," =
(b, ®c;)a,®ct" =(b,®c)d(c," Qa) =
(b®c) (,p((b&0) ) ®a)

Lemma 4  With the above notations, the map ¢, is A-
linear for all entwined modules M and N if and only if

(a,®a,,) 0(d' ®c’) = 0(dRc)A,(a) (1)

forallae A and ¢,d e C.
Proof Suppose that #,, 5 is A-linear. It turns out to be
convenient to consider 7,5 ,o0 as the map

HARARCRYC—-ARARCRC

a®b®c®d (b, ®a,) Q(dy @c}) ®d, ®c,

Because ¢ is A-linear, we obtain

H(1Q®1)a®c®d) =t(a,Q@a,@cRd) =
(a2¢®a1¢)Q(dg/®c(2b)®d1®cl
H1R1®c®d)a=0(d,Rc,) A, (a)®d,Rc,

forallaeA and ¢, de C. We apply I, ®1, Qe Qe to
both sides of (a,,®a,,) Q(d!Rct) ®d, Rc, = Q(d,®c,) +
A,(a) ®d, ®c, and we prove that Eq. (11) holds.

Conversely, suppose that Eq. (11) holds, and consider two
entwined modules M and N. We have for all ae A, me M
and n € N that

tyy((m@n)a) =t, y(ma, Qna,) =
((na,) o, @(ma,) o) O((na,) , &(ma,) ,,) =
(”w)“zw@m(mal(b)Q(”K) ®mf’1)) =

(n(o) ®m(o))Q(n<1) ®m(1))AA(a) = tM,N(m®n)a

and it follows that 7,, , is A-linear.

By similar computations, we can obtain the following
lemmas.

Lemma 5 With the above notations, the map ¢, , is C-
colinear for all entwined modules M and N if and only if

0'(d,®c,),®0(d,®c,) ,®dc! = 0(d, ®c,) ®c,d,
(12)

for all c,de C.
Lemma 6 With the above notations, Eq. (7) holds for all
¢,d, e e C if and only if

(A,®1,)Q(de®c) =Q'(d®c,) ®

(1®Q*(d®c,) ) q(e®c)) (13)

Here we write Q(c®d) =q(cQd).
Lemma 7 With the above notations, Eq. (8) holds for all
¢,d, ee Cif and only if
(1,R4,)0(e®cd) =(Q'(e,®d),®1)g(e,"Rc) ®
0'(e,®d) (14)
We summarize our results as follows.
Theorem 8 Let (A, C, ) be a monoidal entwining da-

tum, and Q: CQ C—A QA a twisted convolution invertible
map. Then the family of maps

Ly MON—-NOM, mQn >(n, @m ) O(n, Qm,,)

defines a braiding on the category of entwined modules
Mf((/r) if and only if Q satisfies Eqs. (11) to (14).

2 Examples
2.1 Doi-Hopf modules

Let H be a Hopf algebra with a bijective antipode, (A,
pA) is a right H-comodule algebra, and( C, lpc) a right H-
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module coalgebra. Then (A, C, ) forms a -entwining
structure,

P: CRA—ARC, c®a ay,, Qca,
In particular, for all M e M/f(l,l;) , we have

pu(ma) =m, a, Qm a,

M is a right-right Doi-Hopf module. If i satisfies Eqs.
(5),(6),and (11) to (14), we can obtain the conditions
making the category of Doi-Hopf modules into a braided
monoidal category in Ref. [3].

2.2 (a,p)-Yetter-Drinfeld modules

Let H be a Hopf algebra with a bijective antipode. Define
Yy HYH —-HQ®H, g&®h =h,®aS(h,) gB(h,), where a, 8
e Auty,(H) means that o, 8 are Hopf algebra automor-
phisms. If M € M} (), then

pu(mh) =m, h, QaS(h,)m, B(h,)

this means that M is the right-right (@, B) - Yetter-Drinfeld
module'” .

Now we make the category of («, B)-Yetter-Drinfeld
modules into a braided monoidal category for some («, 8) by
applying the results of the category of entwined modules.

First, we do a calculation. Compute ¢,(a)1. =¢,(a,) 1%
as e(a,) 1" =aS(a,)B(a,) =&(a)l,, so we can obtain
S(a)a ",8( a,) =¢e(a)l,. Because the involution inverse of
S is unique, we obtain that Eq. (6) is satisfied if and only if
a=0.

If o =B, we prove that Eq. (5) holds as follows:

a,,®a,,®c"c" =a,®a;QaS(a,) cala;) aS(a,) c'ala) =
a,Qa,QaS(a,)cc’ala,)

and
Ay(a,) ®(cc’) Y =a,Qa,QaS(a,)cc'ala,)

So the category is a monoidal category if and only if « =

B

Next, we define the braidings as follows:

Ly MON->NQM, mQn t=n, ®ma71(nm)

The corresponding map Q is as follows:
Q: HQH—H®H, nQk Fn(e(k)) Q@a ™' (h)
Now we compute

(a,,®a,,) Q(d'®c*) =s(c)a,®a” (D)o™' Bla,)
Q(d®c)A,(a) =&(c)a,®a ' (d)a,

So the equation(a,, ®a,,) Q(d' ®c’) = Q(d®c)A,(a)
holds if and only if « =g. Similarly we can prove that the
condition « = is also the condition making Eq. (12) hold.

Finally, we check that Eqgs. (13) and ( 14) are satisfied
straightforwardly.

From the above computation, we can obtain the following
theorem.

Theorem 9  The category of ( «, B)-Yetter-Drinfeld
modules is a braided monoidal category if and only if a =g.
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