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Abstract: As the tableau algorithm would produce a lot of
description overlaps when judging the satisfiabilities of concepts
(thus wasting much space), a clause-based enhancing mode
designed for the language ALCN is proposed. This enhancing
mode constructs a disjunctive normal form on concept expressions
and keeps only one conjunctive clause, and then substitutes the
obtained succinctest conjunctive clause for sub-concepts set in the
labeling of nodes of a completion tree constructed by the tableau
algorithm (such a process may be repeated as many times as
needed). Due to the avoidance of tremendous descriptions
redundancies caused by applying M- and U-rules of the ordinary
tableau algorithm, this mode greatly improves the spatial
performance as a result. An example is given to demonstrate the
application of this enhancing mode and its reduction in the cost of
space. Results show that the improvement is very outstanding.
Key words: tableau algorithm; enhancing mode; clause; satisfi-
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n description logics (DLs), one of the significant funda-

mentals for ontology in the semantic web, reasoning is
definitely a key issue. Among reasoning, the satisfiability of
concepts is an elementary question. So far, the reasoning re-
garding satisfiablity always focuses around the tableau algo-
rithms, by either adding new operators to fit new DL sys-
tems'' ™', or integrating DL with other fields, while the rea-
soning framework is still the tableau algorithm'®”'. All these
researches did not touch the essence of the tableau algo-
rithm. Therefore, strictly speaking, there is no innovation in
principle and no improvement in performance.

The tableau algorithm decides the satisfiability of a con-
cept by unfolding it to form a series of sub-concept sets and
gain the minimum requirements for the satisfiability of that
concept. However, it is full of many overlapping descriptions
among these sub-concept sets. For example, if node label
L(x) contains A N B, then there should be A € L(x) and B e
L(x) according to the tableau algorithm. And these are ap-
parently repeated descriptions of A and B in the same label
set.

The enhancing mode presented in this paper aims at sol-
ving the description overlaps in the same node labeling. It
substitutes the succinctest conjunctive clause of concepts for
a sub-concept set in the labeling of nodes of the completion
tree, and greatly improves the spacial performance as a re-
sult.
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Because the research on this enhancing mode is still in its
preliminary stage, we employ the basic but pragmatic DL
language ALCN as the carrier in order to demonstrate how
this enhancing mode is realized and why it is more efficient
in saving space.

1 Syntax and Semantics of ALCN

ALCN is the language system that extends AL'"" by
adding negation and number restrictions. To make this paper
self-contained, we give a minimalist survival guide to ALCN
before going ahead.

Definition 1 Let NC be the set of an ALCN-concept
names, NR be the set of ALCN role names, then,

1) Each concept name C e NC is an ALCN-concept;

2)If C, D are ALCN-concepts, R € NR is an ALCN role
name, then (CUD),(CND),(=~ C),(YR. C),( IR O),
(=nR), (<nR)are all ALCN-concepts.

Besides, the universal concept top (denoted T ) and the
incoherent concept bottom ( denoted | ) are often prede-
fined. If A € NC and A cannot be described with other con-
cepts, then A is called a primitive concept.

Definition 2 ALCN-interpretation I = (A', - consists of
non-empty set A’(domain), and interpretation function -’
Function -’ maps each concept A to subset A'CA’, and maps
each role R to R"CA’ x A’ Interpretation function-' also sat-
isfies:

T'=A 1= (-0 =A\C'; (cnD)' =C'ND’;
(CUD)' =C'"UD";(YR.C)' ={xeA"| forall yeA": {x,
y) e R"implies ye C'}; (JR. C)' ={xe A’ | there is y e
A:{x,y)eR,and ye C'};(=nR)' | = {xeA'|{{x,y) e
R} [ zn)i(<nR)' = {xed'[{(x,y) eR'}[<n)

If there exists an interpretation [ satisfying C' # (), then C
is satisfiable, and [ is called a model of C. Interpretation I is
the model of subsumption axiom CC D iff C'CD'; [ is the
model of the equivalence axiom C=D iff C' =D’. Interpre-
tation / is the model of the concept assertion C(x) iff x e
C'; I is the model of the role assertion R(x, y)iff (x,y) e
R'.

2 Relevant Definitions

We suppose that concepts in this paper are in form of a
negation normal form (NNF), i. e., negation occurs only in
front of concept names.

Definition 3 Suppose that A is an ALCN-primitive con-
cept; C, D are ALCN-concepts; R is a role; then A, = A,
dR. C, YR C, T, | are called literals. Moreover, 3 R. C,
YV R. D are called 3/ V role literals. In this paper, we repre-
sent them with capital letters, such as X, Y, Z.

Definition 4 Clauses are concept descriptions satisfying:
A single literal is a clause; a concept description consisting
of two or more literals connected by N is a clause. In this
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paper, clauses are usually represented by lowercase letters,
such as x, y. The occurrence of a literal X in a clause x is de-
noted as X € x. A concept description that is a single clause
or consists of two or more clauses connected by U is called
a disjunctive normal form(DNF). Any ALCN-concept D can
be transformed to the form of DNF. We represent the DNF
of D by DNF(D). That a clause x occurs in D is denoted as
x e D. Besides, for simplicity of representation, we denote a
certain clause in the DNF of concept D by
OneOf( DNF(D)). And if clause x contains the same liter-
als, we use the function Trim(x) to remove the repeated lit-
erals and just keep one for the same literals.

Definition 5 For simplicity, we define three functions as
follows: 1) CS(x, y) =1 if it has X e y for each literal X e x,
otherwise 0;2)DS(D, y) =1 if there is x e D with CS(x, y)
=1, otherwise 0; 3) TheoneOf( D, y) = x if there is x € D
with CS(x, y) =1, otherwise L. Where x, y are clauses; D is
a DNF of the concept.

Notice: If function TheOneOf finds more than one clause,
it returns to the first one in alphabetical order.

Definition 6  Suppose that D is an ALCN-concept in
NNF. RSet(D)denotes the roles occurring in D; Sub(D) =
{x \ x is a sub-concept of D}; SubCL(D) = {x | each literal
in clause x is a sub-concept of D}, then we define an ALCN
E-tableau ET of D as a triple (3, L, ¢):

3:a group of individuals;

L: 3—2™"“? maps each individual in 3 to a clause;

&:RSet(D) —2*"* maps each role in RSet( D) to a set of
individual couples.

Besides, there should be one s e Y such that
DS(DNF(D), L(s)) =1.For any s,te 3, C e Sub(D),R e
RSet(D), ET also meets the following properties:

Property 1 1If X e L(s),then = X ¢ L(s);

Property 2 If literal( Y R. C) e L(s)and {s,t) € &(R),
then DS(DNF(C), L(t)) =1;

Property 3 If literal( 3 R. C) e L(s), then there exists
certain 7 € 3 such that (s, t) € £(R), and DS(DNF(C),
L(n) =1;

Property 4 If (<nR) e L(s),then |{te 3| (s, ) e
e(R) }I <n;

Property 5 If (=nR) e L(s),then |{te3 | (s, 1) e
e(R)} ‘ =n.
Lemma 1 An ALCN-concept D is satisfiable iff there

exists an ALCN E-tableau ET of D.

Proof  “if” direction: If ET = (3, L, ¢)is an ALCN E-
tableau of D, and DS(DNF(D), L(s,)) =1, then a model of
D,I1=(A", -"Ycan be defined as

A'=3R =2(R); A'={s| Ae L(s)},A is a primitive

concept in Sub( D)

By induction, we can prove if literal X € L(s), then s e

X'. Obviously s e L(s)" according to the definition of the

model on N. Moreover, if DS(DNF(E), L(s)) =1, then s
cE, according to the definition of the model on U and the
definition of function DS.

1) If X is a primitive concept, then s € X', according to
the definition of the model;

2)If X is the negation of primitive concept X', then X' ¢
L(s) by property 1 of E-tableau, so s e X';

3)If X = 3. C, then there is t € 3 such that (s, 1) e
£(S), and DS(DNF(C), L(f)) =1. S0 {s,t) e ' by defini-
tion. And it holds that r € C’ by induction. So, s € ( 3 S.
0

MHIfX=VS. C,and {s,t) €S, then (s,1) € £(S) and
DS(DNF(C), L(#)) = 1. It holds that s e (V¥ S. C)’ by in-
duction.

5) Properties 4 and 5 in definition 6 can guarantee the cor-
rectness of the interpretation of number restrictions.

Because DS(DNF(D), L(s,)) =1, s, e D'; therefore I is
a model of D.

“only if” direction: If I = (A’, -) is a model of D, then
an ALCN E-tableau of D, ET =(3, L, &) can be defined as
3=A%e(R) =R; L(s) =X, NX,N...NX,; literal X, e
Sub(D) and s e X, for 1 <i<n.

Now let’s prove ET is an E-tableau of D.

1) Property 1 is apparently satisfied by semantics;

2D)If (VR . C) eL(s) and {s,t) € e(R), then e C' by
semantics, that is, there exists a certain clause C’' of C satis-
fying t e C"'. According to the definition of L(7), it obvious-
ly holds that DS(DNF(C), L(#)) =1. So property 2 is satis-
fied. In the same way, property 3 is satisfied.

3) The semantics of the number restrictions can guarantee
the satisfiabilities of properties 4 and 5.

3 Building ALCN E-Tableau

Just like the ordinary tableau algorithm, the process of
building an E-tableau is also a process of building a comple-
tion tree. Each node x in the completion tree is labeled with
a clause L(x) e SubCL(D). Each directed edge (x, y) is la-
beled with a role R occurring in Sub( D), say, L({x, y)) =
R.

If nodes x and y are connected by edge (x, y) and L( {x,
v)) = R, then we say y is an R-successor of x, while x is
called the predecessor of y. If the labeling of node x in com-
pletion tree T contains literals | or contains literals A e
L(x) and = A e L(x) at the same time, or contains ( <nS)
and has more than n S-successor, then we say tree T contains
a clash.

For a concept D, the building of tree T starts with a single
node x,, and L(x,) = OneOf( DNF(D)). Node x, is called
the root of 7. And then apply the rules in Tab. 1 to tree T
repeatedly until no rules can be applicable.

n’

Tab.1 Enhanced tableau extending rules for ALCN

Rules Operations

3 rule If ( 3. C) e L(x), and x has no S-successor y with DS(DNF(C), L(y)) =1, then create a new node y with L( (s, 1)) =
S, and L(y) = OneOf(DNF(C)).

V -rule IfC( V S. C) € L(x), and x has an S-successor y with DS(DNF(C), L(y)) #1, then L(y) = Trim(L(y) N OneOf( DNF
%f () )B)nS) e L(x) and x has no n S-successors y,, ..., y, with y; #y, for 1 <i<j<n, then create n new nodes y,, ..., y,,

=-rule with L({x,y;)) =S, L(y;) = {A},and y,; #y, for 1 <i<j<n, A is a concept name not occurring in D.

<-rle If (<nS) e L(x), and x has more than n S-successors, then if x has two S-successors y and z, without y#z, let L(z) =

Trim(L(z) NL(y)) and L({x,y)) =, L(Y) =D.
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If a completion tree contains nodes having clashes, or
there are no rules applicable, we say this tree is complete. If
we can build a complete, clash-free completion tree for D,
then D is satisfiable, otherwise, unsatisfiable.

Suppose that input concept C, = ~A N VS (VS
(=-D)yN3S. (IS (ANB)N 3IS. (CUD) N <1S),
where A, B, C, D are primitive concepts, S is the role name.
Fig. 1 gives the completion tree of C,. And the following
are explanations on the orders of applying extending rules:

L@ [ -ANVYS(YS(—D))N3S.(3S(4NB)N3S(CuUD)N sw)J

@VS

L(b) [ HS.(AmB)mHS.(CUD) N <ISNVS(—D) ]

@|s ®\
ANBNCN—D

Flg. 1 Completion tree built accordlng to C,

1) Apply F-rule to literal 3S.( 3S. (ANB)N 3IS. (C
UD) N <1S) in node a, and create node b with L(b) =
3S.(ANB)N 3S. (CUD) N <1S. Then apply V -rule to
literal VS.(VS. (= D))in node a by adding VY S. (-~ D)
to L(b);

2) Apply I -rule to literal 3S. (AN B) in node b, and
create node ¢ with L(c¢) = AN B. Then apply V -rule to
V¥ S. (= D) in node b by adding = D to L(c);

3) Apply 3 -rule to literal 3S. (CUD) in node b, and
create node d with L(d) = C. Then apply V -rule to literal
V S. (= D) in node b by adding = D to L(d);

4) Apply <-rule to literal <1S in node b, and merge the
label of d to node ¢ and at the same time set both the label
of d and the edge {(b,d) to (J.

Now, the building of completion tree is over, as there is
no rule applicable and no clash found. Therefore, C, is satis-
fiable. However, choosing different clauses may cause a
clash. For example, if we let L(d) = D at step 3), then a
clash occurs.

4 Performance Analysis

The main contribution of the enhancing mode is that it
abandons the M- and U-rules and takes a clause for the la-
beling of nodes in the completion tree, thereby avoiding lots
of overlapping in concept descriptions.

Taking C, in section 3 for example, the completion tree
built by an ordinary tableau is shown in Fig. 2. By compa-
ring Fig. 2 with Fig. 1, we know that the labeling of the en-
hanced tableau just corresponds to the terminal expressions
of that of the ordinary tableau. Therefore, the space saved by
adopting the enhancing mode is very remarkable.

5 Discussion and Conclusion

From the performance analysis, we conclude that spacial
performance improvement contributes to discarding M- and
U -rules, and to adopting clause labeling which directly de-
composes concepts in one step. While the uncertainties
caused by U -rules is transferred to the choosing of clauses,
which is embodied by the function of OneOf( DNF(C)) . Af-

-ANVS(VS(=D))N3S(3S.(4NB)N3S.(CUD)N <1S),
—~ANVS(YS(=D)), 88(35.(4NB)N3S(CUD)N <1S),
=4, YS(VS(-D)) | L(a)

N

35.(CuD)N3S.(ANB)N <ISNVS,( —D)
35.(CuD)N3S.(4NB), <1SNVS(-D)
38.(CUD), 3S.(4NB), <1S, VS(-D)

N

L(b)

Y

ANB, (CUD)
ANB, (CUD)

L(c)

Fig.2 Completion tree of C, built by the ordinary tab-
leau, the descriptions in dash box correspond to labeling
created by the enhanced tableau

ter all, the different choices are likely to affect the final
shape of the completion tree, and thus to affect the clash sit-
uation of the tree. Besides, the completion trees built by the
ordinary tableau and the enhanced one are still correspond-
ing with each other in structure, because the enhancing mode
just omits those intermediate concepts created by M- and
U -rules.

Though this paper just applies this enhancing mode on a
tableau based on ALCN, we believe that such a mode is also
feasible for other description logic languages, such as
ALCN, SHIQ, etc. Further research works are underway.
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