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Nonlocal controllability for semilinear problems in Banach spaces
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Abstract: If A: D(A) C X—X is a densely defined and closed
linear operator, which generates a linear semigroup S (¢) in
Banach space X. The nonlocal controllability for the following
nonlocal semilinear problems: u’(t) = Au(t) + Bx(t) + f(t,
u(t)),0<t<T with nonlocal initial condition u(0) =u, + g(u) is
discussed in Banach space X. The results show that if semigroup
S(1) is strongly continuous, the functions f and g are compact and
the control B is bounded, then it is nonlocally controllable. The
nonlocal controllability for the above nonlocal problem is also
studied when B and W are unbounded and the semigroup S(¢) is
compact or strongly continuous. For illustration, a partial
differential equation is worked out.
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et X be a real Banach space and A: D(A) C X—X be the
Linfinitesimal generator of a strongly continuous semig-
roup S(t) of bounded linear operators. We discuss the con-
trollability for the following nonlocal Cauchy problem:

u'(t) =Au(t) + Bx(t) +f(t,u(t)) OstsT} )
u(0) =u, + g(u)

where f: [0, T] x X—X, g: C([0, T]; X) —»X are given X-
valued functions; the operator B: Lz(O, T,U)—L(0, T; X) is
linear, U is a real Banach space, and x is a control function.

Recently, as it can be applied in physics with better effect
than the classical initial conditions, the nonlocal differential
equations and their controllability in Banach spaces have
been discussed by many researchers( see Refs. [1 —10] and
their references). Some of the controllability results are giv-
en under the hypotheses: the semigroup S(7) generated by A
is compact and the linear operator W (defined in hypothesis
H, below) has a bounded inverse. But, in fact, if the above
two hypotheses are both true, then the space X must be fi-
nite dimensional( see remark 1).

In this paper, we will discuss the nonlocal controllability
for the Cauchy problem (1) when the semigroup S(¢) is not
compact.

Let X, U be real Banach spaces with norms | - |. Denote
E by the Banach space C([0, T]; X) of X-valued continuous
functions defined on [0, 7] with the norm |u| =
OSSLIIET{ || w(t) || };and L(O, T; X) by the Banach space of X-

valued Bochner integrable functions defined on [0, T] with

T
the norm | u |, = f | u(?) || d¢ . Denote by the Banach
0
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space LZ(O, T, U) = {x: [0, T] - U; x( +) measurable and

T
j I x(o) || *dr < +oo}, with the norm |x|, =
0

(1o 1)

In this paper, we suppose that the semigroup S(#) genera-
ted by A is strongly continuous in Banach space X. ( The
definition and properties of semigroups can be seen in Ref.
[11]).

Definition 1 By the mild solution u € E of problem
(1), we mean that the function u satisfies:
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u(t) = S(0) (uy +g(u)) +f15(t — 5)(Bx(s) +
S(s, u(s)))ds (2)

Definition 2 The nonlocal problem (1) is said to be
nonlocally controllable if for every u, and u, e X, there ex-
ists a control function x e LZ(O, T; U), such that there is a
mild solution u satisfying u(7T) =u, + g(u).

1 Main Results

Osr<sT

In this section, we will study the controllability of the
nonlocal Cauchy problem (1). First we give some hypothe-
ses:

H, 1)The function f(¢, +) is continuous for 0 <t <T
a.e.,and f( -, x) is measurable for any x € X;

2) There exists a function a € L(0, T; R") and a nonde-
creasing function £: R*—R" such that

[ At x) || sa()2C | x|)

forany xeX and 0<t<T a.e..
3) The function f: [0, T] x X—X is compact.
H, 1) The function g: E—X is completely continuous
(i.e., compact and continuous) ;
2) There exists a nondecreasing function A: R*—R " such
that || g(u) | <A(|ul) for any u e E.
H, The linear operator B: LZ(O, T,U)—L(0, T, X) is
bounded; and the operator W: L*(0, T; U) —X, defined by
T
Wx = j S(T — ) Bx(s)ds for x e L*(0, T; U), has a bound-
0
ed inverse W™': X—L* (0, T; U)/kerW, where the kernel
space of W is defined by kerW = {x e L0, T; U); Wx =0}.

- lal, <li r—c, —c,A(r)
a imsup————————
4 ! r4»+oop 030( r)

(3)

where
e =M([uy | +/T B W | +/TM|[B| W™ | [lu, )

Q=M1 +JT ||B| |W" || +/TM||B| | W™ |)
¢ =M1 +/TM | B|| [|W™" )
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M =sup{ || S(1) || ,0<t<T}

Remark 1 If the semigroup S(#) is compact and the lin-
ear operator B is bounded, and the operator W must be com-
pact. So the Banach space X must be finite dimensional if W
has a bounded inverse.

The operator W is bounded if the operator B is bounded,
and due to the famous inverse mapping theorem, it has a
bounded inverse if it is surjective. Ref. [7] gave an example
for the suspension bridge model such that hypothesis H; is
satisfied.

Remark 2 If £X(r) =o(r), A(r) =o(r) for a large r,
then hypothesis H, is true.

If we suppose that hypothesis H, is satisfied, then for u
E, we define the map F: E—FE as

Fu(t) =S8(t)(u, +g(u)) +f’S(t—s)(Bx(s) +
fls,u(s)))ds

where the control x is defined as

Ost<T

x =W [ul +g(u) = S(T)(u, +g(u)) -
fOS(T—s)f(s,u(s))ds] (4)

Then problem (1) is nonlocally controllable if and only if
the fixed points of map F exist.

Now we give the main results.

Theorem 1 If hypotheses H, to H, are satisfied, then
problem (1) is nonlocally controllable.

Proof We prove this theorem by the following steps:

Step 1  There exists r >0 such that F(B,) CB,, where B,
={ueckE, |ul<r}.

Clearly, Fu e E for any u € E. By hypothesis H,, there
exists r >0 such that

r—c, —c,A(r)
c,{Nr)

lall <

Then for any u e B, the control x, defined in Eq. (4), satis-
fies that

Fxl, < Wi [ oy I+ 1l gCu) ||+

Mg+ st |+ [ 1A uts) 1ds) | <
IWIClu | +AG) +MC[luy || +AG) + [a ] 0Xr)]

So we obtain that
| FuCy | < M [ Juy | +AG) 0B ], +
T
Q(r)f a(s)ds] <c + A v |al, <7
0
for any t[0,7],i.e., F(B,) CB,.

Step 2 The map F: B,—B, is continuous.
We suppose that u,—u in E, then we obtain that

I, =xlls < W[ +b) T g, gt | +

172

M( [ 1fts9) ~fis.uto) s

]

for any t e [0, T], where

x, = W[+ ) =S (uy + g(n,) -
f;S(T—s)f(s,u”(s))ds]

By hypotheses H, to H, and the Lebesgue convergence
theorem, we know that x, —x in L2(0, T; U), and

| Fu,(t) = Fu(n) | < M| glu,) —gQw) | +
JTM| B W™l =x ], +

,
M[ | fisu(s) ~fs.u() | ds 1 e [0.7]
So F: B,—B, is continuous due to hypotheses H,, H,, and
the Lebesgue convergence theorem.

Step3 F(B,)(t) CX is precompact for any t e [0, T7].

By hypothesis 3) of H, and the strong continuity of the
semigroup S(¢), we know that S(-)f( -, -): [0, T] x[0, T]
x X—X is compact, and then the set S = {S(#) f(s, u(s)), u
eB,,0<t,s<T}CX is precompact. So, for any t e [0, 7],

S, = {f;S(t ~)f(s.u(s))ds,u e B, }C tconv S

is precompact in X, where convS means the closure of the
convex hull of S in X. By hypotheses 1) of H, and H,, we
obtain that

s = {x =W [, +g(u) = S(D (u, +g(w) -
f:S(T—s)f(s,u(s))ds],u c B,}

is precompact in L’(0,T;U). As B: L’ (0, T; U) —»L(0, T;
X) is bounded, it implies that BS”" C L(0, T; X) is precom-
pact. So we know that

UIS(’ ~$)Bx(s)dsix e §'}C X

is precompact as the map y IHJ;S(t —-s5)y(s)ds: L(0, T; X)
— X is continuous. As S(¢#) is bounded, and for any ¢ e [0,
17,
F(B,) (1) C S(1)(u, +8(B,)) +
{f;S(; ~5)Bx(s)ds;x e S'}+ S,

we have that F(B,)(t) is precompact in X for every ¢ [0,
T].
Step4 F:B,—B, is compact.
By step 3 we should only prove that F(B,) C E is equi-
continuous.

For any fixed te [0, T],any >0, and ue B,

+

| Fu(t +h) —Fu(t) | < HJ’MS(I —5)(Bx(s) +f(s, u(s)))ds’

H (S(hy —1) [Sm(uo +8(u)) +j;S(z —$)(Bx(s) +f(s,u(5))) ] ds
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< MCh + || (S(h) =D Fu(1) |

where C. =sup{ || Bx(s) +f(s, u(s)) |;ueB,, selO0,
T]1}. As F(B,)(t) is precompact and the semigroup S(¢) is
strongly continuous, we have that || Fu(t+h) — Fu(t) || is
uniformly convergent to 0 at any 7 e [0, T] when A~—0" in
B,. It implies that F(B,) CE is equicontinuous.

From the above discussions we know that the map F: B,
—B, is completely continuous, and then there exists at least
one fixed point of F due to the famous Schauder’s fixed
point theorem; i. e., the nonlocal Cauchy problem (1) is
nonlocally controllable. The proof is complete.

Next, we give some hypotheses which are weaker than
hypotheses H, and H,, such that problem (1) is also nonlo-
cally controllable.

H’, The operator B: L’(0, T; U)y—L(0, T; X) is linear,
the linear operator W: L’ (0, T; U)/kerW—X is invertible,
and the linear operator BW™': X—»LZ(O, T; X) is bounded.

r—d, —d,A(r)

H Fall, <lim sup—0}, o0
3

where

dy =M( [y | +JT [|BW" | +JTM | BW™" || |u, ||)
dy =M +JT | BW™" || +/TM | BW™" )
dy=M(1+/TM | BW™" |)

Remark 3 Here, as the operator B is not assumed to be
bounded, then the operator W is not compact even when the
C,-semigroup S(¢) is compact. So we can discuss the con-
trollability of problem (1) in infinite dimensional Banach
spaces under hypothesis H; when the semigroup S(?) is
strongly continuous or compact.

We can prove:

Theorem 2 Let hypotheses H,, H,, H;, and H; be satis-
fied, then the nonlocal problem (1) is nonlocally controlla-
ble.

Theorem 3 If A generates a compact C,-semigroup
S(?), and hypotheses 1) and 2) of H,, H,, H;, and H, are
true, then the nonlocal problem (1) is nonlocally controlla-
ble.

2 An Example

In this section, an example is presented for the controlla-
bility of the following partial differential equation.

Let (2 be a bounded domain in R" with a smooth boundary
a0. Now we discuss the following semilinear elliptic equa-
tion:

u(é, t a
HEL L 3 aoDuEn =
[ (. g.m.u(n. 0 dn + b))

(&1 € 2 x[0,1] (5)
u(éf) =0 (&.1) e 902 x[0,1]

u(£,0) = u,(¢) +fnf0k(t,§,n, u(x, 1)) drdn
el

where a_(£) is a smooth real function on 0O, h,k:[0,1] x2

x {2 x R—R, b: )—R are given functions, x e L’(0,1;
L*(90)) and u, e L*(0).

We suppose that:

1) The differential operator a, (&) D" is strongly el-

| « s2m
liptic'""".
2) The function h: [0, 1] X £2 x £2 x R—R is continuous
and satisfies that
a) For any N >0, there exists w, e L’((0,1) x2x0

x R; R™), such that
‘h(tygs . r) _h(t»gr»’f], r) ‘ng(tsg»gr»n)

forte(0,1) a.e.,& & nel)
[0,1],

r\ <N, and for any t e

lim|[ (w,(1.£.£ + Ag.m)) 'y =0

uniformly for & e (2,
b) There exist 0 <a<1,a(+) e L(0,1), and d(+) e
L(0,1; L’ (2x ), such that

|h(t, &m0 [<a(t) | r|*+d(t & n)

forte(0,1) a.e.,é,mefa.e., and any re R.
3) The function k: [0, 1] x 2 x £2 x R—R is continuous
and satisfies that
a) For any N >0, there is 3, eL’((0,1) x2x0QxR;
R ") such that

[ k(t, & m,r) —k(1, €, 1) [ <P, E € m)
forte(0,1) a.e., & & neld |r|<N, and

limf:j”(w,v(t,g,g + A& 1) dndt =0

AE—0

uniformly for ¢ e £2;
b) There are a( +) e L(0,1) and d(+) e L(0, 1; L* (2
x (1)), such that

k(2. & m.r) [<a(o) [ r]* +d(1, &)
forte(0,1) a.e.,é,mefa.e., and reR.

Let D(A) = H" (2) N H (2) and Au(¢) =
- z a (&)D*u(é, - ); then A generates an analytic

| o K2m

semigroup on X = L*(2)""". We suppose that

ftu)(§) =Lh(r,§,n, w(n.0)dy  Ee

(@) = [ [ K émutn.0)didn ¢ e 0

Then we can prove that hypotheses H, and H, are satisfied
for the above functions f and g'"”'; let

Bx(1) (&) =b(&)x(1)

then B: L*(0, 1; L’ (942)) —L(0, 1; L*(£)) is bounded. If
we suppose that the operator W is surjective, then hypothesis
H, is true. As a <1, by remark 2, we know that hypothesis
H, is satisfied. So, by using theorem 1, problem (5) is non-
locally controllable.

te0,1]; £
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