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Abstract: A ring R is said to be satisfying P-stable range
provided that whenever aR + bR = R, there exists y € P(R) such
that a + by is a unit of R, where P(R) is the subset of R which
satisfies the property that up, pu € P(R) for every unit u of R
and p € P(R). By studying this ring, some known results of rings
satisfying unit-1 stable range, (.S, 2)-stable range, weakly unit 1-
stable range and stable range one are unified. An element of a
ring is said to be UR if it is the sum of a unit and a regular
element and a ring is said to be satisfying UR-stable range if R
has P-stable range and P(R) is the set of all UR-elements of R.
Some properties of this ring are studied and it is proven that if R
satisfies UR-stable range then so does any 7 X n matrix ring over
R.
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hroughout, all rings are associative with identity. For a
Tring R, let P(R) be the subset of R which satisfies the
property that up, pu € P(R) for every p e P(R) and u e
U(R), where U(R) stands for the group of units. We call a
ring R satisfying P-stable range provided that whenever aR
+ bR = R, there exists y e P(R) such that a + by e U(R). In
particular, a ring R is said to have stable range one''™, unit
1-stable range"”™, (S, 2)-stable range'”’ or weakly unit 1-
stable range'™ if R satisfies P-stable range and P(R) = R,
P(R) =U(R),P(R) ={u, +u,:u,,u, e U(R)} or P(R) =
{y € R: there exists a positive integer n such that y =e + u, +
... +u,, where ¢’ =e is a central idempotent of R and u,,
..., u, € U(R) }, respectively. Many researchers studied these
rings with units since these conditions are useful in the study
of algebraic K-theory and the cancellation theory in catego-
ries of modules over rings. We unify some known results of
rings satisfying unit-1 stable range, (S, 2)-stable range,
weakly unit 1-stable range and stable range one.

Recall that an element a of a ring R is said to be (von
Neumann) regular if there exists b € R such that a = aba,
and a ring R is regular if each element is regular. Following
Ref. [9], an element is called a UR-element if it is the sum
of a unit and a regular element, and a ring is called a UR-
ring if every element is UR. UR-rings are shown to be a uni-
fying generalization of three important classes of rings: regu-
lar rings, (S, 2)-rings (i. e., every element is the sum of
two units) and clean rings (i. e., every element is the sum
of an idempotent and a unit). Clearly, if a € R is a UR-ele-
ment, then au and ua are both UR-elements for any u e
U(R). So we can call a ring R satisfying UR-stable range if
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R has P-stable range and P(R) is the set of all UR-elements
of R. Some properties of rings satisfying UR-stable range are
studied in this paper.

For a ring R, let M (R) and T,(R) be the rings of all n x
n matrices and all n x n upper triangular matrices over R, re-
spectively. The symbol J(R) stands for the Jacobson radi-
cal. For convenience, we write the elementary B, (x) =
diag(1, 1) +xe,(1<1i,j<2 with i), where e, are matrix
units.

1 Rings Satisfying P-Stable Range

In this section, we give some equivalent characterizations
of a ring satisfying P-stable range.

Proposition 1  For a ring R, the following are equiva-
lent:

1) R satisfies P-stable range.

2) Whenever ax + b =1, there exists y € P(R) such that a
+bye U(R).

3) Whenever ax + b =1, there exists y € R such that a +
bye U(R) and 1 —xye P(R).

Proof 1)=2) is trivial.

2)=3). Suppose that ax + b =1 with a, x, b € R. From xa
+ (1 —xa) =1, we have ze P(R) such that x + (1 —xa)z =
ue U(R). Then

BZ‘(_Z)H _xb]:[l—aza x:-lz?b -

M_l —b -1 1
B _

[ 0 x+2zb 2 ( az )

So we have

[t

ul —b ul -b
BZ'(Z)[ 0 x+zb]:[zu'1 X ]
This shows that a + by=u"' e U(R) and 1 —xy=zu"' e
P(R) by the definition of P(R), where y=u""' —azu""'.
3)=2).Given ax + b =1 in R. Since xa + (1 —xa) =1,
we have some y e R such that x + (1 —xa)y =u e U(R) and
1 —ay e P(R). Hence,
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It shows that a + b(1 — ay) u''=u' e U(R), where (1 -
ay)u"' e P(R).

2)=1). Given aR + bR = R, then ax + by =1 for some x, y
e R. By hypothesis, there exists y, € P(R) such that b +
axy, =u e U(R). Hence, axy,u”' +bu"" =1. By hypothesis
again, there exists y, € P(R) such that a + bu’ly2 e U(R),
where u’]y2 e P(R).

Theorem 1 For a ring R, the following are equivalent:

1) Whenever ax + b =1, there exists y € P(R) such that a

+bye U(R).

2) Whenever ax + b =1, there exists y e P(R) such that x
+ybe U(R).

Proof 1)=2).Let ax + b =1. By proposition 1, there

exists w e R such that a + bw =u e U(R) and 1 — xw
P(R).Lety=(1 —xow)u 'and v =x + yb. Then y € P(R)
and it can be verified that v e U(R) with the inverse a + w(1
- xa).

2)=1). Given ax + b =1. As the proof in proposition 1,
there exists w € R such that x + wb € U(R) and 1 — wa e
P(R). By symmetry, we can complete the proof.

From theorem 1, we obtain that a ring R satisfies P-stable
range if and only if the opposite ring R° of R satisfies P-sta-
ble range. This actually shows that the notion of a ring satis-
fying P-stable range is left-right symmetric. In other words,
a ring R satisfies P-stable range if and only if whenever Ra
+ Rb =R, there exists y e P(R) such that a + yb € U(R).

Proposition 2 For a ring R, the following are equiva-
lent:

1) R satisfies P-stable range.

2) Whenever aR + bR = dR with a, b, d € R, there exXist u
e U(R) and v e P(R) such that au + bv =d.

3) Whenever a,R + ... +a,R=dR withn=2,a,, ...,a,,d
€ R, there exist u, € U(R) and u,, ..., u, e P(R) such that
au +..+a,u,=d.

Proof Both 3)=2) and 2)=1) are trivial.

1)=2). Since R satisfies P-stable range, R satisfies stable
range one. Whenever aR + bR = dR with a, b, d € R, the sets
(a, b) and (d,0) generate the same R-submodule of R’.
Therefore, there exists U = (u;) € GL,(R) such that (a, b)
=(d,0) U from lemma 2.1 in Ref. [4]. Clearly, u, R +
u,R =R. Since R satisfies P-stable range, there exists some
y e P(R) such that u,, + u,,y =v € U(R). This implies a +

1

by=dv, soav™' +byv ' =d, where v' e U(R) and yv~' e
P(R).

2)=3).Givena,R+... +a,R=dR withn=2,a,, ...,a,,
deR. If n =2, then the result holds from 2). Assume that

the result holds for all k<n (k=2).Let n =k +1. Take x,,

k+1

X, eRwith Y ax, =d.Then aR + ... +a,_ R +
i=1

(ax, +a,, x,,.,)R=dR. Hence there exist u, € U(R) and
Uy, ...,u, € P(R) such that a,u, + ... +a,_u,_ , +(ax, +
a, . x.,)u, =d. This gives (a,u, +a,, x,,,u,) R +a,R +
...+a,_ R +aR =dR. And so there exist v, € U(R) and
Vyy ..oy V, € P(R) such that (a,u, +a,, x, . u)v, +a,v, +
... +a,v, =d. This implies that (a,u,v, +a,v,)R+ ... + a,R
+a,, R =dR. Then there exist w, e U(R) and w,, ..., w,
P(R) such that a,u,v,w, +a,v,w, +... +aw,_, +a,,,w, =
d. Clearly, u,v,w, e U(R) and v,w,, w,, ..., w, € P(R).
This shows that 3) holds.

We should point out that there are some special cases of
the above results. For example, proposition 1 generalizes
lemma 2. 1 in Ref. [5] and lemma 3. 1 in Ref. [7]; theorem
1 generalizes theorem 4.5 in Ref. [8]; and proposition 2
generalizes theorem 2.2 in Ref. [4] and theorem 5.3 in
Ref. [8].

2 Rings Satisfying UR-Stable Range

As we discussed in the introduction, the results above on
rings satisfying P-stable range are also true for rings satisfy-
ing UR-stable range. Clearly, we have the inclusion {Rings
satisfying unit 1-stable range} C {( S, 2)-rings} N { Rings
having stable range one} C {Rings satisfying ( S, 2)-stable
range } € {Rings satisfying UR-stable range}. Let R = Z, be
the ring of integers modulo 2. Then R satisfies UR-stable
range, but not (.S, 2) -stable range.

It was proven in Ref. [2] that a ring R satisfies stable
range one if and only if so does R/J(R). Now we consider a
similar case for rings satisfying UR-stable range.

Proposition 3  If R satisfies UR-stable range, then so
does R/J(R), and the converse holds if idempotents can be
lifted modulo J(R).

Proof Givenax+b=1in R=R/J(R), then ax +b =1
+j for some j € J(R), which implies ax(1 +j) T b(l o+
j) 7' =1. Thus, there exists a UR-element y e R such that a
+ by e U(R) . This shows that @ + by € U(R) and y is a UR-
element in R.

Next, suppose that R satisfies UR-stable range and idemp-
otents can be lifted modulo J(R). Given ax + b =1 in R,

then ax + b = 1 in R. So there exists a UR-element y in R
such that @ + by = € U(R). Thus, there exists v € U(R)

such that av + byv = 1. Since units can always be lifted mod-
ulo J(R) and UR-elements can also be lifted modulo J(R)
by lemma 2. 4 in Ref. [9], we may assume that v € U(R)
and y is a UR-element in R. Thus av + byv =1 +j for some j
e J(R), which implies that a + by = (1 +j)v’1 e U(R). The
proof is completed.

In the following, we investigate the extension property of
rings satisfying UR-stable range.

Lemmal Lete,e,,..., e, be idempotents of a ring R.
If all e,Re, satisfy UR-stable range, then so does the ring.

e, Re,

S =

n

e Re,

e, Re,

e, Re,

Proof We can complete the proof by making some nec-
essary modifications in the proof of theorem 3.2 in Ref.
[7].

Theorem 2 The following are equivalent for a ring R:

1) R satisfies UR-stable range.

2) There exists a complete set {e,, e,, ..., e¢,} of orthogo-
nal idempotents such that all e,Re; satisfy UR-stable range.

Proof 1)=2).1It is obvious.

2)=1).Let S, be the same as that in lemma 1. Construct

e re, e re

a map ¢: R—S, given by ¢(7) = . Since

e.re, e.re,

{e,,e,,...,e,} is a complete set of orthogonal idempotents,
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