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Abstract: From the point of view of the basic option model,
enterprise investment decision making under uncertainty is
studied based on the martingale method. The study shows that
investment options and yields are increasing functions of time,
and when the option equals the yield, the investment opportunity
cost is the least, which is the appropriate time for the enterprise
investment. Under the condition that the investment yield is an
increasing function of time, the investment opportunity cost is
also an increasing function of time after the time when the
investment option equals the investment yield. So the investors
should invest as soon as possible, otherwise they should stop
investment forever in this project. It is impossible to acquire more
investment yields by indefinitely delaying the investment.
Meanwhile, the study also shows that the martingale method,
used widely in financial investment theory, is a powerful tool for
enterprise investment decision making.
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uring the early development of modern investment the-
D ory, research was mainly centered on the field of mac-
ro-economics. From the point of view of gross analysis, the
multiplier and acceleration theory, the economic growth the-
ory, and the international investment theory gradually come
into being after Keynes published The General Theory of
Employment, Interest and Money. All of them made great
contributions in many respects, such as the theory model, the
influence factor, the investment analysis method, etc. But,
as the micro foundations of the macro investment theory,
the enterprise investment theory developed very slowly, and
did not make great breakthroughs until the 1960s"'. In
1963, Jorgenson'” analyzed the relationships among invest-
ment elements by introducing an optimization method into
an enterprise investment theory. He studied the investment
behavior of firms as an investment body from the point of
view of microeconomics. Jorgenson’s most significant con-
tribution to the enterprise investment theory was the estab-
lishment of the optimal capital function, which indicated that
modern investment theory was coming into being.

Many researchers further developed and perfected the en-
terprise investment theory after Jorgenson. Arrow put for-
ward the irreversibility theory of investment, and Tobin pres-
ented the ¢ theory, and so on. The ¢ theory among these the-
ories has gained much attention. Tobin regards investment
decision making as a function of ¢, which is the ratio of
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market value of capital to its product cost or replacement
cost. If g is greater than 1, firms should invest, otherwise
not'”’. Tobin divided ¢ into two types, (one was an average
q; the other was a marginal ¢), and deemed that the marginal
q really influenced investment decision making, but it could
not be measured. Tobin’s g theory made great progress in
the development of the enterprise investment theory, since
Tobin introduced an adjustment function about investment
cost into the investment theory and made up for the short-
comings of Jorgenson’s theory.

Both Jorgenson’s investment theory and Tobin’s ¢ theory
assumed that the motion routes of exogenous variables in the
model are known,; i. e. they studied the investment behavior
of firms under certainty. Dixit and Pindyck even pointed out
that these two theories were both based on the NPV invest-
ment principle'*' . Apparently, the assumption was inconsis-
tent with the actual conditions in a market environment, so
the investment decision making of firms under uncertainty
became the main content of modern investment theory. Lu-
cas et al." introduced uncertainty into investment theory
very early, while the effect of uncertainty on the investment
behavior of firms had been thoroughly studied after real op-
tions came into being. When Myers'” studied real project in-
vestment by the NPV method, he found that the NPV meth-
od lacked manageable flexibility during investment decision
making. Then, he developed the real option concept, which
was similar to the concept of the financial option. The real
option concept emphasizes the effects of time value and
management flexibility on the enterprise investment, and
there also exist investment options in real projects under un-
certainty.

With the development of the research methods, such as
the optimization and the asset pricing, the investment model
is becoming very delicate and precise. Meanwhile, the enter-
prise investment theory mainly focuses on the investment re-
turn, but it ignores investment opportunities. The real option
theory considers the effect of timing on investment, but there
is no study on the investment opportunities. As a mathemati-
cal model of fair gambling, martingale has been widely used
in financial investment theory for twenty to thirty years, es-
pecially in finance asset pricing, but there is not a relative
application in the enterprise investment theory. This paper
will introduce the martingale method into the enterprise in-
vestment theory and analyze investment behaviors of firms
including the problem of investment opportunities.

1 Investment Decision Making Model of Firm

In the market environment, the effect factor on enterprise
investment decision making is uncertainty. It is difficult for a
firm to decide whether to invest or not, while it also makes it
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flexible to select an investment opportunity. The investor can
wait in order to obtain more information about an investment
and dynamically adjust investment strategies in order to
avoid deciding whether to invest immediately or not. The
traditional investment theories, such as the Marshall theory,
the Jorgenson theory, Tobin’s ¢ theory, do not consider the
effects of uncertainty on investment, so they cannot be ap-
plied to analyze the problem of investment decision making
of firms under uncertainty.

Option theory effectively solves the uncertainty in invest-
ment decision making. Because of the uncertainty of the
market concerning investment yields, the investment yield is
uncertain and fluctuates stochastically, so investors always
keep waiting before exercising investment. They only invest
when the investment return equals the expected value. It in-
dicates that the investor has a right to invest in the future,
which is essentially an option.

Considering an investment project: [ is the investment
cost, V is the investment yield, V is a statistic, and it follows
the following stochastic lognormal function

dV =aVdt + oVdw (1)

where o and ¢ are the draft and volatility parameters, re-
spectively; w is the standard Brownian motion in a complete
probability space ({2, F, P); {F(?)} is the g-algebra of the
natural filtration of {w(¢) }.

Assuming that F is the investment option of the project,
V* is the investment return threshold and T" is the invest-
ment time when V first reaches V" . Because of the stochastic
nature of V, T" is also stochastic. According to the option
pricing theory, F is given by

F(t) =max{V(t) -1, E[exp( —r(T" —1t))F(T") \F(O)]}
t<T" (2)

Before time 7", there is no investment, and now F(T") =
V* - I. Therefore, Eq. (2) can be transformed into

F(1) :{(VY* “DELexp( (T =0) [FO) <t
- t=T
(3)

Eq. (3) is a basic investment option model. In the follow-

ing, V" and F can be solved by the martingale method.
Because of Brownian motion’s spatial homogeneity' ',

assume that V is the initial value of the investment return.

Letu=(a- o°/2) and then we have
ow(t) =InV(1t) —ut

InV,
w(0) =

Define the following stochastic process

Z(1) =exp{§1nV(z) —(M§+%02§2)t} £eR, =0
(4)

Hence,

Z(1) = exp (gaw( ) —%025%) (5)

Eq. (5) shows that the stochastic process Z(¢) is a Wald
martingale. Letting g(&) =ué + %0252, then substituting it
into Eq. (4), we obtain
Z(1) = exp(énV(1) - q()1)
SO
E[Z(T") | F(0)] =exp(£InV,)
Let g(&¢) =r, then we can obtain
E[exp(&InV™ —rT™) | F(0)] = exp(&£InV,)

Elexp( —rT") | F(0)]exp(&InV™) =exp(£InV,)

N _ exp(£InV,)
Elexp( —rT") | F(0)] = oxp(elnV)
Hence,
V¢
Elexp( —T") | F(0)] =(V*) (6)

where £ can be obtained by solving the following equation:

LIV B P
20’§ +(a 2)§ r=0

If E[exp( —rT") | F(0)] is reasonable, & should equal the

o . L 1
position foot of the quadratic equation, i. e. £ = — - % +
o

2
o 1y or
g 2 ) 0'2'
V* —1 is the investment return at 7" when the investor

invests, and let Y equal the expected present value of V* —
1. Hence, we have

3

Vo
Y=(V' -DElexp( —rT") | F(0)] = (V" _I)(V*)

In order to obtain the investment return threshold V*, let
dYy

=0, and we can obtain

av:
(&)g_(v* _I)g(xtz)glwv"o)z =0
v =§§11 @)

Reforming the option expression of Eq. (3) when t < T", the
following form is obtained:

F(1) =(V* =Dexp(rt) E[exp( —rT") | F(0)]

Substituting Egs. (6) and (7) into the expression above, we
find that

V¢
F(t) = (g—é_rll—l)exp(n)(w) -
I rex <rt><V>f](f—‘l)f—(V(t))ff*f@—l)f*‘l‘*f
§_1 p 0 §I -



140

Huang Chao, and Da Qingli

Then, constituting Eq. (7) into the option expression of Eq.
(3) when t=T", we can obtain

(V) f5(e-D' I r<T”
F(1) ={1

£-1

Eq. (8) is completely consistent with the option expression
in traditional real option theory.

We know from Eq. (7) that an investor should obtain a
maximal investment return if he/she invests at V* where V*
=¢&l/(€ - 1), but the investor does not know when V will
reach V", which is often ignored because real option theory
usually pays more attention to investment return thresholds.
In fact, investment return and investment time are two as-
pects of the same problem, and, furthermore, it is the exact
problem that the investor should face directly. Just as men-
tioned above, T" indicates the investment time, which is a
stochastic variable, so selecting the investment time is actu-
ally to obtain the expectation of T . Because V follows geo-
metric Brownian motion, we can obtain the following equa-
tion according to the Ito lemma:

(8)

t=T"

E[InV" =InV,] =E[uT" +ow(T") —ow(0)]
. 1.V
E[T"] =—In—
wo Y

Substituting Eq. (7) into the above equation, we can obtain

1 &l

E[T"]=—In—>—
= ey,

9
where u and ¢ are both functions of the draft « and the vola-
tility o. « is the reason of investment return V showing cer-
tainty in its motion process, and ¢ the reason of V showing
uncertainty. So Eq. (9) indicates that investment time has a
stochastic nature. Thus, for an investor, the selection of in-
vestment timing is actually to find the expected value of
T .

2 Numerical Example

We know that the stochastic property of investment return
V has an important effect on investment decision making,
and investors should pay more attention to the uncertainty
part in V’s motion. The following example studies the effects
of the uncertainty on the investment option and investment
time.

We can observe in Fig. 1 the value of the investment op-
tion or return at different 7s, where ¢ may also equal differ-
ent values, and other parameters are fixed (V, =20,1=40, r
=0.09, « =0. 12). Fig. 1 shows that the investment option
F and return V - [ are both increasing functions of time 7,
and there is a tangency point between curves F' and V - I;
the time at this point is just the expected value of investment
exercise time T . When ¢ equals 0. 1, 0. 2 or 0. 35, the ex-
pected value of T~ is roughly 25,32 or 89. It is found that
the investor trends to delay investing and wishes to obtain a
great return when uncertainty is high. This is explained by
the fact that the higher the threshold value of the investment
return is, the greater ¢ is.

While the traditional real option theory is applied to ana-
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Fig.1 Investment option or return as a function of time
lyze the relationship between investment option and return
by numerical examples in much of the literature, it is found
that the investment option curve and the return curve will in-
corporate a curve after time T~ due to the fact that the in-
vestment option equals the investment return. From Fig. 1,
we can see that the higher the investment return is, the lon-
ger the time when an investor delays investing is. Because
the investment return is an increasing function of time, we
may get the wrong conclusion that an investor always indefi-
nitely delays investing. In order to explain why an investor
invests at tangency points but not indefinitely delay invest-
ment, we extend the investment option curve according to
the relationship between investment option and time when T
<T".Fig.1 shows that the extended part of the investment
option curve does not overlap the investment return curve af-
ter T>T", and the option curve is always above the return
curve except when they are tangent at T ; the difference be-
tween the two curves is just the opportunity cost of the in-
vestment. As increasing functions of time, the curve slopes
of the investment option and return are greater than zero, and
the curve slope of the investment option is smaller than the
one of the investment return before time 7", but greater after
T" .1t indicates that waiting for investment is the optimal
strategy for an investor before time 7", because if an inves-
tor exercises investment too early, there is a bigger invest-
ment opportunity cost, which is a decreasing function of T
when T < T". But the investment opportunity cost would be-
come an increasing function of Tif T=T", and it equals ze-
ro when T =T ; therefore, T is the exact time for an inves-
tor to invest. If T=T" and the investor does not invest at 7,
he/she should invest as soon as possible, otherwise he/she
should not.

3 Conclusion

In a complicated and rapidly changing market environ-
ment, the enterprise investment theory should consider more
factors and much more information in order to be freed from
a lot of assumptions and restrictions, and the theory should
become very delicate and precise through deep development
by using powerful mathematical methods. In modern invest-
ment theory, uncertainty is a basic factor with important
effects on investments. As a mathematical method to de-
scribe uncertainty, the stochastic method is widely applied in
investment theory, but as an important content of the sto-
chastic process, martingale is still not used in the real option
theory despite its wide application in financial investment
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theory. The martingale method is introduced into the enter-
prise investment theory to analyze a firm’s investment be-
havior in this paper. The study shows that the martingale
method has the same function in analyzing investments com-
pared with other mathematical methods, but it is more deli-
cate and simple. The problem of investment timing is also
studied in this paper, and the result indicates that the invest-
ment opportunity cost is the smallest at the time when in-
vestment option equals investment return, which is only the
optimal investment time.
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