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Abstract: For a monoid M, this paper introduces the weak M-
Armendariz rings which are a common generalization of the M-
Armendariz rings and the weak Armendariz rings, and
investigates their properties. Moreover, this paper proves that: a
ring R is weak M-Armendariz if and only if for any n, the n-by-n
upper triangular matrix ring 7, (R) over R is weak M-
Armendariz; if I is a semicommutative ideal of ring R such that
R/I is weak M-Armendariz, then R is weak M-Armendariz, where
M is a strictly totally ordered monoid; if a ring R is
semicommutative and M-Armendariz, then R is weak M x N-
Armendariz, where N is a strictly totally ordered monoid; a
finitely generated Abelian group G is torsion-free if and only if
there exists a ring R such that R is weak G-Armendariz.
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hroughout this paper R denotes an associative ring with
T identity, nil( R) denotes the set of all nilpotent elements
of R and M denotes a monoid with identity e. Rege and
Chhawchharia'” introduced the notion of an Armendariz
ring. They defined a ring R to be an Armendariz ring if
whenever polynomials f(x) =a, + a,x + ... +a,x", g(x) =
by +bx+ ... +b,x" e R[x] satisfy f(x)g(x) =0, then a,b,
=0 for each i and j. The name “Armendariz ring” was cho-
sen because Armendariz'”' had noted that a reduced ring sat-
isfies this condition. Some properties, examples and counter-
examples of Armendariz rings were given in Refs. [1 —=5]. A
monoid M is called a u. p. -monoid( unique product monoid)
if for any two nonempty finite subsets A, BC M, there exists
an element g € M uniquely presented in the form ab where a
e A and b e B. Liu' called a ring R M-Armendariz if when-
ever elements a =a,8, +... +a,8,,.B=bh, +... +bh, e
R[M] satisfy o8 =0, then a,b, =0 for each i and j, which is
a generalization of Armendariz rings. He showed that a finite
generated Abelian group G is torsion-free if and only if there
exists a ring R such that R is G-Armendariz. He also showed
that if R is a reduced and M-Armendariz ring, then R is M x
N-Armendariz, where N is a u. p. -monoid. Liu and Zhao"”
called a ring R weak Armendariz if whenever polynomials
flx)=a,+ax+..+a,x",g(x)=b,+bx+..+bx"e
R[x] satisty f{x) g(x) =0, then a,b; e nil(R) for each i and
J. They showed that for a semicommutative ideal I such that
R/I is weak Armendariz, then R is weak Armendariz, and R
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is weak Armendariz if and only if for any n, the n x n upper
triangular matrix ring over R is weak Armendariz.

In this paper, a ring R is said to be weak M-Armendariz if
whenever elements « = a,g, + ... +a,g8,,.B=bh, +...+
b,h, e R[ M] satisfy o8 =0, then a,b; e nil(R) for each i
and j. Clearly, M-Armendariz rings are weak M-Armen-
dariz. Examples are given to show that the converse is not
always true. If M = {N U {0}, + }, weak Armendariz rings
are weak M-Armendariz. If M = {e}, then every ring is M-
Armendariz, so it is weak M-Armendariz. Thus weak M-
Armendariz rings need not be weak Armendariz. Hence
weak M-Armendariz rings are a common generalization of
M-Armendariz rings and weak Armendariz rings. If § is a
semigroup with multiplication st =0 for all s, t e S (for ex-

0 z
ample, S = [ 0 0
M-Armendariz. We show that R is weak M-Armendariz if
and only if for any n, the n x n upper triangular matrix ring
over R is weak M-Armendariz. It is shown that a finitely
generated Abelian group G is torsion-free if and only if there
exists a ring R with | R| =2 such that R is weak G-Armen-
dariz. This result weakens the second condition of theorem
1. 14 in Ref. [6]. An ordered monoid (M, <) is called a
strictly ordered monoid if for any g, g’, h e M, g < g’ implies
gh<g'h and hg < hg'. For a strictly totally ordered monoid
M, it is proved that if an ideal [/ is semicommutative such
that R/I is weak M-Armendariz, then R is weak M-Armen-
dariz. Moreover, for a monoid M and a strictly totally or-
dered monoid N, if R is a semicommutative and M-Armen-
dariz ring, then R is weak M x N-Armendariz.

1 Weak M-Armendariz Rings

]), and M = S', then any ring is not weak

Let T,(R) be the n x n upper triangular matrix over a ring
R.In Ref. [7], Liu and Zhao showed that a ring R is weak
Armendariz if and only if T, (R) is weak Armendariz for any
n.If M={N U{0}, +}, then R is weak M-Armendariz if
and only if R is weak Armendariz. Moreover, note that
every M-Armendariz ring is weak M-Armendariz. In the fol-
lowing, we will give more examples of weak M-Armendariz
rings which are not M-Armendariz.

Proposition 1 Let R be a ring and M a monoid. Then R
is weak M-Armendariz if and only if, for any n, T,(R) is
weak M-Armendariz.

Proof We note that any subring of weak M-Armendariz
rings is weak M-Armendariz. Thus if 7, (R)is a weak M-Ar-
mendariz ring, then R is a weak M-Armendariz ring.

Conversely, let « =A g, +A,g, +... +A g,,and B =B, h,
+B,h, +... + B h, be elements of T,(R) [ M]. Assume that
o =0. It is easy to see that there exists an isomorphism of
rings T, (R)[M]—T,(R[M]) defined by
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a’l'l aiz a;3 ain Since R is weak M-Armendariz, there exists m,, € N such
, 10 4, d d, that (a.,b’)" =0 for any s, i and j. Let m, = max{m,,, m,,,
0 0 d, a lg - .., my, }, then
i=1 . . . .
oo 0 . R §
0 ay, b, #* *
- P p P p - m ; .
i i i i AB)" = iy =
Zangz apn8; ZaISgi zalngi (4.8, 0 0 a33_b33 *
i=1 i=1 i=1 i=1 . .
> 4 > 4 v 0 0 0 i
0 ax8; 2 ay8; 2 ay,8; - G O
= i=1 i=l ro = % . 0%
P P
0 0 a.ge. a o 0 O * *
PILN? 2 5.8, o 0 0 i
, K - :
0 0 0 S dg 0o 0o o .. 0
L ~ J
Thus ((A,B;)™)" =0. This shows that T, (R) is a weak
Assume that M-Armendariz ring.
Corollary 1 Let M be a monoid. If a ring R is an M-Ar-
a, a, a, a,, mendariz ring, then, for any n, T,(R) is a weak M-Armen-
0 a, da al, dariz ring.
A=lo o 4 a Given a ring R and a bimodule ,M,, the trivial extension
I I r of R by M is the ring T(R, M) = R®M with the usual addi-
(; 0 0 a; tion and the multiplication: (r,, m,) (r,, m,) = (r,ry, r,m, +
" m,r,). This is isomorphic to the ring of all matrices
and [ 6 n:]’ where r e R and m € M and the usual matrix oper-
b, b, b, b, ations are used.
iyl j Proposition 2 Let M be a monoid. Then R is a weak M-
O bZZ 23 bZn
B =|o0 0 b b Armendariz ring if and only if the trivial extension T(R, R)
! .. 7 o is a weak M-Armendariz ring.
N : Proof It follows from proposition 1.
0 0 0 v

Then we have

P
Z:]ailgi

0

zb?lhi

P .

13
z ap8;
=1
»

i
Z ay8;
=

0

4 .
Z{ bl]zhi
P .
Z{ byh,

0

It follows that

i=0

=0

(Sae)(Zon) =0

nn

In general, for any ring R, the n x n(n=2) full matrix
ring M, (R) over R need not be a weak M-Armendariz ring
as shown by the following example.

Example 1 Let R be a ring and M a monoid with

|M|=2. Let S=M,(R). Take e#g e M. Leta=[g (l)]e

+[(1) g]g and’8:[(1) (1)]e+[_01 ?Jgin S[M].

Then we have o8 =0. But[(l) 8][5 (1)]:[(1) (1)] is not

nilpotent. Thus S is not weak M-Armendariz.

Proposition 3 Let M be a cancellative monoid and N be
an ideal of M. If a ring R is weak N-Armendariz, then R is
weak M-Armendariz.

Proof Leta=a,8, +...+a,8,.B=bh +...+b,h, in
R[M] with o8 =0. Set g e N, then gg,, g8,, ---» 88,,» 1, &>
h,g, ..., h,g € N and gg, # gg; and h,g # h,g when i j.

Now from ( Z a,gg; ) ( z bhg ) = 0 and the hypothesis
i=1 j=1

that R is weak N-Armendariz, it follows that a,b; € nil(R)
for all i and j. Thus R is weak M-Armendariz.

Proposition 4  For a ring R and a monoid M, suppose
that R/I is weak M-Armendariz for some ideal I of R. If IC
nil(R), then R is weak M-Armendariz.

Proof lLeta=a,g, +a,g, +... +a,g,,.B=bh +0b,h,
+ ... + bbh, € R[M] such that o8 = 0. Then

( Z‘a[g,,) ( szhj) = 0. Thus, (a, b)" =0 for some

j=0



144

Zhang Cuiping, and Chen Jianlong

positive integer n,. Hence, a,b; € nil(R) . This means that R
is weak M-Armendariz.

Proposition 5 For a monoid M, if R is a finite subdirect
sum of weak M-Armendariz rings, then R is weak M-Armen-
dariz.

Proof Let [,(k=1,2,...,1) be ideals of R such that

1
R/1, is weak M-Armendariz and D] I, = 0. Suppose that «

= 2 a,g;and B = 2 b;h, € R[M] are such that o8 =0.
i=0 Jj=0

Then there exists n,, e N such that (a, b,)" =0 in R/I,.
Thus, (a,b,)" e I,. Set n; = max {n,, n;, ..., n,}, then,
(a[bj)”" e I, for any k, which implies that (a[bj)"" =0.
Thus, R is weak M-Armendariz.

Recall that R is semicommutative if ab =0 implies aRb =
0 for a, b € R. An ideal I of R is semicommutative if it is
semicommutative as a ring without identity. In Ref. [ 7], Liu
and Zhao proved that if / is a semicommutative ideal of R
such that R/I is weak Armendariz, then R is weak Armen-
dariz. The following result is a generalization of this.

Theorem 1 For a ring R and a strictly totally ordered
monoid M, suppose that R/I is weak M-Armendariz for
some ideal I of R. If I is semicommutative, then R is weak
M-Armendariz.

Proof Let o, 8 e R[M] be such that o8 =0. We write «
=a,g +a,8 +...+a,8,.B=b,g +b,g, +...+b,g, with
8, <8 <..<g,and h, <h,<...<h,. We will use transfi-
nite induction on the strictly totally ordered set(M, <) to
show that a,b; e nil(R) for any i and j. Note that (a,g, +
a,g,+ ... +a,g,) (bg + bg, + .. +bg) =0 in
(R/D[M]. Since R/I is weak M-Armendariz, there exists a
positive integer n, such that (a,b,)" e I. Clearly, g h, < g.h,
if i#1 or j#1. Hence a,b, =0 e nil(R). Now suppose that
we M is such that for any g, and h; with g.h, <w, a,b; €
nil(R). We will show that a,b; € nil(R) for any g, and /,
with g, =w. Set X = {(g,, h,) | g,h, =w}. Then X is a fi-
nite set. We write X as {(g,.’, hn) \ t=1,2, ..., k} such that
8, <8, <...<g,.Since M is cancellative, g, =g, and g, h;
=g, h, =w imply h, =h, . Since < is a strict order, g, <g,
and g, h; =g, h, =w imply h;, <h,. Thus we have h;, <... <
h, <h;.Now

(gsh)eX t=1
For any r=2, g,.‘hj’ < gi’hj’ =w, and thus, by induction hy-
pothesis, we have a;, b, e nil(R). Let p =n,;. Then (a, b; )"
e I. By hypothesis, a, b, e nil(R). Let (a, b,)" =0. Then
(b,a,)""" =0. Thus
(a,b,)(a,b,) " a,(b,a,)" " (b,(a,b)"") =0

Since (a, b,) (a, b,)"""a, (b, a,) eI, (b, a,)" (b,
(a,b)""") €l,b,(a,b;)"a, el,and I is semicommutative,
it follows that

(Ca,b;)(a,b;)" " a,(b;a,)) (b, (a,b) a,)
((b,a,)"(b,(a,b)"")) =0

That is,

((a,b,)(a,b,)""")((a,b,)(a,b)""")-
a,(b,a)" (b, (a,b)"") =0

((a,b,)(a,b,)""")a,(b,a,)" (b, (a,b,)"") =0

Continuing this procedure, it yields that ((a, b, )-
(a,b,)"*")" " =0.Thus (a,b,) (a,b;)""" enil(]). Simi-
larly, we can show that (a,.,bj’)(ailbj‘)’”l e nil(1) for t =3,
..., k. By lemma3. 1 in Ref. [7], nil(/)is an ideal of I since
I is semicommutative. Thus, if we multiply the equation
Y a;b, =0 on the right side by (a, b;)""", then
=1

k
(ai‘bj,)“z = ( Zai,bj,(af‘bj,)”” ) e nil(J)
=2

Thus a, b, e nil(R). Let ¢ =n,;, then (a, b,)?" el. By
analogy with the above proof, we have Xk‘ a,b,(a,b;) EARS
nil() . Suppose that (a,b;)" =0. Thenlz3

(a,:bj:)'“l(a,.]bjl)‘Y(a,‘:bj:)q+1 =0
Since (a,;b,;) “*! < [ and I is semicommutative, we have
((a,b;)(a,b)"*")* " =0

Thus (a, b;) (a, bjl)‘“I € nil( /). Hence, multiplying the
equation i a;,b, = 0 on the right side by (a, bjz)‘“', we
have .

(a,b)"" =

- (Xabi(a b)) = (a,b)(a,b)"" e nil(D

Hence, aizb,.z e nil(R). Similarly, we can show that a, b;
enil(R), ..., a, b, enil(R). Thus a,b;, € nil(R) for any ¢
with g h/, = w. Therefore, by transfinite induction, a[b/ e
nil(R) for any i and j. Thus, R is weak M-Armendariz.

Corollary 2 Let M be a strictly totally ordered monoid
and R a semicommutative ring. Then R is weak M-Armen-
dariz.

By corollary 3. 4 in Ref. [ 7], semicommutative rings are
weak Armendariz. In the following, we will see that semi-
commutative rings need not be weak M-Armendariz. Thus,
the condition that M is a strictly totally ordered monoid in
theorem 1 is not superfluous.

Proposition 6 If M is a finite monoid, then the complex
field C is not weak M-Armendariz.

Proof Suppose that C is weak M-Armendariz. Let M =
{e,g,,....8,}). Let a=ae+a,g +... +a,g,and B=bje +
bg +...+b,g, e C[M] such that o =0. Then a,b; e
nil( C) . Note that C is reduced, so aibj =0. Thus, C is M-Ar-
mendariz, which contradicts proposition 1. 15 in Ref. [6].

Corollary 3 Let R be a semicommutative ring. Then R
is weak Z-Armendariz.

Recall that a monoid M is torsion-free if for any g, he M
and k=1, g" = h" implies g = h.

Corollary 4 Let M be a commutative, cancellable and
torsion-free monoid. If one of the following conditions
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holds, then R is a weak M-Armendariz ring.

1) R is semicommutative;

2)R/I is weak M-Armendariz for some ideal I of R and [
is semicommutative.

Proof If M is commutative, cancellative and torsion-
free, then there exists a compatible strict total order < on
M"™ . Now the results follow from theorem 1.

Lemmal Let M be a monoid and N be a submonoid of
M. If R is a weak M-Armendariz ring, then R is weak N-Ar-
mendariz.

Lemma 2 Let M be a cyclic group of order n=2 and R
be a ring with 07 1. Then R is not weak M-Armendariz.

Proof Suppose that M ={e, g, g, ..., 8" ' }. Let a = le
+lg+lg’ +...+1g" 'and B=1le+( -1)g, then o3 =0,
but 1-1 =1 is not a nilpotent element. Thus, R is not weak
M-Armendariz.

Let T(G)be the set of elements of the finite order in an
Abelian group G. Then T(G) is a fully invariant subgroup of
G. G is torsion-free if and only if 7( G) = {e}. Liu'” showed
that for a finitely generated Abelian group G, it is torsion-
free if and only if there exists a ring R with |R|=2 such
that R is G-Armendariz. The following theorem will weaken
the sufficient condition of this.

Theorem 2 Let G be a finitely generated Abelian
group. Then the following conditions on G are equivalent:

1) G is torsion-free.

2) There exists a ring R with | R|=2 such that R is weak
G-Armendariz.

Proof 1)=2) If G is a finitely generated Abelian group
with T(G) ={e},then G=Z xZ x ... x Z, a finite direct
product of group Z. Itiseasytoseethat ZxZ x ... xZis a
commutative, cancellative and torsion-free monoid, so is G.
Let R be a semicommutative ring. Then, by corollary 4, R is
weak G-Armendariz.

2)=1) If ge T(G) and g#e, then N=(g) is a cyclic
group of the finite order. If a ring R# {0} is weak G-Arm-
endariz, then, by lemma 1, R is weak N-Armendariz, contra-
dicting lemma 2. Thus, every ring R # {0} is not weak G-
Armendariz.

Let M be a monoid and N be an ideal of M. Denote the
Rees congruence induced by N by p(N), which is defined by
go(N)heg, he N or g =h. If R is weak M-Armendariz,
then, by lemma 1, R is weak N-Armendariz since R[ N] is a
subring of R[ M]. But R may not be weak M/p(N)-Armen-
dariz as shown by the following example.

Example 2!  Let M = {N U {0}, +} and N = {2, 3,
..}. Then N is an ideal of M and M/p (N) is a finite
monoid. From proposition 6, it follows that C is not weak
M/p(N) -Armendariz, but it is weak M-Armendariz because
C is M-Armendariz.

2 Monoid Rings

Lemma 3 Let R be a semicommutative ring and M a
monoid. If a,, ..., a, e nil(R), then a,g, + ... +a,8, €
nil(R[M]).

Proof The proof is similar to that of lemma 3. 7 in Ref.
[7].

For a monoid M, we denote the largest subgroup of M by
G(M).In Ref. [7], Liu and Zhao proved that if R is semi-
commutative, then R[ x] is weak Armendariz. In Ref. [6],
Liu proved that if M is a commutative and cancellative

monoid with G(M) = {e}, and R is Armendariz and M-Arm-
endariz, then R[ M] is Armendariz. For the above monoid
M, we do not know whether R[ M] is weak Armendariz if R
is weak Armendariz and weak M-Armendariz. However, if R
is semicommutative, we have the following proposition.
Proposition 7 Let M be a commutative and cancellative
monoid with G(M) = {e}. If R is a semicommutative and
weak M-Armendariz ring, then R[ M] is weak Armendariz.

m

Proof Suppose that ( Z ax' ) ( ZB,.xf ) = 0, where

i=0 =0
= : ‘, lpglp’ J

2 b]q ja € R M]

Hng) (HHg,q) . Clearly for any re R and h e

a Set g =
(
M, (rh) (1g) = (1g ) (rh). Thus
(
(

from

follows  that

ia ) 23;«) - 0, it

i=

iaj(lg) ) (ZB(lg) ) . Thus we have

i=0

(Z Soug") (Z Soug’) =0

i P

Suppose that g, g = gi,,p,,gZi" for some i’ and ". If i" ={",
then g, =g, since M is cancellative, and so p’ =p". Thus
without l_oss of generality, we can assume that i’ >i". Then
8,8 " =g, since M is cancellative. Thus it is easy to
see that g, and h,, are in G(M) for all i, j, p, q. Hence g,, =
h,, = e by hypothesis, and then we may assume that o, = a,e
and B; = be for all i, j. So we have

( Z,(a,.e)xi) ( Z (bje)x’) =0

from which it follows that ( Za,xi) ( Zbix’) =0
f 7

Thus, a;b; e nil(R) for all i and j since R is weak Armen-
dariz. Assume that (a;b;)"™ = 0 for some n, e N. Then
(a8)" =(ab)"e=0.S0 af; e nil(R[M]).If h, g" =
hi,,q,,ng for some j' and j”, then by analogy with the above
proof, it follows that a,8; = (a,e) (b,e) e nil(R[M]) for all
i,j. Now suppose that each pair of g, g” s is distinct and
each pair of h, g "5 is distinct. Then a, b, e nil(R) for all i,

ip~Jq
J» p» q since R is weak M-Armendariz. Thus, o8, =

D Z (a,b,)(g,h,) € nil(R[M]) by lemma 3.

We can easily obtain the following fact.

Lemma 4 Let M be a monoid. If R is a semicommuta-
tive and M-Armendariz ring, then R[ M] is semicommuta-
tive.

Let M ={e} and N={NU {0}, + }. Let R be a semicom-
mutative ring. Then R is M-Armendariz. But R[ M] need not
be N-Armendariz by example 3.5 in Ref. [ 1]. However, we
have the following result.

Proposition 8 Let M be a monoid and N a strictly total-
ly ordered monoid. If R is a semicommutative and M-Arm-
endariz ring, then R[ M] is a weak N-Armendariz ring.

Proof Since R is semicommutative and M-Armendariz,
by lemma 4, R[ M] is semicommutative. The assertion holds
according to corollary 2.

Corollary S Let N be a strictly totally ordered monoid.
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If R is a semicommutative and Armendariz ring, then R[ x]
is a weak N-Armendariz ring.

Proposition 9 Let M be a monoid and N a strictly total-
ly ordered monoid. If R is a semicommutative and M-Arm-
endariz ring, then R[ N] is a weak M-Armendariz ring.

Proof It is easy to see that there exists an isomorphism
of ringg R[N] [M] - R[M] [ N] defined by

2 (2% :)m,ﬂ—’z, (zp,ai],n[,)ni.

Now suppose that «;,, B; € R[N]
( z a,.m,.) ( Z,Bjm’j) = 0. We will show that a3, €
g 7
nil(R[N]) for all i,j. Assume that o, 2 a,n,and B, =

z b,n', ,» n', € N for all p and g. Then
(3 (San)n) (L Zo0
RIM][N] wehave(z(Za,,,,) )(Z]Zbﬂ,

= 0. By proposition 8, R[ M]
(o) (30,

is M-Armendariz, a, b, e nil(R) for all i, j, p, ¢ according
Hence «,8; e nil(R[N]) by

are such that

where n

’q )m’j) = 0. Thus, in

’ ’
m)n)

is weak N-Armendariz,

m; ) e nil(R[M]) for all p, g. Since R

to proposition 1. 6 in Ref. [6].
lemma 3. This means that R[ N] is weak M-Armendariz.

Corollary 6 Let M be a monoid and R be a semicom-
mutative ring. If R is M-Armendariz, then R[x] and R[ x,
x~'] are weak M-Armendariz.

Proof Note that R[x] =R[N U{0}] and R[x, x '] =
R[Z].

In Ref. [6], Liu showed that if R is reduced and M-Arm-
endariz, then R is M x N-Armendariz, where N is a u. p. -
monoid. For weak M-Armendariz rings, we have the follow-
ing result.

Theorem 3 Let M be a monoid and N be a strictly total-
ly ordered monoid. If R is a semicommutative and M-Arm-
endariz ring, then R is weak M x N-Armendariz.

K

Proof Suppose that z a,(m, n;) is in R[M x N]. For

any 1 <p < ={i\1$i$s,n[:n,}}.Then

1

Z ( z a,m, )np € R[M][N] . Note that m, # m, for any

p=1 icA,
i,i'eA, with izi’.
an isomorphism of rings R[ M x N] ->R|[

iai(mi,n,) HZ ( S am, )n

icA,

s, denote A »

Now it is easy to see that there exists
M][N] defined by

Suppose that ( Za,(m,.,n.) ) ( Z b, (m,,n ) ) =0 in
i=1
R[M x N]. Then from the above 1som0rphlsm it follows
that

(S Zom)n) (£ (Zomi)n) =

ieA, 1\ jeB,
By proposition 8, R[ M] is weak N-Armendariz, thus we
have ( Zaimi) ( zbimj'.) e nil(R[M]) for all p, ¢

ieA, jeB,
Since R is M-Armendariz, a,b; e nil(R) for any ie A, and j
€ B, by proposition 1. 6 in Ref. [6]. Hence, a,b; € nil(R)
for all 1 <i<s and 1<j<s'. The proof is completed.
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