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Impact of box ratio and pinwheel pattern on the pallet loading problem
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Abstract: The pinwheel pattern as a suitable and advantageous
alternative for the loading implementation of the pallet loading
problem (PLP) is identified after a survey on the loading pattern.
The definitions, elements, categories, generating algorithms of the
pinwheel pattern are discussed and a uniform symmetric pinwheel
notation is proposed. Based on the forming geometry of a
pinwheel, the pinwheel structure is analyzed in terms of the innate
box ratio, the box/block orientation and the box number by
combinatorial and geometrical methods. A revised data set for the
PLP with an area ratio range from 1 to 76 and a box ratio range
from 1 to 10 is proposed. All pinwheel instances with this data set
are calculated, and box ratio range is obtained for each possible
pinwheel pattern, which can be found for all non-prime numbers
of boxes. And a high box ratio makes an optimal pinwheel pattern
more likely appear. Results identify the impact of the above
pinwheel pattern and the box ratio on the pallet loading problem.
Key words: packing; pallet loading problem; loading pattern; box
ratio; pinwheel pattern

he pallet loading problem (PLP) is essentially a two-
dimensional problem of packing a pallet with the maxi-
mum number of small identical boxes''™'. Over 30 years,
heuristics have prevailed in searching for PLP solutions;
however, the optimal number of boxes certainly remains to
be solved, and their loading pattern should also be worked
out as verification. In a PLP problem, boxes loaded on the
pallet should be orthogonal; hence, the boxes can only lie in
two orientations: H-box and V-box. If a box lies horizontally
with its longer edge parallel to the longer edge of the pallet,
then it is an H-box; otherwise a V-box. The one-layer layout
of H-boxes and V-boxes on the pallet constructs the pallet
loading pattern, which may consist of blocks ( rectangles
with several boxes of the same orientation) and/or boxes.
Recently Martins and Dell”™ have solved the optimality of
all PLP instances with an area ratio of pallet to box less than
101, and their paper and many other papers have paid much
attention to the algorithms. However, since the box ratio is
only from 1 to 4 and the pallet loading pattern is inadequate-
ly addressed, we argue that the pallet loading pattern and the
box ratio need to be reexamined before completely solving
the pallet loading problem.

1 Pallet Loading Pattern and Box Ratio

Given the pallet, the loading pattern will be determined by
the box figure, i. e. form, size, and orientation. However, the
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box ratio (length to width) and its impact on the PLP load-
ing patterns are seldom addressed.

1.1 Pallet loading pattern

Pallet loading patterns can be classified as guillotine, first-
order non-guillotine and superior-order non-guillotine'*™ . A
guillotine pattern is a pattern that results from successive
guillotine cuts, and it has two types: one-block homogeneous
pattern and two-block pattern. A first-order non-guillotine
pattern has more than two homogeneous blocks, and a cut is
a first-order if it produces five new rectangles without any
guillotine cutting pattern'”. A superior-order non-guillotine
pattern is a pattern that cannot be obtained by successive
guillotine cuts and/or first-order non-guillotine cuts.

Early block heuristics can generate optimal patterns for
first-order non-guillotine problems, and many complex algo-
rithms are based on the superior order non-guillotine pat-
tern'"’. Among these patterns, the pinwheel pattern is worth
mentioning since it is a sound, textured and easy-to-imple-

ment pattern proposed by practitioners'' .

1.2 Pinwheel pattern

A pinwheel consists of four leaves and a central hole; the
leaves are arranged successively head-to-tail in a closed-loop
style. A pinwheel pattern is a rigid textured pattern and it is
anti-sliding. Its rigid rectangular contour gives the pinwheel
pattern a 180° rotational symmetry by the centroid. Accord-
ing to Ref. [ 7], the suitability of pallet-loading patterns
should be determined with respect to a variety of criteria af-
fecting stability and clampability. As an alternative solution
of the pallet loading problem, the pinwheel pattern trades op-
timality for practical suitability, so it can satisfy real-life as-
pects such as load stability, maneuverability, and transporta-
bility.

For a comprehensive understanding of this pinwheel pat-
tern, we can define the leaf on the left lower corner as the
first leaf which lies horizontally (1H). Consequently, there
are 2V,3H and 4V in an anticlockwise sequence( see Fig. 1
(a)). Based on the leaf conformation, pinwheel patterns can
be classified into three categories: simple pinwheel( see Fig.
1(a)), block pinwheel( see Fig. 1(b)), and nested pinwheel
(see Figs. 1(c) and (d)).

1) Simple pinwheel In a simple pinwheel, there are two
H-boxes and two V-boxes which form 1H, 2V, 3H and 4V
leaves as shown in Fig. 1(a); both the contour of the pin-
wheel and its only central hole are squares. The simple pin-
wheel pattern is 90° rotationally symmetric and is the first-
order non-guillotine pattern.

2) Block pinwheel In a block pinwheel, there is at least
a pair of leaves which is no longer a single box, but block of
m x n H-boxes(or p x g V-boxes), where integers m, n, p, q
=1. There are two styles of such a pattern: P1 and P3. If 1H
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Fig.1 Pinwheel patterns by category. (a) Simple pinwheel (4
boxes) ; (b) Block pinwheel(620 mm x 58 mm, 26 boxes); (c) Nes-

ted pinwheel( 183 mm x 102 mm, 49 boxes); (d) Nested pinwheel
(175 mm x75mm, 70 boxes) on 1 200 mm x 800 mm pallet

is lower than 2V in height, then it is a P1 style(see Fig. 1
(b)) ; otherwise it is a P3 style. The contour of a block pin-
wheel is usually a rectangle; and only if the four leaves are
the same block but with different orientations(m =g, n =p),
then the pinwheel has a square contour. A block pinwheel is
also a first-order non-guillotine pattern; early block algo-
rithms can form such patterns.

3) Nested pinwheel In a nested pinwheel pattern, one or
more leaves of a pinwheel loop are further shared by other
pinwheel loop('s), and more boxes/blocks are added to com-
plete a rectangular contour. A nested pinwheel can be nested
simple or nested block, and leaf sharing pinwheel can be H
and/or V style. For example, in an H style, the m x n leaf
( H-leaf) is shared by two adjacent loops with all holes loca-
ted along the secondary diagonal. If more than one leaf in a
loop are further shared by adjacent loops, then there is a lat-
tice of holes rather than a line of holes along the diagonal
(see Fig. 1(d)). If the hole lattice is in k rows / columns( in-
tegers k, [ > 1) along the secondary diagonal, then there will
be k H-leaves and 1 V-leaves on the horizontal contour
edge, with a length of kna + lgb. Likewise, the contour width
is kmb + Ipa. But the total box number is always (k + [)
(kmn + Ipq) . If one of the two parameters k, [ is equal to 1,
then the nested pinwheel pattern is a first-order non-guillo-
tine pattern, as shown in Fig. 1(¢); otherwise the nested pin-
wheel pattern with a k-row /-column hole lattice is a superi-
or-order non-guillotine pattern, as shown in Fig. 1(d).

In general, we propose a generic notation for pinwheel
patterns:

[k,[-Imxn—pxgq (1)

where k rows [ columns represent a hole lattice; m x n de-
notes m x n H-boxes in an H-leaf and p x g denotes p x g V-
boxes in a V-leaf . For example, Fig. 1(d) can be noted as
3,2 -2 x2—1 x1.If there is no nested loop, the item in the
square bracket can be ignored; this is a block pinwheel(3 x 1
—1 x10) (see Fig. 1(b)). Especially, 1 x1 —1 x 1(see Fig. 1
(a)) is a simple pinwheel.

1.3 Box ratio and dataset

Dowsland"™ gave the constraints of the pallet length to
width ratio as between 1 and 2, the box ratio between 1 and

4, and the pallet to box area ratio from 1 to 51 as set Cover

I and 51 to 101 as set Cover [l . However, the range of box
ratio from 1 to 4 is derived from a box range with a common
length of greater than or equal to 200 mm and less than or
equal to 600 mm, and a width of greater than or equal to 150
mm and less than or equal to 450 mm'” . In practical situa-
tions, especially in factories, the box range may vary to ex-
ceed the limit significantly; thus the box ratio can exceed 4.
Also Alvarez-Valdes et al. " pointed out that the definitions
of sets cover | and cover [ are subject to some ambigui-
ty. And the higher the area ratio, the more possible one-
block optimal patterns; but the one-block pattern tends to be
unstable and lack practical value'”’. Thus it is time to reex-
amine the range of box ratio and area ratio constraints. Here-
by, we propose a unique dataset with the range of 1 to 10 for
the box ratio and the range of 1 to 76 for the area ratio.

2 Pinwheel Model and Calculation

An instance of the PLP is given as (X, Y, a, b), where X,
Y, a, b are the pallet length, the pallet width, the box length
and the box width, respectively; moreover, they are assumed
to be all positive integers and X=Y=a=b""'. For conven-
ience, the three ratios are defined as follows:

Pallet ratio

X
“y
Box ratio
a
B= b
Pallet to box area ratio
- |5
Y= ab

2.1 Hole constraint

In a pinwheel loop, the central hole should be small
enough not to allow any box to fill in, so

\pa—mana—qb\$ab (2)

By the pinwheel definition, if the first leaf (1H) is lower
than the second leaf (2H), then it is a P1 style with pa — mb
>0 and na — gb >0; otherwise, it is a P3 style with pa — mb
<0 and na - gb <0.

Hence, there is always

(pa —mb) (na - gb) <0 (3)
Substituting a = bB into (3), it is changed to
pnB’ — (mn +pg +1)B +mg<0 (4)

Then the range of B is

mn +pqg + 1 - JA
2pn

smn+pq+1+/Z (5)

=
B 2pn

where A = b’ —4ac = (mn +pq +1)* —4mnpg = (mn — pq +
1) +4pg=0, because m, n, p, q are all integers no less than
1. Then the box ratio range for a given pinwheel pattern can
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be determined.
2.2 Contour shape

For a k, | —m x n — p x g pinwheel with k x [ pinwheel
loops, its rectangular contour has a length of (kna + lgb) and
a width of (kmb + Ipa) . Thus the contour shape ratio § is

_kna+lgb knB+lg
“pa + kmb " IpB + km

(6)

& should be no less than 1, since the length is always greater
than the width. If § = «, it is preferable since the whole pallet
deckboard can be fully filled.

While the box number (k + ) (kmn + Ipq) ranges from 4 to
76, there are 10 860 combination instances of k, [, m, n, p, q.
We calculate all the possible instances to form pinwheels,
while 3 is obtained from the average of its lower and upper
ranges and § is calculated from Eq. (6). In the instance of the
Euro pallet, with 0.9a <6 < 1. la, there are 419 classes of
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pinwheels (every k,I —m xn — p x g instance is a class, and
many classes may have the same box number), and the com-
puted B range is within [1,32.27]. If the B range is restricted
o [1, 10], then there are 267 classes of possible pinwheels
(see Fig.2); however, if the 8 range is within [4, 10], then
there are 79 classes of pinwheels. It shows that the classes
with higher box ratios are nearly one-third (79/267) of the
total range. In Tab. 1, there are some pinwheel examples for
loading on the common pallets, such as the ISO 1 200 mm x
1 000 mm pallet, the Euro 1 200 mm x 800 mm pallet and the
Japan 1 140 mm square pallet. Note that the pinwheel pattern
is a near-optimal alternative solution; the optimal pattern may
be found in the ranges as shown in Fig. 2. Compared with the
optimal results(see the last column in Tab. 1) from Martins
and Dell’s"™ methods, there are four optimal solutions in Tab.
1, which are in rows 1, 3, 4, 5; and others are near optimal
with differences of 1 to 3. Furthermore, the examples in rows
5,7,9 are shown in Figs. 1(b), (¢) and (d), respectively.
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Fig.2 Box number and 3 range for pinwheels on the Euro pallet

Tab.1 Examples of pinwheel patterns as optimal solution on some pallets

Row k I m n p q m?n?t))(er B range s X y Exa;nple b 5 y glﬁ)rtrll?jrl
12 1 1 1 1 1 9 1.000 to 2.618  1.900 1200 1 000 475 250 1.231 10 9
2 1 2 1 2 1 1 12 1.000 to 1.707 1. 604 1200 1 000 369 230 1.238 14 13
31 1 3 1 1 3 12 3.000 to 5.303  4.157 1140 1 140 661 159 1. 000 12 12
4 1 2 1 1 1 2 15 2.000 to 3.414  2.126 1200 1000 404 190 1.168 15 15
5 1 1 3 1 1 10 26 10.000 to 11.359 10.690 1200 800 620 58 1.512 27 26
6 2 1 4 1 1 4 36 4.000 to 6.561  5.294 1140 1 140 413 78 1. 096 40 39
7 6 1 1 1 1 1 49 1.000 t0 2.618  1.794 1200 800 183 102 1.518 51 50
8§ 3 1 2 1 2 4 56 4.000 to 4.637  4.338 1200 1000 295 68 1.158 59 58
9 3 2 2 2 1 1 70 2.000 to 2.618  2.307 1200 800 173 75 1.493 74 73
0 1 3 4 4 1 1 76 4.000 to 4.266  4.200 1200 1000 252 60 1.191 79 78

3 Discussion

The pinwheel pattern can be constructed by any number
of boxes except for those prime numbers. For each k, [, m,
n, p, q combination, there is a 8 range for the hole smaller
than a box. Only when its contour ratio is close to the target
pallet ratio, may it be an optimal pattern. One special case is
when the box ratio is an integer, a zero-hole pattern may be
denser and optimal, but it loses the hole characteristics of a
pinwheel.

We set the hole constraint of not allowing a box in it;
nevertheless, there is a bigger hole which can embed anoth-
er pinwheel or block in it, such as those patterns given by
the five block algorithm'"”. However, only a square-con-
toured pinwheel embedded seamlessly into a square hole is
recommended for anti-sliding.

A higher box ratio is not rare in real-life box dimen-
sions. By our calculations, some block pinwheel patterns are
preferably optimal for longer boxes(see Fig. 1(b)). So, the
PLP needs to be reexamined when 3 >4.

4 Conclusion

With simple, block and nested pinwheel patterns and their
uniform notation, we identify the pinwheel pattern as a suit-
able and advantageous alternative for the PLP loading im-
plementation. To cover the varieties of real-life situations,
all pinwheel instances with an area ratio of 1 to 76 and a
box ratio of 1 to 10 are calculated, and it shows that each
pinwheel pattern has a specific range of box ratios, which
may be optimal. And a higher box ratio makes an optimal
pinwheel pattern more likely appear. Our results identify the
impact of the above pinwheel pattern and the box ratio on
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the pallet loading problem, and it suggests that previous
PLP algorithms need to be reexamined with regard to box
ratio and loading pattern.

References

[1] Alvarez-Valdes R, Parrenob F, Tamarita ] M. A branch-and-
cut algorithm for the pallet loading problem [J]. Computers
and Operations Research,?2005,32(11):3007 —3029.

[2] Martins G H A, Dell R F. Solving the pallet loading problem
[J1. European Journal of Operational Research, 2008, 184
(2):429 —440.

[3] Morabito R, Morales S R. A simple and effective recursive
procedure for the manufacturer’s pallet loading problem [J].
Journal of the Operational Research Society, 1998, 49(8):
819 —828.

[4] Arenales M, Morabito R. An and/or-graph approach to the
solution of two-dimensional non-guillotine cutting problems
[J1. European Journal of Operational Research, 1995, 84

(3):599 -617.

[5] Scheithauer G, Terno J. The G4-heuristic for the pallet load-
ing problem [J]. Journal of the Operational Research Socie-
1y, 1996,47(4):511 —522.

[6] Bolz H A, Hagemann G E. Material handling handbook
[M]. New York: Ronald Press, 1958:214 —216.

[7] Carpenter H, Dowsland W B. Practical considerations of the
pallet-loading problem [J]. Journal of the Operational Re-
search Society, 1985,36(6):489 —497.

[8] Dowsland K A. A combined data-base and algorithmic ap-
proach to the pallet-loading problem [J]. Journal of the Op-
erational Research Society, 1987,38(4):341 —345.

[9] Dowsland K A. The three-dimensional pallet chart [J]. Jour-
nal of the Operational Research Society, 1984,35(10): 895 —
905.

[10] NeliBen J. New approaches to the pallet loading problem
[R/OL]. (1993-08-19)[2008-01-12] . ftp: //ftp. informatik.
rwth-aachen. de/pub/reports/others/pallet. ps. gz.

521K 38 bl B % %0 A 3 0 #E £ 5 76 18] 7 1Y =2 i

ra't E2Em R &

(" BERFIRSELRE, BT 210093)
CRARBRFLEIRESWAZ, &S 330013)

P fe xR P 0 KA XBAT 5, AT T MR e A PR 09 — b AT P 3o A A HE K 5
TR SRR T £ A7 AW FLERATT ik, PR B — AR X X s — a7 X A TH#
A X G IUTH B A, B LG 5 JUAT 5 89 75 i SR B A 8 RIDILAF M R IR Am RS B 5T 4540
RN AT T i, R TIRERA P ARGE A MER . @FLER A 1 ~76, R KTEIWER N 1 ~
10. 53 F T X — BB R TR BEA ERE R X RO, ARE— T X R B RIELEE. T F
ZER R KL AL KA T AL IR AT 4R 40 AT KX a9 S i, R U] #RA0AF X A 30 0 KO8 e 09 0 R m e R AR
=] A2

RERA AR FE B RAR FLAL RO AE K KT I 440 A X

B4y %5 :0221.7;0157. 3



