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Oriented quantum coalgebra structure on the tensor product
of an oriented quantum coalgebra with itself
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Abstract: Oriented quantum algebras ( coalgebras) are generalizations of quasitriangular Hopf algebras ( coquasitriangular Hopf
algebras) and account for regular isotopy invariants of oriented 1-1 tangles, oriented knots and links. Let (H, o, D, U) be an oriented
quantum coalgebra over the field k. Then (H®H, ¢, DQ D, UQ U) is a trivial oriented quantum coalgebra structure on the tensor
product of coalgebra H with itself, where ¢ (a®b, c®d) = o (a, ¢c) o (b, d). This paper presents the oriented quantum coalgebra
structure (HRH, &, DRD, URQU) on coalgebra HQ H, where 5(a®b, c®d) =o' (d,, a,) o (a,, ¢,)o ' (dy, b)) o (b,, ¢c,). So a
nontrivial oriented quantum coalgebra structure is obtained and it is dual to Radford’s results in the paper “On the tensor product of an
oriented quantum algebra with itself” published in 2007. Theoretically, the results of this paper are important in constructing the
invariants of oriented knots and links.
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ince the advent of quantum groups''!, many algebraic structures have been described which are related to invariants of
1-1 tangles, knots, links or 3-manifolds. Quantum algebras and coalgebras give rise to regular isotopy invariants of un-
oriented 1-1 tangles. Oriented quantum ( co) algebras give rise to most known regular isotopy invariants of oriented links; for
that reason, oriented quantum algebras are important. The invariants that account for (oriented) quantum (co) algebras are
studied in Refs. [2 —6] . Especially, Radford"”' gave the oriented quantum algebra structure on the tensor product of an orien-
ted quantum algebra with itself. In this paper, we present the oriented quantum coalgebra structure on the tensor product of an
oriented quantum coalgebra with itself. Theoretically, the results of this paper are important in constructing the invariants of
oriented knots and links.
Throughout this paper, we assume that k is a field. Let (H, A, ¢) be a coalgebra over the field k. If a tensor product is
written without an index, then it is assumed to be taken over k, that is ® = ®,.
Generally, objects are represented by their underlying vector spaces. For a € H, we write A(a) =a, ®a,, which is the usu-
al variation of the Heyneman-Sweedler notation'”’ for the coproduct.

1 Definitions and Lemmas

Definition 1" A strict oriented quantum coalgebra over k is a quadruple (H, o, D, U), where H is a coalgebra over &,
o: HQ H—k is an invertible bilinear form, and D and U are commuting coalgebra automorphisms, such that

(0QC1) a(a,,U(b))o ' (D(a,),b,) =e(a)e(b) =o' (D(a,), b,)o(a,, U(b,))
(0QC2) o(a,b) =a(D(a),D(b)) =a(U(a), U(D))
(0QC3) o(a,,b)o(a,,c)a(b,,c,) =0(a,,b,)o(a,,c,)a(b,,c,)

for all a, b, c e H.

A twisted oriented quantum coalgebra over k is a tuple (H, o, D, U, G), where (H, o, D, U) is a strict oriented quantum
coalgebra over k, and G € H" (the dual of linear space) is invertible, such that D*(G) =U*(G) =G and (D -U)(h) =G ™'
—h«G for all he H, where h"—h=h,(h",h,) and he—h" =h,(h", h,) forall h" eH".

Remark 1 Let (H,o,D,U) and (H',o',D’, U’') be strict oriented quantum coalgebras over k. Then (HQH', ¢", D®
D', U®U'’) is a strict oriented quantum coalgebra over k, called the tensor product of (H, o, D, U) and (H', o', D', U"),
where o"(a®a’, bQ®b') =o(a,b)o'(a’,b’) fora,be Hand a’',b' € H'.

Remark 2 If (H, o, D, U) is a strict oriented quantum coalgebra over k, then (H, o, U, D) is also a strict oriented quan-
tum coalgebra over k, because D and U are commuting coalgebra automorphisms.

Lemma 1 If (H, o, D, U) is a strict oriented quantum coalgebra over k, then for all a, b, c e H, we have

Uﬁl(al’b)a'il(azac) :U'il(bl’Cl)o'il(alvCz)a'il(apbz)a'(b.%’c.%) (D)
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o '(a,,0)0 (ay,,b) =a(b,,c,)o ' (a,,by) 0 ' (a,,¢,) a7 (by, ¢;) (2)
o(a,c)o(b,c,) =0 '(a,,b)a(b,,c)o(a,,c,)o(a,,b,) (3)
o(b,c)o(a,c,) zg(a,,bl)a'(az,c,)o'(bz,62)0'1(a3,b3) (4)

Proof It is obvious.
2 Oriented Quantum Coalgebra Structure on Tensor Product of Oriented Quantum Coalgebra with Itself

Theorem 1 Suppose that (H, o, D, U) is a strict oriented quantum coalgebra over k. Then (HQ H, o, D, U) is a strict o-
riented quantum coalgebra over k, where

7(a®b,c®d) =o' (d,,a))o(a,,c))a ' (d,, b)) a(b,,c,)
D=D®D, U=UQU
5'7](a®b7c®d) :071(b],C])a'(dl,bz)a'fl(al,cz)o'(dz,az)

for all a, b, c,de H.
Proof We will take four steps to finish the proof.
Step 1 We claim that ¢ is invertible with an inverse

7 ' (a®b,c®d) =o' (b,,c))o(d,,b,)o ' (a,,¢c,)o(d,, a,)
In fact, for all a, b, ¢, d € H, we have

5(a,®b,,c,®d)5 '(a,®b,,c,®d,) =a '(d,,a,)o(a,,c,)o ' (d,,b)o(b,,c,)o (b, c;)o(d,,b)o (a5, c,)
o(d,,a,) =0 '(d,,a,)o(a,,c,)o ' (d,,b)o(d,, b)) o '(a,,c,)o(d,,a,) =o' (d,,a,) +
a'(az,cl)a(b)o_l(aa,cz)a'(dz,a4) =0'_1(d1,al)a(b)a(c)a'(dQ,az) =eg(a)e(b)e(c)e(d)

Similarly, &’1(a2®b2, c,®d,)o(a, ®b,,c,®d,) =e(a)e(b)e(c)e(d).
Step 2 Since (H, o, D, U) is a strict oriented quantum coalgebra over k, we have

o '(D@),b)a(a, Ub,)) =0~ (D(b,)), c;)o(d;, D(b,))o ™ (D(a,), c,)o(d,, D(a,))o ™ (U(d,), a;)a(a,, Ulc))) *
o "(U(d,), b)) o(b,, U(c,)) =o' (D(b,), c;)o ' (D(a,), c,)o(d,, D(a,))o ' (U(d,), a,)+
a(a,, U(c)o(b,, U(c,)) = (D(b,),c;)a ' (D(a,), c,)e(d)o(a,, Ulc,))a(b,, Ulc,)) =
o (D(a)), c,)e(d)o(a,, Ulc,)) e(d) =e(a)e(b)e(c)e(d)

Likewise, 5(a,, U(b,))& ' (D(a,), b,) =e(a) e(b)e(c)e(d). So OQCI is satisfied.
Step 3 For OQC2, one can compute it as follows:

a(D(a), D(b)) =a(CRD(b), D(c)®D(d)) =o' (D(d,), D(a,))o(D(a,), D(c,)) *
o' (D(dy), D(b))a(D(b,), D(c,)) =5(a, b)

and 5(U(a), U(b)) =a(a, b) is proved similarly.
Step 4 Finally we will verify that OQC3 holds for &.

o(a,,b,)5(a,, ¢)5(b,. ¢,) =0 '(d,,a)o(ay,c))o ' (dy, b)) o(b,,c;) o' (fi.a))a(a,, e) o (f,.by)a(b,. e,) -
o ' (fic)ol(e,e) o (fi.d)o(d,, e) =0 ' (d,,a)o(a,,c,)o ' (dy, b)) o(b,, c,)o ' (f,,a)o(a,, e,)o " (by,cy) *
o ' (fos ) o (fyr by) 0( by, c) o(by, ) (e, e) o (fi,d)o(d,, e,) = (by Eq. (1))
o '(d,a)o(ay,,c)o ' (dy,b)o '(f,a)a(a,, e)o ' (fr,c,)o ' (fy. b)) a(by, c;)a(b,, e)a(c,,e;)o ' (f,, dy) -
o(d,,e,) :U_](dlsal)a'(az’ Cl)a'_l(dz’bl)o'_l(am’ Czl)U'_l(fw sz)o'_](fzv ay)o(as, cy)ola,, e,)o'_](f3, b,) -
o(by,c,)o(b,,e,)o(c,,e))o ' (f,,dy)o(d,,e,) = (by Eq. (1))
o '(d,a)o ' (dy,b)o ' (f,c)o  (fra)o(as, ¢,)o(a,, e)o " (f,, b)) a(b,, c;,)a(b,, e)a(c,,e;)o ' (f,, dy) -
o(d,,e,) ZUil(dl’al)O'il(dz’ bl)a-il(fl’ Cl)Uil(fz’az)a'(as’ c,)o(a,, el)a'(dswb21)0'71(f3’d32)0'71(f4’b22) :
(T'](d33, by)o(b,,c;)o(b,,e,)o(c,,e)o(d,, e) = (by Eq. (2))
o ' (d,a)o ' (fi,e)o  (f,a)o(ay, e)a(a,, e)o ' (f,d) o ' (fi.b) o ' (dy, b)) o(b,, c;,)o(b,, e,)o(c,, e,) *
o(d,,e,) :U_l(dl’al)a'_l(fl’Cl)o'(dﬂ’a21)0'_1(fz’d22)0'_1(fs’azz)o'_l(dza’a23)0'(a3’Cz)a'(auel)o'_l(ﬁwbl)'
U'](d3,bz)a(b3,c3)0'(b4,ez)a(c4,63)a(d4,e4) = (by Eq. (2))
o '(f,eNo '\ (fd) o (fy,a) o (d,y, ay) 0(as, ¢,)o(a,, e) o (fi, b)) o ' (dy, b)) a(bs, c;)o(b,, e,)o(c,, e,)
a(d,,e)) = '(f,c)o ' (fnd)o ' (fi,a)o ' (d,,a,)0(a,, c,)o(a,, e))o " (f.b)o ' (dy, b)) a(b,, c;)+
o (b, c,)o(cy, e,)a(b,,e)o(b,, cy)o(d,,e) = (by Eq. (3))
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Uﬁ](flvcl)a'il(fz’dl)a'il(fsval)a'il(dzﬁaz)a'(as’cz)o'(awel)a'il(ﬁubl)a'il(dpbz)a'(cwez)a'(b3»e3)0'(b4,c4)‘
o(d,,e,) :a-_](fl,Cl)a'_l(fz,dl)g-_l(f3,al)a'_l(dz,az)a'(a3,CQ)O'_I(CI“,6‘31)0'(6‘32,61)0'(6142,62)'

o(a,, c)o ' (fi.b) o '(dy, b)) o(by, e)o(b,, c,)o(d,, e,) = (by Eq.(3))

o' (fi.c)o  (fnd) o (fia) o (dy, ay)a(c,, e)a(ay, e,)a(a,, ¢;) o (f,, b)) o' (dy, b,) o(by, e) (b, c,) -
o(d,,e,) :U'il(fl’Cl)o'il(fz’dl)o'il(fwal)o'il(dz’az)o'(cz’el)o'(awez)a'(auCs)o'il(fzubl)
0'(6141,bSl)a'(dM,63)0'(1932,64)0'71(6143,1733)0'([94,04) = (by Eq. (4))

o ' (fi.e)o '(fd)o  (fiya)o ' (dy, a)o(c,, e)o(a,, e)o(a,, c;)o ' (f,,b)o(ds, e;)o(b,,e,)o ' (d,, bsy) *
o(b,,c,) :U'_](fwC|)0'_l(fz’d|)0'_l(f3’a|)0'_l(f4’bl)o'_l(dz’az)o'(czvel)o'(dﬂ’am)ﬂ'(dn’ez)'

o(ay, e))o ' (dy, ay)o(a,, c;)o(b,, e)a ' (d,, b)a(b,,c,) = (by Eq. (4))
0'7](f1,Cl)a'?l(fz,dl)a'il(fpal)O'il(f;,bl)O'(Cz,el)O'(dz,82)0'(&2,6‘3)0'(172,84)0'71(d3,a3)0'(d4,c3)0'71(d4’b3)-
a(b;.¢,) =5(a,,. b,)5(a,.8,) (b, ¢))

Thus, (H®H, &, D, U) is a strict oriented quantum coalgebra over k.

Remark 3  Theorem 1 is the dual of theorem 4. 1 in Ref. [2].

Corollary 1 Suppose that (H, o, D, U, G) and (H, o, D, U, G') are twisted oriented quantum coalgebras over k. Then
(H®H,5,D, U, G) is a twisted oriented quantum coalgebra over k, where

7(a®b,c®d) =0 '(d,,a))o(a,,c))o ' (d,, b)) a(bh,, c,)
D=D®D, U=UQU, G=GRG’
7 '(a®b,c®d) =o' (b,,c))o(d,,b,) o '(a,,c,)o(d,,a,)

for all a, b, ¢, d e H, where (GQRQG")—(hQh') =G—hQRG'—h' and (hQ®h")«(GRG") =h«—GQh'«G' for all h,h' € H.
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