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Improved absorbing boundary condition
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Abstract: With the linear interpolation method, an improved
absorbing boundary condition( ABC) is introduced and derived,
which is suitable for the alternating-direction-implicit finite-
difference time-domain ( ADI-FDTD) method. The reflection of
the ABC caused by both the truncated error and the phase
velocity error is analyzed. Based on the phase velocity estimation
and the nonuniform cell, two methods are studied and then
adopted to improve the performance of the ABC. A calculation
case of a rectangular waveguide which is a typical dispersive
transmission line is carried out using the ADI-FDTD method with
the improved ABC for evaluation. According to the calculated
case, the comparison is given between the reflection coefficients
of the ABC with and without the velocity estimation and also the
comparison between the reflection coefficients of the ABC with
and without the nonuniform processing. The reflection variation
of the ABC under different time steps is also analyzed and the
acceptable worsening will not obscure the improvement on the
absorption. Numerical results obviously show that efficient
improvement on the absorbing performance of the ABC is
achieved based on these methods for the ADI-FDTD.

Key words: alternating-direction-implicit finite-difference time-
domain ( ADI-FDTD ) method; absorbing boundary condition
(ABC); linear interpolation; phase velocity; nonuniform cell

he finite-difference time-domain ( FDTD ) method is

widely used for solving various kinds of electromagnet-
ic problems'' ™. Recently, ADI-FDTD methods"* ™ were de-
veloped to remove the Courant-Friedich-Lecy( CFL) stability
condition. Therefore, the time step used in the ADI-FDTD
method is no longer limited to the stability conditions but by
the modeling accuracy of the algorithm.

When the FDTD method is used for open structure prob-
lems, truncated boundary conditions are required to convert
the unlimited physical space to the limited calculable space.
Generally, two kinds of truncated boundary conditions are
used in the FDTD method. One is the ABC based on the

7 and the other one is the perfect
8 -10]

traveling wave equations
matched layer (PML) based on the absorbing media'
The ABC requires much less computation and memory but
may introduce greater reflection than the PML under small
CFL factor conditions. However, it is demonstrated that the
ABC and the PML have almost the same level of accuracy
for large CFL factors because of the numerical disper-
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sion""". Therefore, the investigation on the implemention

and improvement of the ABC is significant for the ADI-
FDTD method especially under the large CFL factor condi-
tions.

Using the ADI-FDTD method reduces the implicit itera-
tion complexity of the field equations by forming a tri-
diagonal matrix. In order to take advantage of such charac-
teristics of the ADI-FDTD method, the linear interpolation
method is used in this paper for the ABC field estimation,
which indicates that the first-order ABC will be used. The
methods in this paper are developed to improve the perform-
ance of the first-order ABC.

1 Construction and Analysis of the ABC
1.1 Construction of the ABC

For a traveling plane wave along a + z direction in a loss-
less isotropic medium, the electric field can be expressed as

Ex.y.2.0 =E,Cenf{1=) (1)

where v = ¢/cosf is the phase velocity of the plane wave
along the z-axis; c is the light speed in the medium, and @ is
the incident angle of the plane wave.

For simplicity, let x = x, and y =y, for fixed transverse co-
ordinates. Then Eq. (1) can be rewritten as

E(z 1) =E(,f(z—§) (2)

The field on the absorbing boundary (z =z,) can be ex-
pressed as

E(z,. 1) :Eaf(t—%o) —E(z, -Azt-£AD)  (3)
where & = Az/(VvAt); At is the time increment, and Az is the
space increment in the z-direction.

Denote the field on the absorbing boundary with E (#) =
E(z,,t) and the inside field at the first node the boundary
with E, (t) = E(z, — Az, t). According to Eq. (3), the fol-
lowing relationship can be obtained,

E (1) =E,(1-&Ar) (4)

Eq. (4) implies that the field on the absorbing boundary
can be determined by the inside field at the first node with a
time delay £Ar ahead of the current time #; i. e., the absorb-
ing boundary condition is equivalent to the estimation of
E, (t-¢£Ar) . Generally, £ is a decimal.

With the relationship in Eq. (4), the straightforward meth-
od to estimate the value of E,(¢ — £At) is the linear interpo-
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lation method,

E.() =E,(1- 00 = (1 -20 B, () +26E,(1-5) (5

Eq. (5) can be rearranged for the ADI-FDTD iteration as
follows:
First procedure

n+1/2 n+1/2 n
o, E, B +BiiEy N =28E, N
n+l S n+l1 h n+1/2 B (6a)
E, =a,; E, +2£E,
ij.k ijok—1 ijk-1
Second procedure
n+1/2 n+1/2 n
E | =a,,E |  +2E | ,
e n+l Hhe n+l e n+1/2 (6b)
- ai.j,kEx +ﬁi,j,kEx :2§E);
ijok-1 ij k ijok-1

Actually, the ABC (5) is similar to the results shown in
Ref. [6]. However, the derivation is based on the linear in-
terpolation and not on the discrete processing in Ref. [6]. If
&< 1, the coefficients of the ADI tri-diagonal will satisfy
\,6’ > |al + \y\ and the ADI tri-diagonal can be solved
without any difficulties'"'.

1.2 Error analysis of the ABC

where o, ;, =1-2¢ and B, =1.

However, it is very difficult to obtain the exact phase ve-
locity of the plane wave in advance. An inaccurate phase ve-
locity will cause inadequately accurate results when using
the ABC. The truncation of the expression of the field will
also cause numerical errors. The error of the ABC, which
includes the error introduced by the inaccurate phase veloci-
ty and the error introduced by the linear interpolation trunca-
tions, can be derived by virtue of a homochromous plane
wave'” as

E, (1) =Re{E "'} (7)

The relative reflection power or the error power of the
ABC under such conditions can be estimated by

(wAD*(2€; - &)’

sz(wm)z[ e

HE-0] ®
where &, = Az/(v,At), and v, is the actual phase velocity of
the plane wave.

Furthermore, the phase velocity can be described by the
incident angle of the plane wave as v = ¢/cosf and v, = ¢/
cosf,, where v and 6 are the estimated phase velocity and the
incident angle respectively which are used in ABC (5), and
0, is the actual incident angle of the plane wave.

Fig. 1 shows the relationship between the logarithmic re-
flection coefficient and the actual incident angle of the plane
wave under the conditions f=10 GHz and Ar=4.7 ps.

Obviously, the reflection increases significantly when the
estimated phase velocity deviates from the actual value.
Therefore, the estimation of the phase velocity is very im-
portant to ABC performance. Another indication is that the
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—— Az=0.5 mm, 6 =40°
——Az=1.0 mm, §=0°
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2
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20 30 40 S0 60 70 80 90
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Fig. 1 Reflection coefficients of the ABC with different inci-
dent angles

cell size which is relative to the truncated error also impacts
the reflection of the ABC.

2 Estimation of the Wave Velocity

According to the description above, if the actual phase ve-
locity is used in the ABC (5), optimal absorbing perform-
ance can be obtained. For weak dispersion transmission
lines, such as the TEM or quasi-TEM transmission lines, the
phase velocity can be accurately calculated in advance. How-
ever, for strong dispersion transmission lines, such as the
rectangular waveguide, the phase velocity used in Eq. (5)
may affect the absorption performance.

In the previously reported ABCs, fixed phase velocity is
used to solve the problems limited to weak dispersion trans-
mission lines. For strong dispersion cases, high-order ABCs
are often used to improve the absorption performance by se-
lecting several different phase velocities in the construction
of the ABCs. On the other hand, although these high-order
ABCs have good performance, they are quite difficult to be
adopted in the ADI-FDTD since the tri-diagonal matrix may
be destroyed during the iteration. In this paper, the first-order
ABCs with adaptive phase velocities will be used to take ad-
vantage of the tri-diagonal matrix and also have quite good
reflection absorbing performance.

To reduce the reflection, an adaptive phase velocity esti-
mation algorithm is developed.

According to Eq. (5), denote E,(t) =E[t - (z, —2Az2)/
v], and then the phase velocity can be expressed as

Az 2Az| E,(1-An —E(1-At/2)

YAk AL B, (1—Av2) —Ey(i-d2y | )

Obviously, the phase velocity is a function of time f. As-
suming that it varies very slowly with time and space, the
phase velocity appearing in the ABC (5) can be approxi-
mately estimated by (9).

Again, a homochromous plane wave is used to calculate
the numerical error. Then the electric field at z =z, — Az and
7 =72, —2Az can be expressed as

E,(t) =E cos[wt —k(z, - Az)] =Re{E, e} (10)

E, (1) =E cos[wt —k(z, —2Az7)] =Re{E, e} (11)
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Substituting Eqgs. (10) and (11)into Eq. (9), one can ob-
tain
_2Az7 sin[ ¢, + (kAz — wAt/2) /2] sin(wAt/4)
YIS A sing, sin( kAz/2)

(12)

where ¢, = (1 - At/2) —k(z, — A7) + kAZ/2.

In most cases, the cell size and the time step should be
small enough to obtain sufficient numerical accuracy. Under
such conditions, the values of kAz and wAt are less than 1.
Therefore, Eq. (12) can be approximated as

vlzv+vaZ_wAt/2 (13)
2tang,
where v = w/k is the actual phase velocity.
So the error of the estimation algorithm is
e=v, - :vaz—wAt/Z (14)
2tang,

From Eq. (14), it is clear that the numerical error is de-
pendent on the space increment Az, the time increment At
and the phase ¢,. If kAz<l and wAt<1, the phase ¢, will
be the main factor in the error. In order to reduce the error,
the estimation will be carried out only when the value of
| tang, | is large enough. The value of |tang, | can be calcu-
lated approximately by

E (t-At/2) —-E, (t-At/2)
E (t-At/2) +E, (t-At/2)

K = |tang, | = (15)

With the assumption that the phase velocity varies with
the time very slowly, only when K is greater than a threshold
value, can the phase velocity be estimated and updated dur-
ing the ADI-FDTD calculation using the ABC. Otherwise,
the previous estimated velocity in the last iterative step can
be used without change.

3 Nonuniform Cell

According to the reflection power in Eq. (8) and Fig. 1,
the error of the ABC is also relevant to the cell size Az. If
both the simplicity and the accuracy need to be obtained
during the numerical calculation, the nonuniform cell pro-
cessing shown in Fig. 2 can be adopted; i. e., the cell size
Az can be much smaller near the absorbing boundary to re-
duce the reflection without increasing the total node num-
ber. The nonuniform cell processing is used in Ref. [4] cov-
ering the space needing to be investigated in detail but it
does not include the space near the absorbing boundary.

Unlike the traditional FDTD method, the ADI-FDTD
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Fig.2 Nonuniform cell processing used in the ABC in this paper

method is unconditionally stable. The space cell size can be
set to a small enough value without adjusting the time step.
Therefore, although Az becomes smaller, no additional com-
putation time is required compared with the uniform cell
processing.

The decreased space step, directly used in Ref. [4] when
calculating the fields on the nonuniform interface, does not
describe the gradual change in the space step well. Howev-
er, the nonuniform cell size can be processed by Eq. (16)
which is the first procedure of the iteration step in the ADI-
FDTD for example. This provides higher accuracy than the
nonuniform processing in Ref. [4].

n+1/2 n+1/2 n+1/2
o, (i, kE, +B, (i, HE, +y,(i, b E, =8, (i, k)
k-1 ik ik+1
(16)
where
. 1
o, (i, k) = - 2
'k—L A k—L
“(” 2 )[ Z( 2 )]
. 1
Yali k) = =

M( i k+%)Az(k)Az(k+%)

212Gk oGk
ﬁzl(l’k)_At[ IR ] a, (i, k) =y, (i, k)
8z|(z,k)—m At 2 ] y ,,ﬁAtAz(k)
n n 2 " "
H, -H - H, —-H.
( “likan ) i,k-l/z) AIAX( RRRSVN: i i—l/2.k)
Az, inside S
Az, + A
Az(j) = % n S
Az, outside S

S is the interface plane of the nonuniform cells shown in
Fig.2; Az, and Az, are the cell sizes inside and outside the
interface plane S, respectively.

4 Numerical Simulation

In order to evaluate the ABC developed above, a rectan-
gular waveguide problem is solved with the ADI-FDTD. The
rectangular waveguide is a typical dispersive transmission
line whose phase velocity significantly varies within its oper-
ation frequency band for the fundamental mode.

The simulation is carried out in an X-band rectangular
waveguide with the ADI-FDTD method in 2D (TM,) case.
The differential Gauss pulse (17)is used as the excitation as

r—t Am(t-1,)°
E(1) == texp| —— ]

(17)
where ¢, =235 ps and 7 =23. 5 ps. Since the purpose of this
paper is to investigate the performance of the ABC; i.e., no
discontinuity exists, hard excitation is used during the simu-
lation for simplicity.

The observing point of the reflection is set at the position
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10 grids away from the absorbing boundary. Up to 6 000 it-
erations are carried out to obtain the complete waveform
which can be used to obtain the spectrum by the discrete
Fourier transformation.

4.1 Uniform cell processing example

In this example, we use the following parameters: Ax =
1 mm, Az =1 mm, and Az =4.7 ps.

Fig. 3 provides the comparison of the reflection coeffi-
cients of the ABC with and without the velocity estimation.
Relatively significant reflections can be observed if the fixed
phase velocity is used in the ABCs. The error of the estima-
tion in Eq. (14) is the function of the frequency. The value
of the error is different when the value of K in Eq. (15) va-
ries during the calculation. Therefore, the reflection of the
ABC with velocity estimation appears to fluctuate over the
frequency band in Fig. 3. However, it is obvious that the ac-
curate velocity estimation will bring about an improvement
of the reflection over the whole operation frequency band.

—=— Uniform cell with velocity estimation

-5r —=— Uniform cell with fixed velocity v = 1.0c
—o— Uniform cell with fixed velocity v =1.05¢
—-10[ —+— Uniform cell with fixed velocity v =1.1¢

Reflection/dB

9 10 11 12 13
Frequency/GHz

Fig.3 Comparison of the reflection coefficients of the ABC
with vs. without the velocity estimation

4.2 Nonuniform cell processing example

The performance of the ABC with nonuniform cell pro-
cessing method is investigated with the parameters: Az, =1
mm, and Az, =0.5 mm.

Fig. 4 describes the comparison of the ABC with uniform
cell and nonuniform cell processing. Az in (8) becomes
smaller under the nonuniform cell processing method, which
diminishes the reflection of the ABC. Evident improvement
can be seen in Fig. 4 with the nonuniform processing vs. the

0 [ —— Uniform cell, v=1.0c ; —— Nonuniform cell, v=1.0c¢
—&— Uniform cell, v =1.05¢;—— Nonuniform cell, »=1.05¢
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Fig.4 Comparison of the reflection coefficients of the ABC
with uniform cells vs. nonuniform cells

uniform one.

Fig. 5 presents different results of the nonuniform cell
processing in Ref. [4] and the results in this paper. The ap-
propriate nonuniform processing in(16) will provide a satis-

fying enhancement regarding the absorption of the ABC.
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Fig.5 Comparison of the reflection coefficients of the ABC
with the nonuniform cell processing in Ref. [4] vs. the pro-
cessing in this paper

4.3 Example of different time steps

As mentioned above, the performance of the ABC de-
grades as the time step increases. Simulations with several
different time steps have also been conducted in this paper to
investigate such degradation. Fig. 6 provides the reflections
of the ABC with different time steps: At =4.7 ps, At =7.05
ps and Af =9.4 ps;i.e., the CFL factor( under the condition
of coarse cells)is 2,3 and 4, respectively. It should be noted
that the CFL factor(under the condition of coarse cells) can-
not be too great because of numerical dispersion. When the
CFL factor is greater than 5, the numerical dispersion of the
ADI-FDTD is unacceptable. For computation efficiency and
numerical accuracy, the CFL factor (under the condition of
coarse cells) is generally between 2 and 4.

Fig. 6 presents different results under different time step
conditions with uniform and nonuniform cell processing re-
spectively. From the numerical results, the reflection of the
proposed ABC increases with the increase in the time step;
however, the proposed ABC has quite good absorption. Ac-
cording to the comparison, the nonuniform cell processing
provides better absorption. It also can be noted that the vari-
ation of the time step has little effect on the reflection coeffi-
cients of the ABC with uniform cell processing, which can
be verified from Eq. (8). According to Eq. (8), if At increa-
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Fig. 6 Comparison of the reflection coefficients of the ABC
under different time step conditions
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ses, & will decrease correspondingly so as to keep P, almost
invariable.

5 Conclusion

In this paper, methods to improve the absorption of the
ABC for the ADI-FDTD from two aspects are developed.
One is based on the traveling wave velocity estimation to
eliminate the reflection of the ABC, the other is based on the
nonuniform cell processing to decrease the reflection and on
the appropriate nonuniform cell processing to better describe
the gradual change in the nonuniform interface. The simula-
tion example is completed in the case of a rectangular
waveguide with strong dispersive characteristics. According
to the simulation results, obvious improvements of the ABC
have been obtained by the two methods for the ADI-FDTD.
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