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New scale factor correction scheme for CORDIC algorithm
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Abstract: To overcome the drawbacks such as irregular circuit
construction and low system throughput that exist in conventional
methods, a new factor correction scheme for coordinate rotation
digital computer( CORDIC) algorithm is proposed. Based on the
relationship between the iteration formulae, a new iteration
formula is introduced, which leads the correction operation to be
several simple shifting and adding operations. As one key part,
the effects caused by rounding error are analyzed mathematically
and it is concluded that the effects can be degraded by an
appropriate selection of coefficients in the iteration formula. The
model is then set up in Matlab and coded in Verilog HDL
language. The proposed algorithm is also synthesized and
verified in field-programmable gate array (FPGA). The results
show that this new scheme requires only one additional clock
cycle and there is no change in the elementary iteration for the
same precision compared with the conventional algorithm. In
addition, the circuit realization is regular and the change in
system throughput is very minimal.
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he CORDIC ( coordinate rotation digital computer) al-
T gorithm first introduced by Volder in 1959 and later
generalized by Walther'" can be used to calculate elementa-
ry functions such as trigonometric functions, multiplication,
division, data type conversion and hyperbolic functions by
using simple hardware such as shifters, adders/subtracters
and comparers. It has been widely used in several discrete
transformations such as the Hartley transform'”, the discrete
cosine transform"’, the fast Fourier transform ( FFT)and the
Kalman filters™, etc. It can also detect multiusers in code
division multiple access( CDMA) wireless systemsmﬂ.

The CORDIC algorithm consists of two operating modes,
rotation and vectoring, and each mode can work at circular,
linear and hyperbolic coordinate systems via iteration. Be-
sides rotation, the vector is also scaled at each iteration dur-
ing the calculation'”. In some implementations, the elimi-
nation is inevitable since the scale factor may affect the en-
tire system performance.

The conventional method to eliminate the scale factor is to
multiply the iteration results by the scale factor. The
straightforward way can be easily understood and sometimes
it can really work well. However, it introduces at least two
negative effects: 1) The introduction of multiplication will
destroy the regularity of the iteration; 2)The introduction of
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multiplication will decrease the frequency.

In this paper we propose an improved method to correct
the scale factor. This method requires some additional hard-
ware, but it does not need any changes on the input ele-
ments such as rotation angles and rotation directions, which
means that this method is fully compatible with the conven-
tional circuit.

1 Review of the Conventional CORDIC Algorithm

As shown in Fig. 1, the rotation of vector {x,, ¥, 1" in

. . . . 1
circular coordination can be described as'"
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where {x,, y,}" is the final result and 6 is the rotated angle.
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Fig. 1 Vector rotation

To simplify the hardware implementation, the target angle
0 can be decomposed into a combination of serial predefined
elementary angles, such as

0= ua, (2)
i=0

where n is the number of elementary angles; u, = +1 is the
rotation sequence which determines the direction of the i-th
elementary angle o, = arctan(2 ). The usage of 2’ makes
the operation in the CORDIC be simple shift and add. The
steps of rotation are shown in Fig. 2. Based on the above two
equations without regard to the scale factor cos@, the iteration
equations of the CORDIC algorithm can be written as
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Fig. 2 The steps of rotation
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Xig =X, —uy2

i } i=0.1....n (3)

-
Vi =V, tux?2

Using matrix form, Eq. (3)can be rewritten as
X 1 -u.2 rx
i - ) i 4
[yi+l] [“1271 1 ][yi] “

Assume that v, = [xi] and P = [ 1,;
! ; uz2 1
(4) can be substituted by v,,, =Py,.

The modes mentioned above are determined by the strate-
gy used in the elementary angle direction. To simplify the
discussion, only the rotation mode is discussed in this pa-
per, whereas the algorithm can be applied on both modes.

The iteration number of Eq. (3) depends upon the desired
accuracy of the result. The scale factor after n iterations is
given by

n-l1 n—

1
K, = HCOS(arctan(z‘S')) = H J1+270(5)
i=0

i=0
where s, is the shift sequence.

2 Proposed Scale Factor Correcting Algorithm

According to the standard CORDIC algorithm mentioned
above, for the convenience of analysis, the iteration equation
is rewritten as

v, =Py, (6)

In principle, the scale factor correction is carried out by
simplifying the multiplication into an ordinary shift-and-add
operation for the convenience of digital realization. There-
fore, the scale factor is decomposed into

n-1
Ki =Y q a, e {0, 273 (7)
i=0

n

And the vector after compensation is
n-1
v, =v, 2 a, (8)
i=0
From Egs. (6) and (8), we can conclude that

r r=1
vL+l = vr+l Zai = Pvr( zai +a,) = PV: +vr+1ar

i=0 =0

So far a new iteration is introduced for scale factor correc-
tion and it is rewritten as

, 1 —u?2”’ ,
v = _ Vv +v
r+1 M[Z i 1 r

r+lar

3 Numerical Analysis

As for the quantization effects, the approximation error is
the same as that of the conventional algorithm, but the round-
ing error is not. Upper bounds for these errors are derived in
Ref. [8]. The rounding error analysis in Ref. [8] can be ex-
tended for the modified algorithm.

Assume that v/ (i) and v, (i) are the results after the i-th
iteration if finite precision arithmetic is used. #'(7) and ¥(i)
are the results before quantization after the i-th iteration.

f'(i) and f(i) are the error vectors,
v (D) =v'(D) +f (), v.(i) =v(i) +f(i)

e'(i) and e(i) are error vectors induced by quantization
after the i-th iteration, and they are upper bounds by §,

v!(i) =9'(i) +e'(i), v,(i) =P(i) +e(i)

From Ref. [9], we can induce that

n-1 n-1

faols{l +a |+ X TTIPICL +4)
i=0 =i

n-1

2 la,l-

r=i-1
From the above result, it is obvious that to minimize the
accumulated quantization, a, should be decreased when i in-

creases. This can be achieved by selecting a, e {0, 27'}.

where A] =

4 Implementation

According to section 2, the architecture to implement the
proposed algorithm is shown in Fig. 3. At the first clock,
the values in Regl and Reg2 are x(0) and y(0), respective-
ly. At the second clock, the outputs of Regl and Reg3 are
x(1) and x(0), and the three inputs of CSA are x(0),
a,x(0) and u,2 "™ y(0) where g, is the initial rotation direc-
tion. At the third clock, the output of Reg3 is x'(1).
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Fig. 3 Iteration process of the proposed algorithm
After n iterations are carried out, the outputs of the
CORDIC algorithm are x, and y,. Compared with the con-
ventional algorithm, only one additional clock cycle is re-
quired. The algorithm is described by Verilog HDL lan-
guage and implemented in Altera EP2S90F1020C5 FPGA
for 2°s complement arithmetic, and synthesized by Quartus
e
The sine value calculated via VCS is shown in Fig. 4 and
then exchanged to decimal data by Matlab. The true value
vs. the calculated value from VCS is shown in Fig. 5. We
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can find that they are very close to each other.
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Fig. 4 Sine value calculation
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Fig. 5 The calculated value vs. the true value
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In Ref. [9], Ahmed proposed that the scale factor can be
operated as 2’s integral power by a series of iterations. This
application requires no additional hardware and is simple in
implementation, but it can obtain the same precision. No
doubt, more iterations will be required.

The resource usage and the maximum clock frequency are
compared with the conventional CORDIC algorithm in
Tab. 1''". The proposed algorithm occupies more hardware
than the standard method, but it is easier to update to higher
precision since the elementary iteration needs no change.

Tab.1 Resource consumption

Resource .
. S— Maximum clock
Algorithm Combinational Total
. frequency/MHz
ALU registers
Conventional algorithm 488 500 304.97
Proposed algorithm 972 1017 299. 43

5 Conclusion

A new method for correcting the scale factor of the
CORDIC algorithm is proposed and the FPGA implementa-

tion is carried out. According to the simulation, only one
additional iteration is required compared with the conven-
tional algorithm without the scale factor correction unit for
the same precision, and the performance is improved.
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