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Abstract: An improved finite difference method ( FDM) is
described to solve existing problems such as low efficiency and
poor convergence performance in the traditional method adopted
to derive the pressure distribution of aerostatic bearings. A
detailed theoretical analysis of the pressure distribution of the
orifice-compensated aerostatic journal bearing is presented. The
nonlinear dimensionless Reynolds equation of the aerostatic
journal bearing is solved by the finite difference method. Based
on the principle of flow equilibrium, a new iterative algorithm
named the variable step size successive approximation method is
presented to adjust the pressure at the orifice in the iterative
process and enhance the efficiency and convergence performance
of the algorithm. A general program is developed to analyze the
pressure distribution of the aerostatic journal bearing by Matlab
tool. The results show that the improved finite difference method
is highly effective, reliable, stable, and convergent. Even when
very thin gas film thicknesses (less than 2 pm) are considered,
the improved calculation method still yields a result and
converges fast.
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equation; finite difference method; variable step size

ompared with the traditional rolling bearings and oil
bearings, gas bearings have the advantages of lower
heat generation, lower wear and friction, lower noise, less
contamination and higher precision. Due to their advantages
over rolling bearings and oil bearings, gas bearings are
widely used in precision machine tools, semiconductor wa-
fer processing machines, high-speed motors, etc.
Considerable efforts have been devoted to the research of
the pressure distribution of gas bearings. The engineering al-
gorithm'"™ | which assumes that the flow in the gas film is
one dimensional, was developed in earlier studies. This al-
gorithm is simple, but its error is large when thin gas film
thicknesses are considered. With the development of com-
puters, the finite element method (FEM) ”™ and the finite
difference method( FDM) "™ have become two major meth-
ods to solve the Reynolds equation. The FEM is suitable for
the complex geometry of bearings and it has been success-
fully used. However, it is an extremely complicated work
to calculate the pressure distribution of the aerostatic journal
bearing by using the FEM, and it is also difficult to develop
a general program by this method.
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The FDM has many advantages. The computational grid
is simple and the computational process is more convenient
than the FEM. By using this method, it is also easier to
write general programs. However, low efficiency and poor
convergence performance are the main disadvantages of the
FDM. Zhang"" used the FDM to analyze the pressure distri-
bution of aerostatic journal bearings. But the convergence
performance of his algorithm is poor and it is not suitable
for thin gas film thicknesses. Lo et al. " also studied the
FDM, and the iterative rate cutting method"” was adopted.
The iterative rate cutting method converges to a solution
even when very thin film thicknesses are considered. How-
ever, the computational efficiency of the algorithm is low.
Furthermore, the iterative rate cutting method is complicat-
ed. For this reason, the objective of this paper is to examine
the problem.

1 Mathematical Modeling
1.1 Reynolds equation and its non-dimensional form

The geometry of the aerostatic journal bearing is shown in
Fig. 1. The dimension of the gas film thickness is much less
than that of the diameter of the bearing. Hence, the surface
curvature of the cylinder can be neglected and the gas film is
expanded along the axis of « =0 as shown in Fig. 2.
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Fig. 1 Geometry of the aerostatic journal bearing coincidence
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Fig. 2 Expanded gas film and the computational grid of the
aerostatic journal bearing
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The main purpose of this paper is to propose an efficient
iterative algorithm. For simplicity, the aerostatic bearing
without considering the dynamic pressure effect is chosen to
show this computational process. It is assumed that the flow
in the gas film is isothermal. The pressure distribution in the
gas film is modeled by the compressible Reynolds equation
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The dimensionless form of the Reynolds equation is given
as
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where p = p/p,, h=h/hy =1 - gcos(x/R), x =x/I, z =
Z/l, R=D/2, g=e/h,. Eq.(2)can be written as
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where p* =f.
1.2 Discretization of the Reynolds equation
Eq. (3)can be written in an expanded form,
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By using the five point finite difference scheme, we ob-
tain
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Eq. (5) can be written as
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1.3 Boundary conditions

The boundary conditions are illustrated in Fig.2; i.e.,
the atmosphere boundary condition is f | .20 =(p; j/pu)z =

Lfl._,=(p./p) =1
Floo=f

2 Principle of Flow Equilibrium

the coincidence boundary is

x=mD"

2.1 Mass inflow rate

Adopting the assumptions of an adiabatic process and a

non-viscous flow, the mass inflow rate through an orifice is
. 2
given as'”
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where A is the cross-sectional area of the orifice, k is the ra-
tio of specific heat, p, is the supplied pressure, ¢ is the co-

efficient of the mass flow rate through the orifice, and B8, =
(2/(k+1))¥* ",
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2.2 Mass outflow rate

As shown in Fig. 3,
x direction is as

the mass flow rate through Az in the
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Fig. 3 Calculation of mass outflow rate
The flow in the gas film is isothermal. Hence we obtain

P _Pa
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Substituting Eq. (9) into Eq. (8), we can obtain
3
Pa ;l ap hf (10)
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The pressure and pressure gradient can be approximated
as
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Substituting Eq. (11)into Eq. (10), we can obtain
Az —K p.
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Similarly, the mass flow rate through Ax in the z direc-
tion is as

_Ax -1’ p,

M= Nz 2an p*apcem(l?up = Paown) (13)

2.3 Flow rate difference

The flow equilibrium region of an orifice is shown in

Fig. 4. The flow rate difference of the region is
(14)

Am=m, —-m_ , =m, —(m, +m, +m;, +m,)

where m,, m,, m, and m, can be determined with the help
of Egs. (12) and (13).
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Fig. 4 Flow equilibrium region of an orifice

The relative error of the flow equilibrium region is de-
fined as

(15)

2.4 Variable step size successive approximation method

Before solving the Reynolds equation, the pressure at
each orifice should be assumed, which is called the iterative
initial value. Then, the Reynolds equation is solved and the
pressure distribution of the aerostatic journal bearing can be
obtained. The relative error of the flow equilibrium region
at each orifice is obtained from Eq. (15). If any of the rela-
tive errors cannot meet the calculation precision (e. g.,
107°), the pressure at each orifice should be adjusted and
the Reynolds equation is solved once again. This cycle con-
tinues until the relative error of the flow equilibrium region
at each orifice is less than the calculation precision.

In order to enhance the computational efficiency and the
convergence of the FDM, a variable step size successive ap-
proximation method is presented to adjust the pressure at the
orifice during the iteration. The calculation process of the
variable step size successive approximation method to adjust
the pressure at an orifice is shown in Fig. 5. In Fig. 5, m,,
and m_, are the mass inflow rate curve and the mass outflow
rate curve of the flow equilibrium region, respectively, and
the intersection point of the two curves (3,)is the true value
of the dimensionless pressure at the orifice.

As shown in Fig. 5, B, is the iterative initial value of the
pressure at an orifice. After the first calculation of the Reyn-
olds equation, the relative error of the flow equilibrium re-
gion at the orifice is obtained by using Eq. (15). Because
the sign of the relative error is positive, B, is increased by a
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Fig. 5 Schematic diagram of the variable step size succes-
sive approximation method

step size K. Then, the second calculation of the Reynolds
equation is carried out, and the same process as the first cal-
culation is performed. When the pressure at the orifice rea-
ches B,, the sign of the relative error changes from positive
to negative, and then the step size K is decreased to K/10.
Because the sign of the relative error is negative now, B, is
decreased by the new step size K/10. Then the calculation
continues. During the iteration, when the sign of the rela-
tive error changes, the new step size decreases to 1/10 that
of the last step. This computational process continues until
the relative error of the flow equilibrium region at each ori-
fice is less than the calculation precision.

3 Results and Discussions

Based on the above theory, a computer program has been
developed by using Matlab to analyze the pressure distribu-
tion of the aerostatic journal bearing. The computational
flow diagram is shown in Fig. 6.

The parameters of bearings are chosen as follows: D =L

=250 mm, number of orifices n =24, p, =4 x 10° Pa, d
=0.3 mm, radius clearance i, =30 pm, calculation preci-
sion E, = 10 °. With the eccentricity ratios changed from
0.1 to 0.9, the load capacity of the aerostatic journal bear-
ing is simulated by using the improved FDM. The simula-
ted results are also compared with that of the engineering
algorithm, which derives from Ref. [2].

It can be seen from Tab. 1 that with the increase of eccen-
tricity ratios, the relative differences of the two methods
tends to increase. This is because the flow in the gas film is
assumed to be one dimensional in the engineering algorithm,
which produces big errors for large eccentricity ratios.

Tab.1 Comparison between the improved FDM
and the engineering algorithm
Load capacity/kN

Eccentricity Relative

ratio Engineering algorithm Improved FDM difference/ %
0.1 1.498 1. 465 2.20
0.2 2.936 2.834 3.47
0.3 4.241 4.031 4.95
0.4 5.325 5.013 5.86
0.5 6.156 5.784 6.04
0.6 6.762 6.371 5.78
0.7 7.204 6.799 5.62
0.8 7.541 7.081 6.10
0.9 7. 807 7.206 7.70

Fig. 7 illustrates the pressure distribution of the aerostatic
journal bearing for the eccentricity ratio of £ =0. 3. It can
be seen that the pressure at the orifice is at local maximum.
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and the calculation precision Ej,etc.

Set parameters of bearings, supplied pressure, grid number

!

Assume the dimensionless pressure 3 at each orifice

distribution of aerostatic journal bearing

Solve the Reynolds equation to obtain the pressure

1

Obtain the relative error of the

flow equilibrium region at each orifice

1

region at each orifice less than Eq?

Is the relative error of the flow equilibrium

Adjust 3 at each orifice using the
No | variable step size successive
approximation method

Yes

Output the pressure distribution of aerostatic journal bearing
and calculate the load capacity of the bearing

Fig. 6 The computational flow diagram

The pressure at the orifice, where the gas film thicknesses
are thinner, is higher. It is because the thinner the gas
film, the larger the air resistance. This can result in a lower
pressure drop through the orifice; hence the pressure at the
orifice is higher.
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Fig. 7 The pressure distribution of the aerostatic journal
bearing (£ =0.3)

Under the condition of ¢ =0. 1 and E, = 10 ~8  for differ-
ent radial radius clearances, the Reynolds equation is
solved and the times of iteration are listed in Tab. 2. The
convergence of the improved FDM is also compared with
that of the traditional FDM presented in Ref. [8].

Tab.2 Convergence comparison between improved FDM
and traditional FDM

Radial radius

Times of iteration

clearance/ um Improved FDM Traditional FDM
20 89 698
16 78 1262
12 87 1658
8 127 1785
6 85 1803
2 107 Not simulated
1 124 Not simulated

It can be seen from Tab. 2 that compared with the tradi-
tional FDM, the variable step size successive approximation
method presented in this paper can significantly improve the

computational efficiency and the convergence of the FDM.
Especially, for the 1 pum thick gas film, the advanced cal-
culation method still yields a result and converges fast.

4 Conclusion

In this paper, an improved FDM for the pressure distri-
bution of the orifice-compensated aerostatic journal bearing
is presented. Based on the principle of flow equilibrium, a
new variable step size successive approximation iterative al-
gorithm is presented to adjust the pressure at the orifice in
the iterative process. Compared with the traditional FDM,
the variable step size successive approximation iterative al-
gorithm has properties of high computational efficiency and
rapid convergence. For very thin gas film thicknesses, the
presented calculation method can still yield a result and
converge fast. A general program is developed to analyze
the pressure distribution of the aerostatic journal bearing by
using the Matlab tool, which can be used for gas bearing
design and application.
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